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Abstract 

This chapter introduces a Szász-Durrmeyer type approximation operator 
generated by Gauss-Appell polynomials. The construction is motivated by the 
link between Gauss hypergeometric functions, umbral calculus, and Appell 
polynomial families. After fixing the auxiliary variable as a parameter, the 
generating function of the Gauss-Appell polynomials is used to define a positive 
linear operator on the semi-infinite interval. The basic algebraic structure of the 
operator is examined through its first moments and central moments. These 
identities make it possible to establish the main approximation properties in a 
weighted setting. In particular, a Korovkin-type convergence theorem is 
obtained, showing that the operators approximate continuous functions 
uniformly on compact subsets. Quantitative estimates are then derived by means 
of the usual modulus of continuity, Peetre’s K-functional, and the second-order 
modulus of smoothness. A Voronovskaya type asymptotic formula is also 
proved, which describes the limiting behaviour of the approximation error and 
clarifies the role of the first two central moments. Finally, a numerical example 
supported by graphs and pointwise error tables illustrates the convergence 
behaviour of the proposed operators. The results show that increasing the main 
parameter improves the approximation, while the additional parameters provide 
useful local control over the accuracy. 

1. INTRODUCTION 

In recent decades, hypergeometric functions have attracted renewed 
attention due to their deep connections with several areas of mathematics, such 
as algebraic geometry, representation theory, number theory, combinatorics, and 
related fields. Among these functions, the Gauss hypergeometric function, 
denoted by ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; 𝑢𝑢), occupies a central place as a classical special 
function with important applications in complex analysis, differential equations 
and mathematical physics. It is well known that the Gauss hypergeometric 
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function ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; 𝑢𝑢) is a solution of the hypergeometric differential 
equation [1] 

𝑢𝑢(𝑢𝑢 − 1)𝑦𝑦′′(𝑢𝑢) + (𝛾𝛾 − (𝛼𝛼 + 𝛽𝛽 + 1)𝑢𝑢)𝑦𝑦′(𝑢𝑢) − 𝛼𝛼𝛼𝛼𝛼𝛼(𝑢𝑢) = 0, |𝑢𝑢| < 1, (1) 

where 𝛼𝛼, 𝛽𝛽 and 𝛾𝛾 may be real or complex parameters with 
𝛾𝛾 ∉ {… , −2, −1,0}. This differential equation is a member of the Fuchsian class 
on the complex projective line and possesses three regular singular points, 
namely 𝑢𝑢 = 0, 1 and ∞. 
The Gauss hypergeometric function ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; 𝑢𝑢) is represented by the 
following power series: 

ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; 𝑢𝑢) = ∑
(𝛼𝛼)𝑚𝑚(𝛽𝛽)𝑚𝑚

(𝛾𝛾)𝑚𝑚

𝑢𝑢𝑚𝑚

𝑚𝑚!

∞

𝑚𝑚=0
, |𝑢𝑢| < 1.    (2) 

The Pochhammer symbol is defined by 

{(𝛽𝛽)𝑚𝑚 = 𝛽𝛽(𝛽𝛽 + 1) … (𝛽𝛽 + 𝑚𝑚 − 1)   ; 𝑚𝑚 ≥ 1
(𝛽𝛽)0 = 1                                                ; 𝑚𝑚 = 0.      

 

The umbral approach is a well established symbolic method that provides an 
effective framework for dealing with a wide variety of problems in science and 
engineering, especially those related to special functions. By using formal 
symbolic rules and algebraic type operations, this technique helps reveal 
underlying structures, reduce the complexity of lengthy computations and offer 
a clearer interpretation of mathematical relations that may be difficult to handle 
by classical methods. In this respect, the umbral method is particularly useful in 
the study of special functions, since it facilitates the construction of new forms, 
the analysis of their operational properties, and the extension of known families. 
Therefore, it has become an important tool in several applied areas, including 
physics, fluid mechanics, and dynamical systems. 

In a recent study [2], the hypergeometric function was expressed within the 
framework of umbral calculus by means of an exponential type representation. 
Appell polynomials have attracted considerable attention in recent years because 
of their broad range of applications [3]. Various studies have examined their 
characterization, generalizations and connections with special functions through 
algebraic and operational methods [4]. Further research has also investigated 
noncommutative extensions, generating functions, combinatorial structures and 
applications in mathematical physics [5,6]. In addition, confluent Appell 
polynomials and their main properties have been introduced and studied in [7]. 

An Appell sequence  {𝑇𝑇𝑚𝑚(𝑢𝑢)}𝑚𝑚≥0 is commonly defined by means of an 
exponential generating function of the form [8]: 

𝔸𝔸(𝑡𝑡)𝑒𝑒𝑢𝑢𝑢𝑢 = ∑ 𝑇𝑇𝑘𝑘(𝑢𝑢) 𝑡𝑡𝑘𝑘

𝑘𝑘!

∞

𝑘𝑘=0
, (3) 
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𝑘𝑘!

∞

𝑘𝑘=0
, (3) 

where the function 𝔸𝔸(𝑡𝑡) is given by 

𝔸𝔸(𝑡𝑡) = ∑ 𝑎𝑎𝑘𝑘
𝑡𝑡𝑘𝑘

𝑘𝑘!

∞

𝑘𝑘=0
, 𝑎𝑎0 ≠ 0. (4) 

Using umbral methods, the authors in [9] established a connection between 
hypergeometric functions and the Appell family. In this way, they derived the 
generating function for the hypergeometric Appell polynomials in the following 
form: 

∑ ℋ12 𝑇𝑇𝑚𝑚
(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑢𝑢) 𝑡𝑡𝑚𝑚

𝑚𝑚!

∞

𝑚𝑚=0
=  𝔸𝔸(𝑡𝑡) ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; 𝑢𝑢𝑢𝑢).   (5) 

They also discussed the main properties of this broad class of special 
polynomials. 

In addition, the authors of [9] extended their study by defining the two variable 
hypergeometric Appell polynomials through umbral techniques as follows: 

∑ 𝑇𝑇𝑚𝑚
(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑢𝑢, 𝑣𝑣) 𝑡𝑡𝑚𝑚

𝑚𝑚!

∞

𝑚𝑚=0
=  𝔸𝔸(𝑡𝑡)𝑒𝑒𝑢𝑢𝑢𝑢 ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; 𝑣𝑣𝑡𝑡2), |𝑢𝑢𝑡𝑡2| < 1 (6) 

where  𝛼𝛼, 𝛽𝛽, 𝛾𝛾 ∈ ℂ and 𝛾𝛾 ∉ {… , −2, −1,0}. 
In recent years, special functions arising in mathematical physics have been 
widely developed in both generalized and multivariable settings. In particular, 
special polynomials involving two variables have provided useful analytical 
tools for studying various classes of partial differential equations that appear in 
physical models [10]. Many such special functions and their extensions have 
been motivated by problems originating from physical phenomena. 

One of the main contributions of the present study is the construction of 
approximation operators based on the Gauss Appell polynomials. These 
operators are proved to approximate functions defined on a semi infinite interval 
in a suitable weighted function space. Their convergence behavior is further 
illustrated by a numerical example and the study ends with concluding remarks. 

2. MAIN RESULTS 

In this section, we construct a family of positive linear Szász-Durrmeyer 
type operators generated by the Gauss-Appell polynomials. To this end, we fix 
the auxiliary variable 𝑣𝑣 as a parameter ℎ. Then the generating function of the 
Gauss Appell polynomials 𝑇𝑇𝑚𝑚

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑢𝑢, ℎ) is given by 

∑ 𝑇𝑇𝑘𝑘
(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑢𝑢, ℎ) 𝑡𝑡𝑘𝑘

𝑘𝑘!

∞

𝑘𝑘=0
=  𝔸𝔸(𝑡𝑡)𝑒𝑒𝑢𝑢𝑢𝑢 ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; ℎ𝑡𝑡2), |ℎ𝑡𝑡2| < 1 (7) 
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Since the coefficients of the generating function are non-negative under the 
assumptions and 𝛾𝛾 > 𝛽𝛽 > 𝛼𝛼 > 0, 0 < ℎ < 1, 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ) > 0 and 𝔸𝔸(𝑡𝑡) has 
non negative coefficients with 𝔸𝔸(1) > 0 , the operator defined below is positive 
and linear: 

℘𝑚𝑚(ℊ; 𝑢𝑢) = 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1) ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; ℎ) ∑ 𝑇𝑇𝑘𝑘
(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)

𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! ℊ(𝑡𝑡)𝑑𝑑𝑑𝑑.
∞

0

∞

𝑘𝑘=0
 (8) 

First, we evaluate several moments and central moments of the family of 
operators defined in (8). 

Lemma 2.1. The first few moments of the operators ℘𝑚𝑚 are given as follows: 

℘𝑚𝑚 (1; 𝑢𝑢) = 1, 

℘𝑚𝑚 (𝑡𝑡; 𝑢𝑢) = 𝑢𝑢 + ∆1 + 1
𝑚𝑚 , 

℘𝑚𝑚 (𝑡𝑡2; 𝑢𝑢) = 𝑢𝑢2 +
(2∆1 + 4)𝑢𝑢

𝑚𝑚 + ∆2 + 4∆1 + 2
𝑚𝑚2  

for any 𝑢𝑢 ∈ [0, ∞). 
Here, 

ℋ𝑗𝑗 ≔ ℋ12 (𝛼𝛼 + 𝑗𝑗, 𝛽𝛽 + 𝑗𝑗; 𝛾𝛾 + 𝑗𝑗; ℎ), 𝑗𝑗 = 0,1,2, 

∆1≔ 𝔸𝔸′(1)
𝔸𝔸(1) + 2ℎ

(𝛼𝛼)1(𝛽𝛽)1
(𝛾𝛾)1

ℋ1
ℋ0

, 

∆2≔ 𝔸𝔸′′(1)
𝔸𝔸(1) + 2ℎ

(𝛼𝛼)1(𝛽𝛽)1
(𝛾𝛾)1

ℋ1
ℋ0

+ 4ℎ2 (𝛼𝛼)2(𝛽𝛽)2
(𝛾𝛾)2

ℋ2
ℋ0

+ 4ℎ
(𝛼𝛼)1(𝛽𝛽)1

(𝛾𝛾)1

𝔸𝔸′(1)
𝔸𝔸(1)

ℋ1
ℋ0

. 

Proof. 

Differentiating the generating function in (7) with respect to 𝑡𝑡 once and twice, 
respectively, we obtain the following identities;  

∑ 𝑇𝑇𝑘𝑘
(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑢𝑢)

𝑘𝑘!

∞

𝑘𝑘=0
= 𝔸𝔸(𝑡𝑡)𝑒𝑒𝑢𝑢𝑢𝑢 ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; ℎ𝑡𝑡2), 

∑ 𝑇𝑇𝑘𝑘+1
(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑢𝑢)

𝑘𝑘!

∞

𝑘𝑘=0
= 𝑒𝑒𝑢𝑢𝑢𝑢(𝔸𝔸′(𝑡𝑡) + 𝑢𝑢𝔸𝔸(𝑡𝑡)) ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; ℎ𝑡𝑡2) 

                                    +𝑒𝑒𝑢𝑢𝑢𝑢 2ℎ𝑡𝑡(𝛼𝛼)1(𝛽𝛽)1
(𝛾𝛾)1

𝔸𝔸(𝑡𝑡) ℋ12 (𝛼𝛼 + 1, 𝛽𝛽 + 1; 𝛾𝛾 + 1; ℎ𝑡𝑡2) 
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∞
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∑ 𝑇𝑇𝑘𝑘+2
(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑢𝑢)

𝑘𝑘!

∞

𝑘𝑘=0
= 𝑒𝑒𝑢𝑢𝑢𝑢(𝔸𝔸′′(𝑡𝑡) + 2𝑢𝑢𝑢𝑢′(𝑡𝑡) + 𝑢𝑢2𝔸𝔸(𝑡𝑡)) ℋ12 (𝛼𝛼, 𝛽𝛽; 𝛾𝛾; ℎ𝑡𝑡2) 

 +𝑒𝑒𝑢𝑢𝑢𝑢 (4ℎ𝑡𝑡(𝛼𝛼)1(𝛽𝛽)1
(𝛾𝛾)1

(𝔸𝔸′(𝑡𝑡) + 𝑢𝑢𝔸𝔸(𝑡𝑡)) + 2ℎ(𝛼𝛼)1(𝛽𝛽)1
(𝛾𝛾)1

𝔸𝔸(𝑡𝑡)) ℋ12 (𝛼𝛼 + 1, 𝛽𝛽 + 1; 𝛾𝛾 + 1; ℎ𝑡𝑡2) 

   +𝑒𝑒𝑢𝑢𝑢𝑢 4ℎ2𝑡𝑡2(𝛼𝛼)2(𝛽𝛽)2
(𝛾𝛾)2

𝔸𝔸(𝑡𝑡) ℋ12 (𝛼𝛼 + 2, 𝛽𝛽 + 2; 𝛾𝛾 + 2; ℎ𝑡𝑡2). 

Putting 𝑡𝑡 = 1 and replacing 𝑢𝑢 by 𝑚𝑚𝑚𝑚 in the above identities, and then applying 
the operator defined in (8), we obtain the required moment identities. 

Lemma 2.2. For the operators ℘𝑚𝑚, the following central moments hold: 

℘𝑚𝑚 (𝑡𝑡 − 𝑢𝑢; 𝑢𝑢) = ∆1 + 1
𝑚𝑚 , 

℘𝑚𝑚 ((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢) = 2𝑢𝑢
𝑚𝑚 + ∆2 + 4∆1 + 2

𝑚𝑚2 . 

Proof. By using Lemma 2.1, the desired result is obtained. 

 

Remark 2.3. The results are as follows 

lim
𝑚𝑚→∞

𝑚𝑚℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢) = ∆1 + 1, 

lim
𝑚𝑚→∞

𝑚𝑚℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢) = 2𝑢𝑢 

for 𝑢𝑢 > 0. Moreover, for the fourth central moment, we have 

℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢) = 𝑂𝑂 ( 1
𝑚𝑚) 

or equivalently, 

𝑚𝑚2℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)4; 𝑢𝑢) = 𝑂𝑂(1). 
Theorem 2.4. For every ℊ ∈ 𝐻𝐻, we have 

lim
𝑚𝑚→∞

℘𝑚𝑚(ℊ; 𝑢𝑢) = ℊ(𝑢𝑢), 

and the convergence is uniform on each compact subset of [0, ∞) and  

𝐻𝐻 = {ℊ: ℊ ∈ 𝐶𝐶[0, ∞),   ℊ(𝑢𝑢)
1 + 𝑢𝑢2  has a finite limit as 𝑢𝑢 ⟶ ∞}. 

Proof. From Lemma 2.1, it follows directly that the operators ℘𝑚𝑚 reproduce the 
test functions 1, 𝑡𝑡 and 𝑡𝑡2 asymptotically; that is, 

lim
𝑚𝑚→∞

℘𝑚𝑚(𝑡𝑡𝑗𝑗, 𝑢𝑢) = 𝑢𝑢𝑗𝑗, 𝑗𝑗 = 0,1,2,    (9) 
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and this convergence is uniform on each compact subset of [0,∞). Hence, by 
Korovkin-type theorem of Altomare and Campiti [11], the asserted convergence 
result is obtained. This completes the proof. 

Theorem 2.5. Let ℊ ∈ 𝐶𝐶𝐵𝐵[0, ∞) be uniformly continuous on [0,∞). Then, for 
every 𝑢𝑢 ∈ [0, ∞), the following estimate holds: 

| ℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ 2𝜔𝜔 (ℊ; √℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢)) 

where 𝜔𝜔(ℊ; ∙) denotes the usual modulus of continuity of  ℊ. 

Proof. 

 |℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚,ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! |ℊ(𝑡𝑡) −∞
0

∞
𝑘𝑘=0

ℊ(𝑢𝑢)|𝑑𝑑𝑑𝑑  
 

≤ 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! (1 +
|𝑡𝑡 − 𝑢𝑢|

𝛿𝛿 ) 𝜔𝜔(ℊ; 𝛿𝛿)𝑑𝑑𝑑𝑑
∞

0

∞

𝑘𝑘=0
 

≤ {1 + 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0

1
𝛿𝛿 ∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! |𝑡𝑡 − 𝑢𝑢|𝑑𝑑𝑑𝑑
∞

0

∞

𝑘𝑘=0
} 𝜔𝜔(ℊ; 𝛿𝛿). 

Estimating the integral term by the Cauchy Schwarz inequality, we obtain 

|℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ {(1 + 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
) 1

𝛿𝛿 ∑ 𝑇𝑇𝑘𝑘
(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)

𝑘𝑘! (∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! 𝑑𝑑𝑑𝑑
∞

0
)

1
2∞

𝑘𝑘=0
 

× (∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! (𝑡𝑡 − 𝑢𝑢)2𝑑𝑑𝑑𝑑
∞

0
)

1
2

}  𝜔𝜔(ℊ; 𝛿𝛿). 

Applying the Cauchy Schwarz inequality once more to the summation gives 

| ℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ {1 + 1
𝛿𝛿 ( 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! 𝑑𝑑𝑑𝑑 
∞

0

∞

𝑘𝑘=0
)

1
2
 

     (𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚,ℎ)
𝑘𝑘!  ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! (𝑡𝑡 − 𝑢𝑢)2𝑑𝑑𝑑𝑑 ∞
0

∞
𝑘𝑘=0 )

1
2
} × 𝜔𝜔(ℊ; 𝛿𝛿)  

                    = {1 + 1
𝛿𝛿 (℘𝑚𝑚(𝑡𝑡; 𝑢𝑢))

1
2(℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢))

1
2} 𝜔𝜔(ℊ; 𝛿𝛿)  

                       = {1 + 1
𝛿𝛿 (℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢))

1
2} 𝜔𝜔(ℊ; 𝛿𝛿)  
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and this convergence is uniform on each compact subset of [0,∞). Hence, by 
Korovkin-type theorem of Altomare and Campiti [11], the asserted convergence 
result is obtained. This completes the proof. 

Theorem 2.5. Let ℊ ∈ 𝐶𝐶𝐵𝐵[0, ∞) be uniformly continuous on [0,∞). Then, for 
every 𝑢𝑢 ∈ [0, ∞), the following estimate holds: 

| ℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ 2𝜔𝜔 (ℊ; √℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢)) 

where 𝜔𝜔(ℊ; ∙) denotes the usual modulus of continuity of  ℊ. 

Proof. 

 |℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚,ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! |ℊ(𝑡𝑡) −∞
0

∞
𝑘𝑘=0

ℊ(𝑢𝑢)|𝑑𝑑𝑑𝑑  
 

≤ 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! (1 +
|𝑡𝑡 − 𝑢𝑢|

𝛿𝛿 ) 𝜔𝜔(ℊ; 𝛿𝛿)𝑑𝑑𝑑𝑑
∞

0

∞

𝑘𝑘=0
 

≤ {1 + 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0

1
𝛿𝛿 ∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! |𝑡𝑡 − 𝑢𝑢|𝑑𝑑𝑑𝑑
∞

0

∞

𝑘𝑘=0
} 𝜔𝜔(ℊ; 𝛿𝛿). 

Estimating the integral term by the Cauchy Schwarz inequality, we obtain 

|℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ {(1 + 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
) 1

𝛿𝛿 ∑ 𝑇𝑇𝑘𝑘
(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)

𝑘𝑘! (∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! 𝑑𝑑𝑑𝑑
∞

0
)

1
2∞

𝑘𝑘=0
 

× (∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! (𝑡𝑡 − 𝑢𝑢)2𝑑𝑑𝑑𝑑
∞

0
)

1
2

}  𝜔𝜔(ℊ; 𝛿𝛿). 

Applying the Cauchy Schwarz inequality once more to the summation gives 

| ℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ {1 + 1
𝛿𝛿 ( 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! 𝑑𝑑𝑑𝑑 
∞

0

∞

𝑘𝑘=0
)

1
2
 

     (𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚,ℎ)
𝑘𝑘!  ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! (𝑡𝑡 − 𝑢𝑢)2𝑑𝑑𝑑𝑑 ∞
0

∞
𝑘𝑘=0 )

1
2
} × 𝜔𝜔(ℊ; 𝛿𝛿)  

                    = {1 + 1
𝛿𝛿 (℘𝑚𝑚(𝑡𝑡; 𝑢𝑢))

1
2(℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢))

1
2} 𝜔𝜔(ℊ; 𝛿𝛿)  

                       = {1 + 1
𝛿𝛿 (℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢))

1
2} 𝜔𝜔(ℊ; 𝛿𝛿)  

 

If we choose 𝛿𝛿 = √℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢), this completes the proof. 

Lemma 2.6. For each 𝑢𝑢 ∈ [0, ∞) and ℊ ∈ 𝐶𝐶𝐵𝐵[0, ∞), we have 

| ℘𝑚𝑚(ℊ; 𝑢𝑢)| ≤ ‖ℊ‖. 
Proof. Let ‖ℊ‖ ≔ sup

𝑡𝑡≥0
|ℊ(𝑡𝑡)|. From the definition of ℘𝑚𝑚, we obtain 

| ℘𝑚𝑚(ℊ; 𝑢𝑢)| ≤ | 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! ℊ(𝑡𝑡)𝑑𝑑𝑑𝑑 
∞

0

∞

𝑘𝑘=0
|

≤ 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! |ℊ(𝑡𝑡)|𝑑𝑑𝑑𝑑 
∞

0

∞

𝑘𝑘=0

≤ ‖ℊ‖ 𝑚𝑚𝑒𝑒−𝑚𝑚𝑚𝑚

𝔸𝔸(1)ℋ0
∑ 𝑇𝑇𝑘𝑘

(𝛼𝛼,𝛽𝛽;𝛾𝛾)(𝑚𝑚𝑚𝑚, ℎ)
𝑘𝑘! ∫ 𝑒𝑒−𝑚𝑚𝑚𝑚 (𝑚𝑚𝑚𝑚)𝑘𝑘

𝑘𝑘! 𝑑𝑑𝑑𝑑 
∞

0

∞

𝑘𝑘=0
 

Then, | ℘𝑚𝑚(ℊ; 𝑢𝑢)| ≤ ‖ℊ‖℘𝑚𝑚(1; 𝑢𝑢) = ‖ℊ‖. 

 
Now let 𝐶𝐶𝐵𝐵[0, ∞) be the space of all bounded continuous functions on 

[0, ∞), equipped with the supremum norm 

‖ℊ‖𝐶𝐶𝐵𝐵[0,∞) ≔ sup
𝑢𝑢∈[0,∞)

|ℊ(𝑢𝑢)| ,    ℊ ∈ 𝐶𝐶𝐵𝐵[0, ∞). 

For 𝜇𝜇 > 0, Peetre’s 𝐾𝐾-functional is given by 

𝒦𝒦(ℊ; 𝜇𝜇) ≔ inf
𝜏𝜏∈𝐶𝐶𝐵𝐵

2[0,∞)
{‖ℊ − 𝜏𝜏‖𝐶𝐶𝐵𝐵[0,∞) + 𝜇𝜇‖𝜏𝜏‖𝐶𝐶𝐵𝐵

2[0,∞)}. 

Here, 𝐶𝐶𝐵𝐵
2[0, ∞) denotes the class of all functions 𝜏𝜏 ∈ 𝐶𝐶𝐵𝐵[0, ∞) whose first and 

second derivatives also belong to 𝐶𝐶𝐵𝐵[0, ∞) and it is equipped with the norm 

‖𝜏𝜏‖𝐶𝐶𝐵𝐵
2[0,∞) ≔ ‖𝜏𝜏‖𝐶𝐶𝐵𝐵[0,∞) + ‖𝜏𝜏′‖𝐶𝐶𝐵𝐵[0,∞) + ‖𝜏𝜏′′‖𝐶𝐶𝐵𝐵[0,∞) 

[12]. 

Theorem 2.7. Let ℊ ∈ 𝐶𝐶𝐵𝐵[0, ∞). Then, for every 𝑚𝑚 ∈ ℕ and 𝑢𝑢 ∈ [0, ∞), we 
have 

| ℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ 2 𝒦𝒦(ℊ; 𝜇𝜇𝑚𝑚(𝑢𝑢)), 
where 𝒦𝒦(ℊ; ∙) denotes Peetre’s 𝐾𝐾-functional and 

𝜇𝜇𝑚𝑚(𝑢𝑢) = |℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢)| + 1
2 ℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢). 

Proof. Let 𝜏𝜏 ∈ 𝐶𝐶𝐵𝐵
2[0, ∞) be fixed. For 𝑡𝑡 ≥ 0, Taylor’s formula yields 

𝜏𝜏(𝑡𝑡) = 𝜏𝜏(𝑢𝑢) + (𝑡𝑡 − 𝑢𝑢)𝜏𝜏′(𝑢𝑢) + ∫ (𝑡𝑡 − 𝑠𝑠)
𝑡𝑡

𝑢𝑢
𝜏𝜏′′(𝑠𝑠)𝑑𝑑𝑑𝑑 .  (10) 

Applying the operator ℘𝑚𝑚(∙ ; 𝑢𝑢) to (10), we obtain 
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|℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) − 𝜏𝜏(𝑢𝑢)| ≤ |℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)𝜏𝜏′(𝑢𝑢); 𝑢𝑢) + ℘𝑚𝑚 (∫ (𝑡𝑡 − 𝑠𝑠)
𝑡𝑡

𝑢𝑢
𝜏𝜏′′(𝑠𝑠)𝑑𝑑𝑑𝑑; 𝑢𝑢)|

≤ |𝜏𝜏′(𝑢𝑢)||℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢)| + ℘𝑚𝑚 (|∫ (𝑡𝑡 − 𝑠𝑠)
𝑡𝑡

𝑢𝑢
𝜏𝜏′′(𝑠𝑠)𝑑𝑑𝑑𝑑| ; 𝑢𝑢)

≤ ‖𝜏𝜏′‖𝐶𝐶𝐵𝐵[0,∞)|℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢)|

+ ‖𝜏𝜏′′‖𝐶𝐶𝐵𝐵[0,∞)℘𝑚𝑚 (∫ |𝑡𝑡 − 𝑠𝑠|
𝑡𝑡

𝑢𝑢
𝑑𝑑𝑑𝑑; 𝑢𝑢)

≤ ‖𝜏𝜏′‖𝐶𝐶𝐵𝐵[0,∞)|℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢)|

+ 1
2 ‖𝜏𝜏′′‖𝐶𝐶𝐵𝐵[0,∞)℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢). 

Consequently, 

|℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) − 𝜏𝜏(𝑢𝑢)| ≤ 𝜇𝜇𝑚𝑚(𝑢𝑢)‖𝜏𝜏‖𝐶𝐶𝐵𝐵
2[0,∞) . 

Using the preceding estimate together with Lemma 2.6, for any ℎ ∈ 𝐶𝐶𝐵𝐵
2[0, ∞) 

we obtain 

|℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)|
= |℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢) + ℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) − ℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) + 𝜏𝜏(𝑢𝑢)
− 𝜏𝜏(𝑢𝑢)|
≤ |℘𝑚𝑚(ℊ − 𝜏𝜏; 𝑢𝑢)| + |ℊ(𝑢𝑢) − 𝜏𝜏(𝑢𝑢)| + |℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) − 𝜏𝜏(𝑢𝑢)|
≤ ‖ℊ − 𝜏𝜏‖𝐶𝐶𝐵𝐵[0,∞)℘𝑚𝑚(𝑡𝑡; 𝑢𝑢) + ‖ℊ − 𝜏𝜏‖𝐶𝐶𝐵𝐵[0,∞)
+ 𝜇𝜇𝑚𝑚(𝑢𝑢)‖𝜏𝜏‖𝐶𝐶𝐵𝐵

2[0,∞)  
≤ 2 (‖ℊ − 𝜏𝜏‖𝐶𝐶𝐵𝐵[0,∞) + 𝜇𝜇𝑚𝑚(𝑢𝑢)‖𝜏𝜏‖𝐶𝐶𝐵𝐵

2[0,∞)). 

Taking the infimum over all 𝜏𝜏 ∈ 𝐶𝐶𝐵𝐵
2[0, ∞) yields 

| ℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ 2 𝒦𝒦(ℊ; 𝜇𝜇𝑚𝑚(𝑢𝑢)).   (11) 

Hence the proof is complete. 

 
For a function ℊ ∈ 𝐶𝐶𝐵𝐵[0, ∞), the second order modulus of continuity is defined 
by 

𝜔𝜔2(ℊ; 𝛿𝛿) ≔ sup
0<𝑡𝑡≤𝛿𝛿

‖ℊ( ∙ +2𝑡𝑡) − 2ℊ( ∙ + 𝑡𝑡) + ℊ(∙)‖𝐶𝐶𝐵𝐵[0,∞) . 

Moreover, Peetre’s 𝐾𝐾-functional and 𝜔𝜔2 are connected through the estimate 

𝒦𝒦(ℊ; 𝛿𝛿) ≤ 𝑁𝑁(𝜔𝜔2(ℊ; √𝛿𝛿) + 𝑚𝑚𝑚𝑚𝑚𝑚{1, 𝛿𝛿}‖𝑔𝑔‖𝐶𝐶𝐵𝐵[0,∞)),    (12) 

where 𝑁𝑁 > 0 is a constant independent of 𝑓𝑓 and 𝛿𝛿. Combining (11) and (12), 
we obtain 

|℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤  𝑁𝑁 (𝜔𝜔2 (ℊ; √𝜇𝜇𝑛𝑛(𝑢𝑢)) + 𝑚𝑚𝑚𝑚𝑚𝑚{1, 𝜇𝜇𝑚𝑚(𝑢𝑢)}‖ℊ‖𝐶𝐶𝐵𝐵[0,∞)). 

Theorem 2.8. Let ℊ, ℊ′, ℊ′′ ∈ 𝐻𝐻. Then, for every 𝑢𝑢 > 0, 
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|℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) − 𝜏𝜏(𝑢𝑢)| ≤ |℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)𝜏𝜏′(𝑢𝑢); 𝑢𝑢) + ℘𝑚𝑚 (∫ (𝑡𝑡 − 𝑠𝑠)
𝑡𝑡

𝑢𝑢
𝜏𝜏′′(𝑠𝑠)𝑑𝑑𝑑𝑑; 𝑢𝑢)|

≤ |𝜏𝜏′(𝑢𝑢)||℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢)| + ℘𝑚𝑚 (|∫ (𝑡𝑡 − 𝑠𝑠)
𝑡𝑡

𝑢𝑢
𝜏𝜏′′(𝑠𝑠)𝑑𝑑𝑑𝑑| ; 𝑢𝑢)

≤ ‖𝜏𝜏′‖𝐶𝐶𝐵𝐵[0,∞)|℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢)|

+ ‖𝜏𝜏′′‖𝐶𝐶𝐵𝐵[0,∞)℘𝑚𝑚 (∫ |𝑡𝑡 − 𝑠𝑠|
𝑡𝑡

𝑢𝑢
𝑑𝑑𝑑𝑑; 𝑢𝑢)

≤ ‖𝜏𝜏′‖𝐶𝐶𝐵𝐵[0,∞)|℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢)|

+ 1
2 ‖𝜏𝜏′′‖𝐶𝐶𝐵𝐵[0,∞)℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢). 

Consequently, 

|℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) − 𝜏𝜏(𝑢𝑢)| ≤ 𝜇𝜇𝑚𝑚(𝑢𝑢)‖𝜏𝜏‖𝐶𝐶𝐵𝐵
2[0,∞) . 

Using the preceding estimate together with Lemma 2.6, for any ℎ ∈ 𝐶𝐶𝐵𝐵
2[0, ∞) 

we obtain 

|℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)|
= |℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢) + ℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) − ℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) + 𝜏𝜏(𝑢𝑢)
− 𝜏𝜏(𝑢𝑢)|
≤ |℘𝑚𝑚(ℊ − 𝜏𝜏; 𝑢𝑢)| + |ℊ(𝑢𝑢) − 𝜏𝜏(𝑢𝑢)| + |℘𝑚𝑚(𝜏𝜏; 𝑢𝑢) − 𝜏𝜏(𝑢𝑢)|
≤ ‖ℊ − 𝜏𝜏‖𝐶𝐶𝐵𝐵[0,∞)℘𝑚𝑚(𝑡𝑡; 𝑢𝑢) + ‖ℊ − 𝜏𝜏‖𝐶𝐶𝐵𝐵[0,∞)
+ 𝜇𝜇𝑚𝑚(𝑢𝑢)‖𝜏𝜏‖𝐶𝐶𝐵𝐵

2[0,∞)  
≤ 2 (‖ℊ − 𝜏𝜏‖𝐶𝐶𝐵𝐵[0,∞) + 𝜇𝜇𝑚𝑚(𝑢𝑢)‖𝜏𝜏‖𝐶𝐶𝐵𝐵

2[0,∞)). 

Taking the infimum over all 𝜏𝜏 ∈ 𝐶𝐶𝐵𝐵
2[0, ∞) yields 

| ℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤ 2 𝒦𝒦(ℊ; 𝜇𝜇𝑚𝑚(𝑢𝑢)).   (11) 

Hence the proof is complete. 

 
For a function ℊ ∈ 𝐶𝐶𝐵𝐵[0, ∞), the second order modulus of continuity is defined 
by 

𝜔𝜔2(ℊ; 𝛿𝛿) ≔ sup
0<𝑡𝑡≤𝛿𝛿

‖ℊ( ∙ +2𝑡𝑡) − 2ℊ( ∙ + 𝑡𝑡) + ℊ(∙)‖𝐶𝐶𝐵𝐵[0,∞) . 

Moreover, Peetre’s 𝐾𝐾-functional and 𝜔𝜔2 are connected through the estimate 

𝒦𝒦(ℊ; 𝛿𝛿) ≤ 𝑁𝑁(𝜔𝜔2(ℊ; √𝛿𝛿) + 𝑚𝑚𝑚𝑚𝑚𝑚{1, 𝛿𝛿}‖𝑔𝑔‖𝐶𝐶𝐵𝐵[0,∞)),    (12) 

where 𝑁𝑁 > 0 is a constant independent of 𝑓𝑓 and 𝛿𝛿. Combining (11) and (12), 
we obtain 

|℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)| ≤  𝑁𝑁 (𝜔𝜔2 (ℊ; √𝜇𝜇𝑛𝑛(𝑢𝑢)) + 𝑚𝑚𝑚𝑚𝑚𝑚{1, 𝜇𝜇𝑚𝑚(𝑢𝑢)}‖ℊ‖𝐶𝐶𝐵𝐵[0,∞)). 

Theorem 2.8. Let ℊ, ℊ′, ℊ′′ ∈ 𝐻𝐻. Then, for every 𝑢𝑢 > 0, 

lim
𝑚𝑚→∞

𝑚𝑚(℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)) = (∆1 + 1)ℊ′(𝑢𝑢) + 𝑢𝑢 ∙ ℊ′′(𝑢𝑢). 

Moreover, the convergence is uniform on each compact subset of [0, ∞). 
Proof. By Taylor’s formula, expanding ℊ at the point 𝑢𝑢, we  

ℊ(𝑡𝑡) = ℊ(𝑢𝑢) + ℊ′(𝑢𝑢)(𝑡𝑡 − 𝑢𝑢) + ℊ′′(𝑢𝑢)
2 (𝑡𝑡 − 𝑢𝑢)2 + (𝑡𝑡 − 𝑢𝑢)2𝜁𝜁(𝑡𝑡, 𝑢𝑢), (13) 

where 𝜒𝜒(𝑡𝑡, 𝑢𝑢) → 0 as 𝑡𝑡 → 𝑢𝑢. Applying the operator ℘𝑚𝑚 to both sides of (13), 
we obtain  

℘𝑚𝑚(ℊ; 𝑢𝑢) = ℊ(𝑢𝑢) + ℊ′(𝑢𝑢)℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢) + ℊ′′(𝑢𝑢)
2 ℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢)

+ ℘𝑚𝑚(𝜒𝜒(𝑡𝑡, 𝑢𝑢)(𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢). 
Consequently, 

𝑚𝑚(℘𝑚𝑚(ℊ; 𝑢𝑢) − ℊ(𝑢𝑢)) = 𝑚𝑚ℊ′(𝑢𝑢)℘𝑚𝑚(𝑡𝑡 − 𝑢𝑢; 𝑢𝑢) 

+𝑚𝑚 ℊ′′(𝑢𝑢)
2 ℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢) + 𝑚𝑚℘𝑚𝑚(𝜒𝜒(𝑡𝑡, 𝑢𝑢)(𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢). 

It remains to estimate the remainder term. By the Cauchy Schwarz inequality, 
we have 

𝑚𝑚(℘𝑚𝑚(𝜒𝜒(𝑡𝑡, 𝑢𝑢)(𝑡𝑡 − 𝑢𝑢)2; 𝑢𝑢)) ≤ √℘𝑚𝑚(𝜒𝜒2(𝑡𝑡, 𝑢𝑢); 𝑢𝑢)√𝑚𝑚2℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)4; 𝑢𝑢). 
Since 𝜒𝜒(𝑡𝑡, 𝑢𝑢) → 0 as 𝑡𝑡 → 𝑢𝑢 and by the convergence property of the operators 
℘𝑚𝑚, we get 

lim
𝑚𝑚→∞

℘𝑚𝑚(𝜒𝜒2(𝑡𝑡, 𝑢𝑢); 𝑢𝑢) = 𝜁𝜁2(𝑢𝑢, 𝑢𝑢) = 0.   (14) 

Moreover, 

𝑚𝑚2℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)4; 𝑢𝑢) = 𝛰𝛰(1), 

as 𝑚𝑚 → ∞. Hence, 

lim
𝑚𝑚→∞

𝑚𝑚2℘𝑚𝑚((𝑡𝑡 − 𝑢𝑢)4; 𝑢𝑢) = 0. 

Combining this observation with Remark 2.3 and (14) completes the proof. 

3. ILLUSTRATIVE EXAMPLE 

To illustrate the approximation behaviour of the proposed Gauss-Appell 
Szász-Durrmeyer type operators, we consider the test function ℊ(𝑢𝑢) =
𝑒𝑒−𝑢𝑢 sin(3𝑢𝑢) + 2, 𝑥𝑥 ∈ [0,2]. This function is continuous, bounded and 
oscillatory on the considered interval. Therefore, it is suitable for testing the 
approximation performance of the operator. In the numerical computations, the 
auxiliary function is chosen as 𝔸𝔸(𝑡𝑡) = 𝑒𝑒𝑡𝑡. With this choice, the corresponding 
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Gauss-Appell polynomials are generated consistently by the generating function 
used in the construction of the operator. 

1- The first graph shows the approximation behaviour of the operator for 𝑚𝑚 =
5, 20, 50, 100. It is clearly observed that the approximation improves as 𝑚𝑚 
increases. For 𝑚𝑚 = 5, the approximation curve is relatively far from the original 
function, especially near the peak region of the function. However, as nnn 
becomes larger, the operator follows the oscillatory shape of the function more 
accurately. The error table supports this visual observation. For example, at 𝑢𝑢 =
0, the error decreases from 3.74785 × 10−1 for 𝑚𝑚 = 5 to 6.1732 × 10−2 for 
𝑚𝑚 = 100. These results confirm that the proposed operator has a clear 
convergence tendency with respect to increasing 𝑛𝑛. The best numerical 
performance among the tested values is obtained for 𝑚𝑚 = 100. 

 
Figure 1. Approximation of ℊ(𝑢𝑢) = 𝑒𝑒−𝑢𝑢 sin(3𝑢𝑢) + 2 by the Gauss-Appell 
Szász-Durrmeyer type operator for different values of 𝑚𝑚. 

Table 1. Pointwise absolute errors for different values of 𝑚𝑚. 

 

2- In the second graph, the influence of the parameter 𝛼𝛼 is investigated. The 
considered values are 𝛼𝛼 = 0.20, 1.50, 2.90. The numerical curves show that 
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Gauss-Appell polynomials are generated consistently by the generating function 
used in the construction of the operator. 

1- The first graph shows the approximation behaviour of the operator for 𝑚𝑚 =
5, 20, 50, 100. It is clearly observed that the approximation improves as 𝑚𝑚 
increases. For 𝑚𝑚 = 5, the approximation curve is relatively far from the original 
function, especially near the peak region of the function. However, as nnn 
becomes larger, the operator follows the oscillatory shape of the function more 
accurately. The error table supports this visual observation. For example, at 𝑢𝑢 =
0, the error decreases from 3.74785 × 10−1 for 𝑚𝑚 = 5 to 6.1732 × 10−2 for 
𝑚𝑚 = 100. These results confirm that the proposed operator has a clear 
convergence tendency with respect to increasing 𝑛𝑛. The best numerical 
performance among the tested values is obtained for 𝑚𝑚 = 100. 

 
Figure 1. Approximation of ℊ(𝑢𝑢) = 𝑒𝑒−𝑢𝑢 sin(3𝑢𝑢) + 2 by the Gauss-Appell 
Szász-Durrmeyer type operator for different values of 𝑚𝑚. 

Table 1. Pointwise absolute errors for different values of 𝑚𝑚. 

 

2- In the second graph, the influence of the parameter 𝛼𝛼 is investigated. The 
considered values are 𝛼𝛼 = 0.20, 1.50, 2.90. The numerical curves show that 

changing 𝛼𝛼 has a visible but moderate effect on the approximation. Around the 
maximum point of the function, the approximation curves remain below the 
exact function. However, the general shape of the function is preserved for all 
selected values of 𝛼𝛼.   

 

 

Figure 2. Approximation of ℊ(𝑢𝑢) = 𝑒𝑒−𝑢𝑢 sin(3𝑢𝑢) + 2  for different values of 
𝛼𝛼, while the remaining parameters are fixed. 

The error table indicates that the smallest error is not always obtained for the 
same value of 𝛼𝛼. For instance, at 𝑢𝑢 = 0.5, the errors are 1.55203 ×
10−1, 1.73565 × 10−1, 1.94723 × 10−1, corresponding to 𝛼𝛼 =
0.20, 1.50, 2.90., respectively. Hence, at this point, the smallest error occurs for 
𝛼𝛼 = 0.20. On the other hand, at 𝑢𝑢 = 1.25, the smallest error is obtained for 𝛼𝛼 =
2.90. This shows that the parameter 𝛼𝛼 affects the local behaviour of the operator. 
Therefore, suitable choices of 𝛼𝛼 may improve the approximation quality on 
particular subintervals. 
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Table 2. Pointwise absolute errors for different values of 𝛼𝛼. 

 

3- The third graph presents the effect of the parameter 𝛽𝛽. The selected values are 
𝛽𝛽 = 0.90, 1.30, 2.80. The approximation curves are very close to each other. 
This indicates that, for the chosen parameter set, the effect of 𝛽𝛽 on the graphical 
approximation is weaker than the effect of 𝑛𝑛. Although the curves are not exactly 
identical, their differences are relatively small.  

 

 

Figure 3. Approximation of ℊ(𝑢𝑢) = 𝑒𝑒−𝑢𝑢 sin(3𝑢𝑢) + 2   for different values of 
𝛽𝛽, while the remaining parameters are fixed. 

This conclusion is also supported by the error table. For example, at 𝑢𝑢 = 1.5, the 
errors are 1.10051 × 10−1, 1.1009 × 10−1, 1.10259 × 10−1. These values are 
almost the same. Similarly, at 𝑢𝑢 = 2.0, the errors remain very small for all tested 
𝛽𝛽 values. Therefore, the parameter 𝛽𝛽 has only a limited numerical influence in 
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this example. Nevertheless, small variations are still visible in the table. This 
means that 𝛽𝛽 can fine tune the approximation, but it does not dominate the 
convergence behaviour of the operator. 

Table 3. Pointwise absolute errors for different values of 𝛽𝛽. 

 

4- The fourth graph investigates the role of the parameter 𝛾𝛾. The selected values 
are 𝛾𝛾 = 2.10, 3.80, 4.50. As in the case of the parameter 𝛽𝛽, the approximation 
curves corresponding to different 𝛾𝛾 values are quite close to each other. This 
suggests that the parameter 𝛾𝛾 has a relatively mild effect on the approximation 
for the present test function and interval. The error table confirms this behaviour. 
At 𝑢𝑢 = 0.5, the errors are 1.58789 × 10−1, 1.55728 × 10−1, 1.5176 × 10−1. 
Thus, increasing 𝛾𝛾 slightly improves the approximation at this point. At 𝑢𝑢 = 2.0, 
the error decreases from 1.02214 × 10−3 for 𝛾𝛾 = 2.10 to 1.83198 × 10−4 for 
𝛾𝛾 = 4.50. This shows that larger values of 𝛾𝛾 may provide better local accuracy 
near the right endpoint of the interval. Overall, the parameter 𝛾𝛾 has a stabilizing 
effect on the approximation, although its influence is not as strong as the 
influence of 𝑚𝑚. 
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 Figure 4. Approximation of ℊ(𝑢𝑢) = 𝑒𝑒−𝑢𝑢 sin(3𝑢𝑢) + 2    for different values of 
𝛾𝛾, while the remaining parameters are fixed. 

Table 4. Pointwise absolute errors for different values of 𝛾𝛾. 

 

4- CONCLUSION 

In this chapter, a new Szász-Durrmeyer type approximation operator based 
on Gauss-Appell polynomials has been constructed and studied. The proposed 
operator combines the structural properties of Gauss hypergeometric functions 
with the flexibility of Appell-type polynomial families. This connection 
provides a useful framework for defining positive linear operators on the semi 
infinite interval. The fundamental moments and central moments of the operator 
were obtained explicitly. These results played a central role in the analysis, since 
they allowed us to investigate the approximation behaviour of the operator in a 
systematic way. By using these moment identities, a Korovkin type convergence 
theorem was established. Thus, it was shown that the proposed operators 
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systematic way. By using these moment identities, a Korovkin type convergence 
theorem was established. Thus, it was shown that the proposed operators 

converge to the considered function uniformly on compact subsets of the 
interval. In addition to the qualitative convergence result, quantitative estimates 
were obtained by means of the usual modulus of continuity, Peetre’s K-
functional, and the second order modulus of smoothness. These estimates 
describe how the approximation error depends on the smoothness of the function 
and on the central moments of the operator. Furthermore, a Voronovskaya type 
theorem was proved, giving a more precise asymptotic description of the 
approximation error. The illustrative example confirmed the theoretical results. 
The graphs and pointwise error tables showed that the approximation becomes 
better as the parameter 𝑚𝑚 increases. The numerical results also indicated that the 
parameters 𝛼𝛼, 𝛽𝛽 and 𝛾𝛾 influence the local behaviour of the operator. Among 
them, some parameters have a stronger effect on the accuracy, while others 
mainly provide small corrections or stabilization. Overall, the results show that 
the Gauss-Appell based Szász-Durrmeyer type operators form a meaningful and 
effective class of positive linear approximation operators. The construction may 
also be extended in future studies to different polynomial families, weighted 
spaces, or higher dimensional settings. 

  



104  |  A Szász-Durrmeyer Type Approximation Operator Based On Gauss-Appell Polynomials

REFERENCES 

1. Srivastava, H. M., & Manocha, H. L. (1984). A treatise on generating 
functions. Halsted Press. 

2. Dattoli, G., Khan, S., Haneef, M., & Licciardi, S. (2024). Unveiling new 
perspectives of hypergeometric functions using umbral techniques. Boletín de 
la Sociedad Matemática Mexicana, 30, 1–21. 

3. Küçükoğlu, İ., & Şimşek, Y. (2024). Unified presentations of the generating 
functions for a comprehensive class of numbers and polynomials. Montes 
Taurus Journal of Pure and Applied Mathematics, 6(1), 40–63. 

4. Asensi, A. G., & Varona, J. L. (2024). A general method to find special 
functions that interpolate Appell polynomials, with examples. Journal of 
Mathematical Analysis and Applications, 531, 127825. 

5. Anshelevich, M. (2004). Appell polynomials and their relatives. International 
Mathematics Research Notices, 2004(65), 3469–3531. 

6. Dattoli, G., Lorenzutta, S., Mancho, A.M., & Torre, A. (1999). Generalized 
polynomials and associated operational identities. Journal of Computational 
and Applied Mathematics, 108(1–2), 209–218. 

7. Özarslan, M. A., & Çekim, B. (2023). Confluent Appell polynomials. Journal 
of Computational and Applied Mathematics, 424, 114984. 

8. Appell, P. (1880). Sur une classe de polynômes. Annales Scientifiques de 
l’École Normale Supérieure, 9(2), 119–144. 

9. Khan, S., Ahmad, U., & Haneef, M. (2025). Construction of hypergeometric-
Appell polynomials family via umbral calculus framework. arXiv preprint 
arXiv:2504.05737.     

10. Costabile, F. A., Gualtieri, M. I., & Napoli, A. (2021). General bivariate 
Appell polynomials via matrix calculus and related interpolation hints. 
Mathematics, 9(4), 964. 

11. Altomare, F., & Campiti, M. (1994). Korovkin-type approximation theory and 
its applications. Walter de Gruyter. 

12. DeVore, R. A., & Lorentz, G. G. (1993). Constructive approximation. 
Springer. 


