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Abstract

This chapter presents an overview of Lobatto-type Runge-Kutta schemes
derived from Gauss—Lobatto quadrature formulas.Since the collocation nodes
include both endpoints of the integration interval, these methods possess several
advantageous stability and geometric properties.. Their key feature is that both
endpoints of each integration step serve as collocation nodes. Throughout the
chapter, the formulation processes, Butcher tableaus, and stability properties of
five primary sub-classes (Lobatto IITA, IIB, IIIC, IIIC*, and Generalized
Lobatto, Lobatto II1ID) are detailed.

Linear stability is first examined via A-stability and L-stability. In this context,
it is demonstrated that the corresponding stability functions reduce to specific
Padé approximations of the exponential function. For non-linear dynamics, B-
stability is analyzed. Through this analysis, The analysis reveals that: among the
variants considered, only Lobatto IIIC is algebraically stable, which implies B-
stability.

Furthermore, geometric integration aspects, such as symplecticity, P-stability,
and energy behavior on the imaginary axis, are explored. It is established that a
highly effective symplectic integrator is generated when Lobatto IIIA and I1IB
methods are coupled into a partitioned system. To consolidate these theoretical
derivations, visual plots of the stability regions and a comprehensive comparison
table are provided at the end of the chapter.
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1. Introduction

The historical foundations of modern numerical integration methods can be
traced to the work of Runge at the end of the nineteenth century. Subsequent
contributions by Heun, Kutta and later researchers gradually led to the
development of the Runge-Kutta framework used today. By extending Euler’s
method, Runge derived a two-stage, second-order scheme that laid the
foundation for what would later become a major class of numerical integrators.
In the early 20th century, researchers such as Heun and Kutta significantly
advanced these ideas, leading to the systematic construction of higher-order
methods. Building on Runge’s framework, Kutta’s contributions were
particularly influential and ultimately gave rise to what are now known as
Runge-Kutta (RK) methods. During this formative period, Heun proposed a
three-stage, third-order method, while Kutta introduced both a four-stage fourth-
order method and a six-stage fifth-order scheme. The pursuit of improved
accuracy motivated the construction of methods with increasing stage numbers,
and numerous researchers contributed to this development throughout the
twentieth century, with notable contributions from Nystrom (in 1925), Huta (in
1956), and Butcher (in 1964), who developed seven-stage sixth-order methods.
By the late 1970s, Curtis and Hairer further extended explicit Runge-Kutta
constructions to as many as 18 stages.

In parallel with the development of explicit schemes, the challenge of stiff
differential equations motivated the study of implicit methods. Butcher’s work
in 1964 provided a unifying framework for implicit Runge—Kutta schemes,
forming the basis of modern solvers for stiff systems. In the 1970s, he further
introduced a graph-theoretic approach based on rooted trees, which enabled a
systematic characterization of order conditions and greatly simplified the
construction of higher-order methods. This perspective was refined by Burrage
(1978a, 1978b), who investigated stability properties and developed criteria for
predicting the performance of implicit schemes under varying dynamical
regimes. Later, Hairer and Wanner (1993) extended these tree-based techniques
to Hamiltonian systems, opening the way for geometric numerical integration
(Griepentrog,1978;Brugnano et al., 2012; Brugnano et al.,2014)

More recent investigations have extended Runge-Kutta techniques to a wide
variety of applications, including differential-algebraic systems and high-order
collocation methods for complex engineering models. Brugnano and Magherini
(2007) applied Runge—Kutta techniques to second-order differential-algebraic
equations (DAESs), while Martin-Vaquero (2010) constructed 17th-order Radau
ITA methods, highlighting their effectiveness in complex mechanical systems.

Within this context, Lobatto methods represent a natural progression from
classical quadrature rules to structure-preserving integrators. Originally
introduced by Lobatto in the context of quadrature formulas incorporating
endpoint evaluations, these methods were not fully integrated into time-stepping
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frameworks until the systematic development of Runge—Kutta theory in the mid-
20th century. A key milestone was the introduction of the Butcher tableau by
Butcher (1964), which provided an algebraic structure for analyzing such
methods. In the same period, Dahlquist (1978) introduced the concept of A-
stability, which became fundamental in the analysis of stiff differential
equations.

During the 1970s, attention shifted toward deeper stability properties.
Ehle(1973) used Padé approximation techniques to define L-stability, offering a
theoretical explanation for the stiffly accurate behavior of Lobatto IT1IC methods.
Subsequent work by Hairer, Lubich, and Roche (1989) established the relevance
of these methods for differential-algebraic equations. This line of research
culminated in the comprehensive treatment by Hairer and Wanner (1996), who
formalized concepts such as B-stability and algebraic stability. More recently,
Hairer, Lubich, and Wanner (2006) developed the framework of geometric
numerical integration, showing that Lobatto IIIA and IIIB methods form a
symplectic pair capable of preserving geometric properties such as energy
behavior in Hamiltonian systems.

Overall, the evolution of Lobatto methods reflects their transformation from
classical quadrature-based constructions into a powerful family of structure-
preserving integrators. Today, they play a central role in the numerical treatment
of stiff ODEs, differential-algebraic systems, and long-time simulations in areas
such as celestial mechanics and Hamiltonian dynamics. (Boscarino,2007;
Boscarino,2009)

2. Preliminaries

In many scientific and engineering applications, when the integrand is complex
or known only at discrete points, analytical integration becomes impractical.
Consequently, Numerical methods have therefore been developed to
approximate integrals to within error tolerance (Burden & Faires, 2011).

The following standard quadrature rules provide background for the structural
and stability analysis of Lobatto methods in later sections.

For equal subinterval Ax = (b — a)/n

Rectangle Rule:

I= fabf(X)dx = szf(xf)
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Trapezoidal Rule:
b A n-1
I= fa Fedx == |f(@) + F() +2 Z fa+ jax)
j=1

Simpson's 1/3 Rule:

n-1 n-2 ]
b A
= f FOOdx = ?xllf(a) () +4 Z Fa+jhx) +2 Z fla +ij)J|
a = =
j=Tek j=Cift

Simpson's 3/8 Rule:

b 3 [ n-1 n-3 ]
1=fa fGOdx = SAx|f(@ + f(b) +3 Z fa+ jAx) +2 ; f(a+ij)J

j=1,2,4,5,7,8,. j=3,6,9,.

Gauss—Legendre Quadrature:

1= [ fGdx = T, f ) w

where the nodes x; are the roots of the Legendre polynomials and w; are the
corresponding weight coefficients ( Bulirsch et al, 2000;Siili, Mayers, 2003;
Atkinson et.al, 2008,2009; Ranocha et al, 2020).

2.1 High-order Implicit Runge-Kutta(IRK) Methods and Butcher Tableau

Implicit Runge-Kutta schemes constitute one of the most powerful approaches
for solving ordinary differential equations when stability requirements are
dominant.. The coefficients defining an (s)-stage Runge-Kutta method are
conveniently summarized by the Butcher tableau, which serves as a standard tool
for the formulation and analysis of these methods. Different choices of nodes
and coefficients give rise to various subclasses of implicit Runge-Kutta schemes.
Among these subclasses, Lobatto methods form an important family based on
Gauss—Lobatto quadrature formulas and are characterized by the inclusion of
both endpoints of the integration interval as collocation points. (Hairer, Norsett
& Wanner (1993); Iserles (2009); (Kahaner, 1989))

Let y €RY,fiRXRY - RY, ' = f(x,y(x0), y(x) = yo for x 2%, (2.1)

initial value problem for a first-order ordinary differential equation. For the
numerical solution of this initial value problem , some commonly utilized
implicit Runge-Kutta methods are: Backward Euler Method, Implicit Midpoint
Method, Crank-Nicolson Method, Gauss-Legendre Method, Diagonally Implicit
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Runge-Kutta (DIRK) Methods, Lobatto I1IB Method, Lobatto IIIC Method,
Lobatto IIIC* Method, Generalized Lobatto Method (Burden&Faires,2011).

The s-stage Runge-Kutta method y,,,1 = y(t,, + h) from y,, = y(t,,) using the
following formulas

N
ki = yn +hzaijf(tn +ch ki), (1<i<s)

Jj=1

s
Yn+1 = Yn t+ hz bif(tn + ¢;h, ki)

=1
where s, denotes the number of stages, a;; represent the internal stage

coefficients, b; denote the weights, and c¢; denote the abscissae (Butcher,
1964;Prince,Dormand,1981; Pareschi, Russo,2001; Iserles, 2009; Liu,Sun,
2005).

Figure 1: The Butcher tableau for the Runge-Kutta methods (Butcher, 1964)

0

The significance of these simplifying assumptions can be traced back to a result
obtained by Butcher. The coefficients a;}, ¢; and b; by which the s-stage Runge-
Kutta methods are defined, are presented in the Butcher tableau as shown below.

Cy | dy - ay
cl| A
L=
b Cs a‘.s'] as.s'
'b] b.s'

Figure 2: The Butcher Tableau for s-stage Runge-Kutta method (Butcher,
1964;Liu & Sun,2005)
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For consistency, the row-sum condition ¢; = Y3, a;; is usually imposed.
If a;; = 0 forall j = i, the method is explicit; otherwise it is implicit.

3. Lobatto Methods

Among the family of Runge-Kutta algorithms, Lobatto methods represent a
particularly important subclass in the numerical treatment of differential
equations. These schemes are also commonly known as Gauss-Lobatto formulas
(Boscarino et al., 2015). A key feature of Lobatto methods is that the two ends
of the interval serve as collocation points; this arrangement makes it possible to
achieve high-order accuracy without sacrificing robust stability. This balance of
accuracy and stability has made Lobatto methods widely used in engineering,
physics, and applied mathematics. The literature recognizes several distinct
subfamilies Lobatto IIIA, IIIB, HIC, and [IC*-each offering its own set of
numerical characteristics, and all of them are classified as implicit Runge-Kutta
methods.

Gauss—Lobatto formulas: The approximation employed for the solution of the
problem (2.1) can be expressed by means of a standard quadrature formula in

the form
tp+h s
f f(t)dt ~ hn (Z bif(tn + Cihn)> .
t i=1

n

where the step size is denoted by h,, , the weight coefficients by by, ..., by and
the node coefficients by ¢y, ..., Cs.

Lobatto quadrature formulas (Gauss-Lobatto formulas) are defined for s > 2 by
a construction that meets a prescribed set of node and weight conditions. The
nodes c; are taken as the roots of the polynomial

s=2
dtS—Z

and they are ordered so that the conditionc; =0 < ¢, < -+ <c¢g=11s
satisfied. The weights and nodes together fulfill the requirement:

(ts—l (1— t)s_l).

S
1
B(p) : Zbicl-kﬂ:E. k=1,..,p
=1

Lobatto quadrature formulas possess a symmetric structure, i.e.,
bsy1-j =bj,  Csp1-j =1 —¢; (Jay, 1996; Jay,2015).
3.1 The Lobatto Subfamilies

For a fixed number of stages s, nodes ¢; and the weights b; of the associated
Lobatto quadrature formula are shared across the various Lobatto families.
Consequently, these families are distinguished exclusively by their internal stage
coefficients a;;. While several equivalent definitions of these families exist in
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the literature, their coefficients a;; can be explicitly specified through
simplifying assumptions in a linearly implicit form:

N Ck
C(q): Z ajcft = 71
=1

N
b
D(r): Z bicik_laij = E](l - c}‘)
i=1

Lobatto IITA:

The Lobatto IIIA method is a three-stage Lobatto method. By this method, the
values of the function are estimated at three points within the interval, with the
endpoints of the interval also being included. The Lobatto IIIA method is
symmetric, and its order is 2s — 2.

1 h
Ynz = E (Yn + yn+1) + gn (f(tn' yn) - f(tn+1' Yn+1))
h
Yn+1 =Yn t+ En (f (tny yn) + 4f (tns1, Yn2) + f(tns1s Yne1))

where tyyq/2 =ty + hyyp

Figure 3: The Butcher Tableau for s=2,3,4,5 (Jay,2015)

0 0 0 0 0
000 0 _
o 100 1 NE1I4+5 25-45F 25-134/5 —1+.5
1|51 1 27710 120 120 120 120
AL 2 |M3 1, ¥5|1=v5 25413V5 25+ 45 —1-+5
22 |zl 270|120 120 120 120
1 63 6 . 1 5 5 L
33 12 1 12 12 12 12
Ams| = 5 =
Tl s L 5 5 L
Arms 12 12 12 12
0 0 0 0 0 0
1421 119+ 3/21 343 = 94/21 392 = 964/21 343 = 694/21 =21+ 34/21
27 14 1960 2520 2205 2520 1960
1 13 392 4 105+/21 8 392 — 105+/21 3
2 320 2880 45 2880 320
1+ V21 119 —3/21 343 4 604/21 392 + 96.4/21 343+ 9421 —21—13./21
27 1 1960 2520 2205 2520 1960
i 1 49 16 49 1
20 130 45 180 20
4 1 49 16 49 1
=4 20 180 i 180 20
Lobatto I1IB

The coefficients of the Lobatto I1IB, ag- are defined through the simplifying
assumption D (7). These methods are required to satisfy the condition C(q —
2), afl = by, afs = 0. They are symmetric, and their order is 2s — 2. The
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coefficients of the method can also be derived from the coefficients of Lobatto
IIIA by means of the following relations:

or

B _ A
a;; =bj —agi1_isi1-j

Figure 4: The Butcher Tableau for s =2,3,4,5 (Jay,2015)

1 —1—+5 —1+4/5
11 o 1z 24 24 °
R L_ 51 25+4F 25-1345
LN DI BN 27 |12 120 120
2 |6 3 1 ~/5]1 254135 25—45
1[5, T T 120 120 0
6 6 1 1=+5F 1145
sl 2] ! 12 24 24 o
3| T T
636 1 5 5 1
Bmi 153 3 [N
o 1 =7—=421 1 =7+ /21 o
20 120 15 120
1 21 1 343 +94/21 56 — 154/21 343 — 69421 o
27 1 20 2520 315 2520
1 1 494 124/21 8 49 —124/21 0
2 20 360 45 360
1, e 1 343 + 69+/21 56 + 15+/21 343 —94/31 o
27 e 20 2520 315 2520
X 1 119 —34/21 13 119 + 34/21 0
30 360 45 360
B, 1 4 1s 49 1
=* 20 180 45 180 20
Lobatto ITIC
The coefficients of the Lobatto IIIC satisfy the conditions
af =by, C(g—1) D(r—1), af =
i1 — Y q ’ ’ sj— Y

The order of this method is 2s — 2. It is not symmetric. The formula for
Lobatto IIIC methods is expressed as follows:

N
Yuss = Yn+h ) biky

i=1

S
ki = f(tn + Cih'yn + hz al]k])

j=1
Figure 5: The Butcher Tableau for s = 2,3,4,5 i¢in Butcher tablosu (Jay,2015)
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o |1 ¥ V5 1

1 1 1 12 12 12 12

o |t-L 6 30 1_M51 1 10-745 V3
272 15 1 27 10 |12 4 60 60
1 6 12 12 1, /5|1 10+745 i V3
: 1z 1 ERRTTN TR i e

1 63 ¢ oL = LR

2 12 1 12 2 2 12

6 3 &6 ¢ 1 5 s 1

=tz 12 12 12

o 1 7 2 7 1
20 60 15 60 20

1 21 1 29 47 — 154/21 203 — 304/21 3
27 T1a 20 180 315 1260 140
1 1 329 + 105+/21 73 329 — 105+/21 3

2 20 2880 360 2880 160
1, V7 1 203 + 304/21 47 + 154/21 29 3
2 14 20 1260 315 180 140
. 1 49 16 49 1

20 180 15 180 20

c L as 15 a5 N
= 20 180 45 180 20

*
Lobatto IIIC

The coefficients of the Lobatto IIIC* can be defined in the form al-cj*. The
simplifying condition . C(q — 1) is satisfied by these methods. The order of
this method is 2s — 2. It is not symmetric. The formula for the Lobatto IIIC*
methods is expressed as follows:

c* C —
or
cr _ C P —
al-]- — b] - as+1_l”s+1_]’, l,] —_ 1,2, ...,S

Figure 6: The Butcher Tableau for s = 2,3,4,5 i¢in Butcher tablosu (Jay,2015)

0 0 0 0 0
0|00 1 J5|5+45 1 15—=74/5 o
0100 1l 27 10| 60 6 60
il 7 laa? 1 AGls=vEseYE 1
1 o010 2 10 60 60 6
1 5—J5 5443 0
W 121 ! 6 12 12
yu3| = T T
636
o 1 5 5 1
s=d 12 12 [ERT)
0 0 0 0 0 0
1 V21 1 1 13=134/21 14 =34/21 0
27 14 4 9 63 126
1 1 91 + 214/21 1 91 =214/21 0
2 32 576 72 576
1+ V20 14+ 3,/21 13 4 3,/21 1 o
27 1 4 126 63 9
7 2 7
1 0 m 3 = 0
o 49 16 49
=4 20 180 45 180 20
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Generalized Lobatto:

Generalized Lobatto methods constitute a consistent and efficient class of
methods that can be applied to numerical solution problems. The formula of
the generalized Lobatto methods is expressed as follows:

1 1 . .
ajj (E) = E(af} +af) iLj=1..,s

For particular parameter selections, generalized Lobatto methods reduce to
well-known classical Lobatto schemes such as Lobatto I1ID

1 . o
ag- =al-5j(1) =§(aic]-+aic]-) i,j=1,..,s

Figure 7: The coefficients of Lobatto III-NW for s =2, 3 (Butcher, 1964)

1 1
11 s * =5
] IR
2 2 1|1 5
=l = p
Jo11 212 12
22 R
11 2 3 6
2 2 1 21
6 3 6

3.2 Stability properties

Lobatto methods belong to the class of high-order implicit Runge-Kutta

methods, and among their most critical attributes is stability. To investigate the
stability properties of a Runge—Kutta method, the Dahlquist test equation is
conventionally employed:

y' =2y

where A € C and the quantity z = hA is introduced. For a general s-stage Runge-
Kutta method, the stability function takes the form

R(z) = zbT(I — zA) te+1

in which 4 denotes the coefficient matrix of the method, b is the weight vector,
and e = (1, ...,1)7 is the vector.
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Definition 3.2.1 (Absolute Stability) The stability region of a numerical

method is defined as the set

S={zeC:|R(2)| <1}

For all values of z that lie within this region, the growth of the numerical solution

is prevented, and stable behavior of the method is ensured (Lambert, 1991).

Definition 3.2.2 (A-Stability) A numerical method is called A-stable if its
region of absolute stability contains the entire left half of the complex plane, i.e.
if the set inclusion

{zeC:Re(z) <0}CcS
is satisfied. Equivalently, the stability function must satisfy
IR(2)| < 1. Re(z) <0
(Hairer, Norsett, and Wanner, 1993).

Definition 3.2.3 (L-Stability). A method is called L-stable if it is A-stable and,
in addition, the condition

lim R(z) =0

Z—>—00

is satisfied ( Hairer, Wanner,,1996).

Definition 3.2.4 (B-stability) A numerical method is called B-stable if, for any
system for which the inner-product condition

f@-fWu-v)<0

is satisfied, the contractivity property

lyn+1 — Vnsall < llyn — 32l

holds for any two numerical solutions {y, } and {J,,}. In other words, it may be
expressed equivalently as the condition that the separation between any two
numerical solution trajectories is non-increasing throughout the integration
interval. (Butcher, 2016).



116 | Lobatto Methods: A Study of Their Stability Characteristics

Definition 3.2.5 (Algebraic stability) In the context of a Runge—Kutta method,
let the weights satisfy b; >0 (i=12,..,s) and let the matrix M =
(m;;) be defined by

mij = aijbl- + aﬁb] - b]bl

If M is positive semi-definite (M > 0), the method is called to be algebraically
stable (Hairer and Wanner, 1996).

Definition 3.2.6 (AN-stability) A method is called AN-stable if its stability
region, while not necessarily covering the entire left half-plane, contains the
sector

{z: larg(=2)| < a}

for some angle 0 < @ <90°. In the special case @ = 90°, A-stability is
recovered (Butcher, 2016).

Definition 3.2.7 (G-stability) A numerical method is called G-stable if there
exists a symmetric positive-definite matrix G = GT > 0 such that, in the

G-norm ||y|lz = +/yT Gy, the inequality

Iyn+alle < llynlle

holds for all numerical solutions (Dahlquist, 1978).

Definition 3.2.8 (Zero-stability). Let the characteristic polynomial be denoted
by p(r) and suppose that p(r) = 0 . A method is zero-stable if all roots r;
satisfy |r;| < 1 and any root for which |r;| = 1 is simple (Lambert,1991).

Definition 3.2.9 (P-stability) A method is called P-stable if, when applied to
the oscillator equation y" + w2y = 0y"" + w2y = 0, no artificial numerical
damping occurs, i.e., | R(iy) |= 1 for all real y ( Hairer & Wanner, 1996).

Definition3.2.10 (Padé Approximation) The Padé approximant of order (p, q)
to the exponential function e Zis the unique rational function

Np,q (Z) _ Zzzo Zkak
Dp,q(2) k=0 2" P

Ry q(2) =

where B = 1, such that, satisfying the interpolation condition

e’ = Ryq(z2)= 0(zp+q+1), z - 0.
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The coefficients are given explicitly by

__(pta-r)ip! By = (p+q-k)!q!
K raim-i T T oraikig-!

(Hairer & Wanner, 1996).

Definition3.2.11 (Absolute Stability Boundary) For a given Lobatto method,
the absolute stability boundary is defined by the relation |R(z)| = 1. The
stability region is the set of all points satisfying the condition |R(z)| < 1.
For instance, in the case of the three-stage Lobatto IIIA, IIIB, and IIIC,
generalized Lobatto and LobattolIID methods, the stability function is given by

1—1222 +%Z+ 1
Riia(z) = Ryyp(2) = 1T . 1 S 1 )
ﬁZ _EZ+ 1

%Z-{- 1
RIIIC(Z) =—1 ) 1
EZ —§Z+1

1 _%22+%Z+1
Ric(—2) _%Z +1

Rypc (2) =

%22 + %Z +1
R (2) = Ryp(2) = T 1

ﬁZZ—EZ-F].

(Dahlquist, 1978; Hairer,, Wanner, 1996; Butcher, 2016 ).

For the three-stage case, Lobatto IIIA, IIIB and IIID share the same stability
function, whereas Lobatto IIIC possesses a distinct stability function associated
with its stiffly accurate structure. Generalized Lobatto methods do not admit a
unique stability function, since their properties depend on the specific parameter
selection.



118 | Lobatto Methods: A Study of Their Stability Characteristics

Table 1. Comparison of Stability and Geometric Properties of Lobatto Families

Generaliz
Property 1A 1B 1Ic mIc# i ed
Lobatto
mﬂ:gg Yes Yes Yes Yes Yes Yes 16,17,23,27,32
Symmetric | Yes Yes No No No Parameter- | 17,24,25,28
dependent
Depends 15,17,24,28,32
Order (s- 252 252 252 252 252 on )
stage) constructi
on
A-Stable Yes Yes Yes Yes Yes Usually 16,17,19,20,23
Yes 24
L-Stable | No No Yes No No Parameter- | 17,20,24,32
dependent
AN-Stable Yes Yes Yes Yes Yes gstlally 6,17,24
gf;l;)l-e Yes Yes Yes Yes Yes Yes 11,17,23,31
B-Stable No No Yes No Generally | Parameter- 17,20,24
no dependent
Algebraical Generally | Parameter- 17,20,24
ly Stable No No Yes No no dependent
G-Stable Yes Yes Yes Generally Yes Parameter- 17,18,23,24
No dependent
P-Stable Generally Generally General Generally | Generally | Usually 6,17,24
no no ly no no no No
Stiffly No No Yes No Yes Parameter- 17,20,24,32
Accurate dependent
. 17,23,25
Symplectic e
(single No No No No No Parameter-
method) dependent
E‘,Zi';"’lec“c MA-TIB | TIA-IIB | None None None Possible 17,23,25,28
Energy Good Good gztlrri)lnign Dissipati Good Parameter- 17.23,24,25
Behavior o P ve damping dependent
Imaginary- | Nearly Nearly Moderate 17,18,24,25
Axis conservati | conservati | Damped | Damped ly g:rzr:g;?:
Behavior ve ve damped P
High- Parameter- 17,20,23,24
Frequency Weak Weak Strong Moderate | Strong
Damping dependent
Suitable Excell Depends 17,20,24,32
for Stiff Moderate Moderate nt cetle Moderate Excellent on
ODEs parameters
Depends 17,20,24,32
Suitable Excelle on
for DAESs Good Moderate nt Moderate | Excellent formulatio
n
Suitable 17,23,25,28
o onia X;EI;’;‘ X;ggﬁr‘ Limited | Limited | Limited | Possible
n Systems
Boundary Excell 1,17,23,24
Value Excellent Good at cetle Good Excellent | Excellent
Problems
. Stiff L 6,17,23,24,
Zyp]lci(a::ltio Collocatio Partitione systems Sg?;{l;glz ?I:ZF;Z i Problem- 25,28,29,32
PP n methods | dsystems and dependent
ns DAEs methods problems
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3.3 Lobatto Families and Absolute Stability Regions

Lobatto llIA, s=2: |R(z)] <=1

Lobatto IlIA, s=3: |R(z)| <=1

Imiz)

Figure 8: Absolute stability regions for Lobatto IIIA method for s=2 (left) and
s=3 (right)

Lobatto llIB, s=2: |R(z)| <=1 Lobatto llIB, s=3: |R(z)| <=1

Im(z)
Im(z)

(e
.
|
-
15
|
@
|
@
|
~
)
~

Figure 9: Absolute stability regions for Lobatto I1IB method for s=2 (left) and
s=3 (right)
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Lobatto IlIC, s=2: |R(z)] <=1

Lobatto IlIC, s=3: |R(2)] <=1

im(z)

4

2

8
-10 -8 -6 -4 0

2 4

]

-10 -8 -6 -4 -2 -2
Re(z) Re(2)

Figure 10: Absolute stability regions for Lobatto IIIC method for s=2 (left)
and s=3 (right)

Lobatto lIIC, s=3: R(2)] <= 1

Lobatto IlIC*, 5=2: |R(z)| <=1

Imiz)

Figure 11: Absolute stability regions for Lobatto I[IIC* methods with s=2 (left)
and s=3 (right)

Lobatto ID/NW, s=3: |R(z)| <=1

Figure 12: Absolute stability regions for Lobatto IIID/Nersett-Wanner method
for s=3



Mevliide Yokit Ongun | Ceven Uysal | 121

A =g —c -—Iuc*x =—ID Contour: |R(z)| = 1 - Stable inside contour

D ————liC 0

3-stage Lobatto IIIA / 1IB / IIIC / NIC* / 1IID - Test equation: y' = Ay, z = hA - All methods are A-stable (left half-plane < stability region)

Figure 13: Absolute stability regions of the 3-stage Lobatto IIIA, II1IB, IIIC,
IIIC*, and IIID methods

All figures were generated using the Maple software package. As observed in
Figure 8 — 13, the shaded regions show where |R(z)| <1 in the absolute stability
plots. Since . z = Ak is defined, the point is shifted to the left as either the step
size his increased or A becomes more negative. Because large negative real
values are of primary concern in stiff problems, the behavior within the left half-
plane is considered the deciding factor.

In the plots for the Lobatto IIIA and IIIB methods, the left half-plane is fully
contained within the stability region; thus, A-stability is implied. However, it is
noted that as |z| — oo along the negative real axis, R(z) is not driven to zero.
Consequently, very stiff modes are not completely suppressed. In the diagrams,
this is evidenced by the fact that the method’s stability function is shown to
approach a magnitude of 1 at infinity, even though the negative real axis remains
within the stable region.

In the case of Lobatto IIIC and IIID/NW plots, the behavior R(z) — 0 is
observed along the negative real axis. Through this property, stiff modes are
suppressed more effectively by these methods. This feature is particularly
advantageous for parabolic-type or strongly dissipative systems, allowing more
reliable integration with large step sizes.
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4. Conclusion

Ordinary differential equations (ODEs) provide a fundamental framework for
modeling dynamical systems across a multitude of scientific and engineering
disciplines Since analytical solutions are rarely available for such systems,
robust numerical methods have become essential in computational mathematics.
These methods approximate the solution at discrete nodes over a given interval.
The goal is to capture the continuous behavior of the system as accurately as
possible. Among the most prevalent numerical frameworks utilized to achieve
this are the Runge-Kutta (RK) algorithms. While explicit RK schemes offer
computational efficiency for non-stiff problems, the presence of stiff systems
stiff systems, characterized by widely separated time scales, require implicit
methods mandates the deployment of implicit methods to ensure stability
without the computational burden of prohibitively small step sizes. Within the
broader class of implicit Runge-Kutta (IRK) schemes, collocation-based
methods are distinguished by high-order accuracy coupled with a continuous
representation of the analytical solution. Grounded in Gauss-Lobatto quadrature,
the Lobatto family occupies a particularly prominent position within this
collocation framework. The distinct mathematical signature of Lobatto methods
is the explicit requirement that the interpolating polynomial strictly satisfies the
differential equation at both the initial and final boundaries of the integration
step, formally defined by setting the collocation nodes toc; = 0 and ¢g =
1. Because of this deliberate endpoint inclusion, some members of the Lobatto
family possess additional properties such as stiff accuracy and enhanced
continuity and global continuity, which is particularly useful for boundary value
problems and optimal control. Consequently, the distinct subfamilies, namely
Lobatto IIIA, ITIB, IIIC, and IIIC*, exhibit a rich spectrum of stability profiles,
ranging from the purely A-stable and good geometric properties of the IIIA class
to the rigorously L-stable and strongly damped behavior of the IIIC variant.
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