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Homothetic Motions With Dual Bicomplex
Numbers in Dual 4-Space

Faik Babadag'

Abstract

In this paper, we define a dual matrix for dual bicomplex numbers in
dual 4-space. By using this new dual matrix, we define a new dual
motion and it is proven that this dual motion is homothetic. We
provide some theorems for dual velocities, dual pole points, and dual
pole curves for this one parameter dual homothetic motion. Moreover,
we demonstrate that the motion described by the regular order n dual
curve has only one acceleration center of order (n-1) at every t-instant
after defining dual accelerations.

1. Introduction

In 1873, Clifford defined dual numbers and were used at the beginning of
the twentieth century by the German mathematician Eduard Study, who
used them to represent the dual angle which measures the relative position
of two skew lines in space (Guggenheimer, 1963; Kotelnikov, 1895; Study,
1901). In the following years, dual numbers are used in the investigation of
instantaneous screw axes with the help of dual transformations. The Italian
mathematician Gerolamo Cardano first gave complex numbers while trying
to solve a simpler state of the cubic equation. After, Leonard Euler illustrated
the complex numbers as points with rectangular coordinates by using the
notation i¥ = —1. Bicomplex numbers were defined in 1892 to improve the
properties of algebra. As a result of the research, it was included in an article

by Corrado Segre. Here bicomplex numbers are considered as tricomplex
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numbers. Rochon and Tremblay presented a study titled "II. The Hilbert
Space,” which was based on bicomplex quantum mechanics and then,
Rochon and Shapiro gave algebraic properties of bicomplex and hyperbolic
numbers (Rochon et al. 2004, 2006; Price,1991). This study presents
bicomplex (hyperbolic) numbers from several perspectives on Hilbert Space

in quantum physics. Any set of bicomplex numbers can be given by
62={A=a +bll+clz+ dl3}
where a,b,c,d € R, the imaginary units iy, i, and i3 are governed by the

rules:

l% = l% = _1, iliZ = iZil = 1.

A dual bicomplex number is defined as a dual complex number depending

on four units

A= do + dlil + dziz + d3i3

=(ag+age)+ (a; +aj )iy + (ay + a; )i, + (az + a3 €)i;

where iy, i, i3 are the imaginary units and € is the dual unit which satisfy

the conditions

l]z_ = l% = _1, i1i2 = iZil = i3 and 82:0.

The set of all dual bicomplex number is defined by

C]]ZJ) = {A | A = do + C~11i1 + dziz + ﬁ3i3: d0_3 € D}



Proposition 1. Let A and B be dual bicomplex numbers, then their addition

and multiplication are
A‘ + E = (do + Bo) + (dl + Bl)il + (dz + Ez)iz + (dg + 53)1:3

and

AB = (@y + @iy + Gyiy + d3is)(by + byiy + i3y + izhs)

= (dobo - &151 - 6252 + &353) + (5051 + 6150 - d253 - 6352)i1

+(d052 - &ZEO + d351 - &153)i2
+ (aobs + d3by + a,b, + @yb, )is

According to the imaginary unitsiy, i, and i3, the conjugates and norms of

the dual bicomplex number 4 , are

Ail = do - dlil + d3i2 - d3i3

AAll = d(z) + d% - d% - d% + 21:2(&0&2 + dldg)

A12 = do + alil - d3i2 - d3i3

A Alz = C~l(2) - &% + ﬁ% - dg + Ziz(doal + d2d3)

Als = @y — dyi; — Agiy + dsig

A A = G+ a? + a2 + a2 + 2i,(dya; — dydy)

and



Il = @ +a% - a3 - a3

Il = @ - % + a3 - a3

||/I||i =G+ a2 +as + a3
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The system C? is a commutative algebra. It is referred as the dual bicomplex
number algebra shown with C2, briefly one of the bases of this algebra is
{1,i1,i,,i3} and the dimension is 4. It is possible to give the production

similar to Hamilton operators which has defined (Agrawal, 1987;

Hacisalihoglu, 1980,1983; Yayli Y,1995).

dy —a, —a, das

- . . . - a, a, —a; —da,
tA = dy + dqiq + Gyiy + i3 €CD - ¢p(4) = |2 - - -
¢ o+ dyiy + 8yi; + dsiz € CF - ¢(A) & —d; @, —d,
& a4 4 a

Qg —a —dz as
~ 5,1 ao _63 _dz ~ ~ ~ ~
R = ¢(A) = ~ ~ ~ ~ Ay, a4, Ay, a3 eD
a2 _a3 ao —a1
;4 4  dg

and ¢(4) is a faithful real matrix representation of R. In this paper, we
give a dual matrix which is similar to Hamilton operators for dual
bicomplex numbers in dual 4-space. Thanks to this new dual matrix, we
define a new dual motion and it is proven that this dual motion is

homothetic. We provide some theorems for dual velocities, dual pole



points, and dual pole curves for this one parameter dual homothetic
motion. Moreover, we demonstrate that the motion described by the
regular order n dual curve has only one acceleration center of order (n — 1)

at every z-instant after defining dual accelerations

2. Homothetic Motions in dual 4-space

Definition 1. Let Mand §3 be a dual hypersurface and unit dual sphere,

respectively, as following,

M ={y= (Yo, Y1, Y2, Y3) | YoY3 — Y1Y2 = 0},

53

={r=0ovuY2Ya) IVE+yi+Vvi+Yi=1}
From definition (1), let us consider the following dual curve:
Ify :IcR - M cD* given by
t = y(®) =yo(0) + 1Oy +y2(D)iz +v3(Dis
= (ao(t) + saz‘,(t)) + (al (t) + ea; (t))il + (a2 (t) + ea; (t))iz + (a3 (t) + ea; (t))i3
= (ag() + a; ()i + ay ()i + az(t)iz) + e(ag(t) + a, ()i, + a3 ()i, + az(t)is)
=A + A

tor every t € I. We suppose that the curve y(t) is differentiable dual regular
curve of order n. The operator P = R* = R~ = R, corresponding to y(t),

is defined by the following dual matrix:



Yo V1 Y2 Y3
1 vo Y3 T

R = Y2 V3 Yo 1 (1)
V3 Y2 Y1 Yo

Let [ly'(®)|l = 1, y(t) be a unit velocity dual curve. If y(t) does not pass
through the orijin, and y(t) # 0, from Equality (1), the matrix can be

r CPI‘CSCI’I'E as

P=21Q, (2)

Yo/A —vi/A  —V2/A Ya/4
DY LV (Y VL €Y
Y2/A  —v3/A Yo/A  —Vv1/A
Ya/A Y2/ Y1i/4 Yo/

and

ALIcR->D
t—= A1) =Ny = \/|y02(t) +vE(@®) +vZ(@®) +yZ(@®] and y(t) # 0.

Theorem 1. From Equalities (1) and (2), the matrix Q is dual orthogonal

matrix in D%,

Proof. Let yo(t)y3(t) — y1(t)y,(t) = 0. In Equality P = AQ, the matrix Q
has been shown by QT Q = I, where, the matrix @ is dual orthogonal

matrix and detQ = 1.



3. A dual motion with one parameter in dual 4-space

Let the fixed space and the motinal space be, respectively, K and K. In
this case, one-parametric motion of X, with respect to X will be denoted

by K /K. This motion can be expressed by
X1\ C1[Xo
=0 Sy ®
or equivalently
X =2X,+C (4)

where, X' and X, represent position vectors of any point, respectively, in K

and X, and C represent any translation vector.

Definition 2. In dual 4-space, the one-parameter dual homothetic motion
of a body is generated by the transformation given in Equalities (3) and
(4). Here A is called the homothetic scale, which is a dual scalar matrix, Q
is an 4 x 4 dual orthogonal matrix, X and C are 4 X 1 dual matrices, and
Q,C, and A are of class ™. In order not to encounter the case of affine

transformation we suppose that
A(t) = h(t) + eh*(t) # constant, A(t) # 0

and to prevent the cases of pure rotation and pure translation we also

suppose that
AC+AC#0,C#0

Corollary 1. In dual space y(t) € D*, The homothetic motions are

regular and has only one instantaneous rotation centre at all time ¢ .



Theorem 3. The motion defined by Equality (3) is a dual homothetic

motion with one parameter.

Proof. The matrix determined by the equation in Equality (3) is a dual

homothetic motion with one parameter, where Q € SO(4).

Theorem 4. Let y(t) be a unit velocity curve and y(t) € M then the

derivation operator P of P is dual orthogonal matrix in D*.
Proof. Since y(t) is a dual unit velocity curve,
IGORSAORSAGES HOES!
and y(t) € M, then
Yo(©)y3(t) — Y1 (O)y2(8) = 0.
Thus, PPT = PTP and detP = 1.

Theorem 5. If y(t) is a dual spherical curve on M, then the motion is

rotatin motion.

Proof. Since y(t) is a dual spherical curve on y§(¢) + y{(¢) + y2(t) +
y2(t) =1 and

PPT = PTP, P is a dual orthogonal matrix and detP = 1. Thus P is a
dual rotating matrix in dual space D* also, the value of det® is independent

of 1.

4. Dual velocities, dual pole points and dual pole curves

From Equality (3) we obtain



X =PXo+C (5)

then
XO = —7’_1(X - C)

If welet ¢’ = P~1¢, Then (A71 = %I, AT = Q) cause
Xo=PlX+C (6)

Equalities (5) and (6) are coordinate transformations between the fixed

and moving dual spaces. Differentiating Equality (6) with respect to t we

get

where PX, is the dual relative velocity, PX, + € is the dual sliding
velocity, and X is the dual absolute velocity of point Xj. In this case the

following theorem can be given.

Theorem 6. For dual homothetic motion with one parameter in dual 4-
space, the dual absolute velocity vector of a moving system of point X, at
that time ¢ is the sum of the dual sliding velocity and dual relative velocity

of X,.
To find the pole point, we have to solve the equation
PXy+C=0.

Any solution of above equation is a dual pole point of the dual motion at
that t - instant, which is the only solution. In that case the following

theorem can be given.



Theorem 7. In K, if y(t) is a dual unit velocity curve and y(t) € M,
then the dual pole point corresponding to each t-instant is the rotation by

P of the dual speed vector € of the translation vector at that moment.

Proof. Since the matrix  is dual orthogonal, then the matrix PT is dual

orthogonal. Thus it makes a dual rotation.

5. Dual accelerations and dual acceleration centers

Definition 3. The set of the zeros of dual sliding acceleration of order n is
defined the dual acceleration centre of order (n — 1). By the above

definition, we have to solve the solution of the equation

n

px, e =Y (M) a0bgmx, rem =0 ©
k=0
where P = Zan and €™ = %, We know that y(t) is a regular curve of
order n and

y™ € M. Then we have y™y{™ + y™y™ = 0. Thus,
(47) 4 () + (47) + (57) 20
Also, we have
derr® = (7Y + (47 + () + (47)) #o.

Thus matrix P™ has an inverse and by Equality (9), the dual acceleration

centre of order

(n — 1) at every t-instant, is
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X = [PO] [P0,
Example 1. Lety:1 € R > M c D* be a dual curve given by

y(t) = \% (cost, sint, cost, sint ). Note that y(t) € §3 and since ||[y(t)]| = 1,

then y(t) is a unit velocity curve. Moreover,

y(@©, 7)., y™ () € M.

Thus y(t) satisfies all conditions of the above theorems.
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