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Abstract

The differential transform method (DTM) is beneficial and practical to
obtain exact or approximate solutions to problems involving many different
equations, such as linear or non-linear ordinary or partial differential
equations, systems of equations, and integral equations. Analysis based on
defining the derivative only by the rate of change of functions without using
limits is called g -calculus, and examining the concepts in classical analysis in
q -calculus is called g -analog. In the literature, the ¢ -analog of the DTM
has been examined as the g -DTM. This study presents the application of the
q -DTM to the g -Dirac system and the approximate obtaining of the first
and second eigenvalues for different ¢ values (0 < g <1). It is also shown
that the results obtained coincide with those corresponding to the classical
version of the problem examined for ¢ =17

1. Introduction

When a new derivative is defined based only on the difterence ratio of the
functions without using the limit in the classical derivative definition and a
new theory is created on this derivative, this opens the doors of g -calculus.
For this reason, ¢ -calculus is also known as calculus without limits.

The equivalents of classical expressions such as definition, theorem, and
property in g -calculus are called g -analogs (or g -similars). Many existing
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classical topics, problems, etc., have been studied in a g -analog manner and
continue to be done.

The difterential transform method (DTM) is beneficial and preferred,
especially in solving nonlinear differential equations. The description and
applications of the method can be seen in [6, 20, 23]. The g -analog of this
method (as g -DTM) has been examined in one-dimensional ¢-DTM in
[18], two-dimensional ¢ -DTM in [8, 9], and the reduced g -DTM, which
is offered as an alternative to two-dimensional DTM, in [17, 21]. The
nonlinear damped ¢ -difference equation [19], linear ¢ -deformed Lane-
Emdan equation [22], g -Riccati equation [1], g -kinetic equation [10] and
the g -Schrodinger equation [11] were solved by these g -DTMs.

Chen and Ho [7] and Hassan [12] used the DTM to solve the eigenvalue
problems. Hassan [13] also applied the DTM to the Bratu problem as a
nonlinear eigenvalue problem.

The g -Dirac system was introduced in [2], and some of its features were
examined in [14, 15]. In this paper, we will apply the g-DTM in the g
-Dirac system as the g -eigenvalue problem. As a result, we will obtain the
eigenvalues and determine the first and second eigenvalues of the problem
for some ¢ -values in the range of 0 < g <1.

2. Preliminaries and Notations

Let g e (0,1) . The g -difference operator D, [16] is defined by

D g(x)': dqg(x) g(qx)—g(x)

: = . (2.1)
! d,x gx—x
The g -integration is defined by
b b a
Je(x)d,x=[g(x)dx-[g(x)d,x, (22)
a 0 0
where
[e(t)d, 1= x(1-4)q"g(xq"), (2.3)
0 n=0

provided that the series converges.
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The g -trigonometric functions are defined by

© (—] m m2x2m
cos, (x) ::Z()+

s 2.4
2 o] .

and

. o (—l)m qm(m+l)x2m+l
sin,, (x) ,,,Z::‘) [2m+1]q! ; (2.5)
where [m]q = 11_ q , [m] !2[1] [2] [m] and [0] 1=1 (see detailed
—q q g L7 q q
in [3-5]).

The one-dimensional g -DTM of function y (x) is defined as follows [18]

Y (k)= ﬁ(ddik y(x)} : (2.6)

q

Here y(x) is called the original function and ¥, (k ) is the transformed
function. The q -differential inverse transform of ¥, (k ) is defined by

o0

y(x)=>Y (k)x*. (2.7)

k=0

Let ¥, (k) and V, (k) be the transformed function of y(x) and v(x)
, respectively. Then, some basic properties provided by g -DT using the
linearity property of g -derivative are given in Table 1.
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Tiblo 1. Some opevations of one-dimensional q- DTM

Function q- differential transform
ay(x)te,v(x), ¢,c R, a?, (k)icqu (k)
x",neN l,k=n
’ ’ ok — olk—n)={" ’
(k—n), o(k—n) {O,k;tn,
4y () k] 7, (k1)
dqx
d;'y(x) [k+1]q [k+2]q...[k+n]q Yq(k+n)
d x"
q
y(qx) q'Y, (k)
y(x)v(x) i
X1, (¥, (k)

3. g -Dirac System and Its Solution with ¢ -DTM

We consider the following ¢ -Dirac system consisting of

_éDquz (x)+7(x) 31 () = Ax (),

Doy (x)+ p(x) 72 (x) = 272 (),
with the boundary conditions

i (O)+72y2 (O):O)

P (a)+(02y2 (aqil): 0,
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where A is a complex eigenparameter, ¥, and @, (i = 1,2) are real numbers,

y(x) = [yl (X)J, r(x) and p(x) are real-valued functions defined on
¥, (%)
[O, a] and continuous at zero (see [2, 14]).

In the following, we consider the special case of the g-Dirac system

(3.1)-(3.4) in which 7(x)=0 and p(x)=0,

1
_;Dq_ly2 (x):/ly1 (x), (3.5)
D,y (x)=4y,(x), (3.6)
with
1,(0)=»,(0)=0, (3.7)
»(7q")=0. (3.8)

If the relation Dq_ly(x) = (qu)(xqfl) isusedin (3.5) and x replaced

by gx, then (3.5) can be written as

1
—;quz (x) =2y, (gx). (3.9)

Taking g -DT of (3.6) and (3.9), we get

[k+1] ¥, (k+1)=2Y, (), (3.10)
e Y, (k+1)=24"Y, (k), (3.11)
q q 2.4 4

where ¥ (k ) and ¥, , (k ) are transformed functions of y, (x) and y, (x)

4

, respectively. (3.10) and (3.11) gives the recurrence relation
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A
- [k+1]q

lqk-#l
[k+ l]q

Y, (k+1)

Lg

Y, (k+1)=-

Applying g -DTM on (3.7) and put
%, (0)=ec,

then it becomes

Y., (O) =c.
For k=0, using (3.13) and (3.14) into (3.12), we get

Ac

Yl,q (1) = W’

A
v, (1)=-71%

DR

Similarly, for £ =1, using (3.15) into (3.12), we get

/12
1q( ):_ 1

[2],"

and for k=2, using (3.16) into (3.12), we have

Aq’c

Yl,q(3):_ [3] !’

Following the same procedure we obtain for k£ =0,1,2,...

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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1 k/lzk k
0=
q
(—l)k ﬂ,quk(kﬂ)C (3.18)
L, (26) = [26] 0
q
-1 k izkuqk(hl)c
r i) )[2k+1] L
q
-1 k+1 /12k+1q(k+l)zc (3.19)
Y“(zkﬂ):( )[2k+1]!
q

Hence, using (2.7), we have

y(x)z[yl (x) =0
20 S, (k)

iL(_l)k ﬂqukzc N (—l)k ﬂZkﬂqk(Hl)szkn] (3.20)

2c T [2k]

2 k]

!
q

i[(l)k ﬂquk(kﬂ)c " (_1)k+1 /121(+1q(1<+1)zcx2k+1} ’

In order for (3.20) to be the solution of the g -Dirac system (3.5)-(3.8),
the condition (3.8) must be satisfied. Additionally, if ¢ # 0 is accepted since
the eigenfunctions will be non-trivial solutions, and using (2.4) and (2.5),
we get

cos, (ﬂq‘”zﬂ) —q'"? sin, (ﬂq‘”zﬂ) =0. (3.21)

Thus, the eigenvalues of problem (3.5)-(3.8) are the roots of equation
(3.21). However, we cannot clearly determine the roots of this equation as in
the classical way. The first two eigenvalues will be approximately calculated
with the help of approximate solution according to the method stated below.

To approximately calculate the first and second eigenvalues of problem
(3.5)-(3.8) or the first and second roots of equation (3.21), the following
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procedure is followed. If we calculate them th term for Y, (k) using
(3.20), and substitute them in (3.8), we obtain

2L, (k)7'q =0, (3.22)

m
k=0
Hence, we can write

of " (2)=0, (3.23)

where fq(m) (l) is a polynomial of A corresponding to m . Let ¢ # 0, then
we have

1" (4)=0. (3.24)

Solving (3.24), we have A = /1,('"), [=1,2,3,..., where l,(m) is the /th
estimated eigenvalue corresponding to m , and m is indicated by

A" -2 <6, (3.25)

(m-1)

where 4, is the /th estimated eigenvalue corresponding to m —1 and
O is a small value. If (3.25) is not satisfied, then substituting (m + 1) for
m and following the same procedure as shown in (3.23)-(3.25).

Case 1: For ¢=0.9.

From (3.12) and (3.22)-(3.24), if the approximate solution is calculated
to m =6, then we have

2’272(_2 /137[3q 2147[4q2 _15”5q4 _/167[6q6

fN2)=1-2m~ B + Al + e BLL el =0. (3.26)
Solving (3.26) for ¢ =0.9, and take the real root

A0 =0.2475. (3.27)
By the same way, when m =3, the root of (3.26) becomes

A% =0.2476 . (3.28)
From (3.27) and (3.28), we obtain

49 - 2| = 0.0001< 6, (3.29)




Semanur Kavatepe | Eatma Huoa | 23

where & is a sufficiently small value that we determine. From (3.29), we get
A, =0.2475 is the first eigenvalue for ¢ = 0.9 . Substituting 4, into (3.20)
for m =6 we obtain the first eigenfunction.

Following the procedure mentioned above, if we solve the resulting
equation for m =12

_127[2 ﬁ3ﬁ3q+l4ﬂ4q2_15ﬂ5q4_ﬂ6ﬂ6q6+ﬁ7ﬂ7q9
PLOBL L B G OLE (s
/187[8(]'2 /1972_9q16 ilOﬂ_quZO /lllﬂ_]quS ﬂlZﬂ_qu.’aO
+ - - + + =
[, [0,! [o]! [ [12],!
and take the real root, we have

A =0.2475 (3.31)

fP(A)=1-an

A =12172. (3.32)

Note that /11(12) = 11(6)- Due to ‘ﬂz(u) _ﬂ‘z(”)

=0.004 < &, we have the

second eigenvalue A, =1.2172 for ¢ =0.9 . Substituting A, into (3.20)
for m =12 we obtain the second eigenfunction.

Case 2: For ¢=0.8 and g =1.

The equations (3.26) and (3.30) solving for ¢=0.8 and g=1
, respectively, and following the same procedure as Case 1, the first and
second eigenvalues given in Table 2 are obtained.

Toblo 2. The first and second eigenvalues for ¢ =0.8 and q=1.

Eigenvalues G- values <0 <q< 1>

q=0.8 qg=1

0.2447 0.2499 = 0.25

A 1.1779 1.2477=1.25
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For the classical form of the g -Dirac system (3.5)-(3.8), when g > 1"
, which is

{—yé (x) =4, (x),
n(x)=2y,(x),

7(0)-»,(0)=0,

¥, (7[) =0.

If this system is solved analytically, its eigenvalues are the roots of the

equation tan(/lir) =1 and they have the form A, = i(l+4n), ne

. Thus, the first and second eigenvalues are 0.25 and 1.25, respectively,
which are the same for ¢ =1 in Tablo 2.

Similar investigations can be made for different g values in 0 < g <1,
and for more m steps.
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