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On Soz

Matematik ve bilim, matematige ek olarak, 6ziinde matematiksel nitelikte
olan ancak evrensel olarak matematigin alt alanlar1 olarak taninmayan
akademik disiplinleri igeren bir g¢ahyma alani grubudur. Matematik
ve bilim arasinda uzun ve yakin bir iligki vardir ve her ikisi de hayati ve
giderek artan bir Oneme sahiptir. Matematik, bilimin igsel bir bilegenti,
yapisinin bir pargasi, evrensel dili ve vazgegilmez entelektiiel araglarinin
kaynagidir. Buna kargilik, bilim matematige ilham verir ve onu canlandurr,
yeni sorular ortaya koyar, yeni diisiinme bigimleri yaratir ve nihayetinde
matematigin deger sistemini kogullandirir. Fizik ve mihendislik gibi her
zaman matematiksel olan alanlar daha matematiksel hale geliyor. Biyoloji,
tizyoloji, biyoteknoloji, mikrobiyoloji, molekiiler biyoloji ve genetik gibi
daha once yogun olarak matematiksel olmayan bilimler, tanimlama ve
siniflandirmadan analiz ve agiklamaya gegiyor; sorunlarinin gogu yalnizca
kismen anlagilmig ve bu nedenle dogasi geregi belirsiz olan sistemleri igeriyor
ve yeni matematiksel araglarla aragtirma gerektiriyor. Bilimdeki ilerleme,
tiim dallarinda, matematiksel girisimin yakin katilimini ve gii¢lendirilmesini
gerektirir; yani yeni bilim ve yeni matematik el ele gider. Bu kitap bu amagla
hazirlanmistir. Kitap 10 boliimden olugmaktadir. Kitap genel olarak cebir,
matematiksel analiz, geometri, uygulamali matematik, matematik egitimi,
biyoteknoloji ve mikrobiyoloji gibi bilim dallarini igermektedir. Bu kitabin
ozellikle “biyoloji ve matematik” alanlariyla ilgilenen lisansiistii 6grenciler
ve aragtirmacilar igin degerli bir kaynak olmasi beklenmektedir. Elbette, bu
gonderilen caligmalari derleyen, toplayan ve okuyucularin yararina sunan
Ozgiir Yaymevi calisanlarina da tegekkiir etmek istiyorum. “Matematik
ve Bilimde Giincel Yaklagimlar” kitabinin okunmasi ve anlagilmasi kolay
olmasi i¢in gerekli 6zen gosterilmis olsa da yine de bazi hatalar olabilir. Bu
konuda her tiirlii uyari ve elestiriyi yapacak meslektaglarima ve 6grencilerime
simdiden tegekkiir etmek istiyorum.

Saygilarimla.
Prof. Dr. Ferit GURBUZ
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Chapter 1

Lie derivatives of almost contact structure and
almost paracontact structure with respect to “X
and »x on semi-tangent bundle «(m) 3

Kursat Akbulut!
Furkan Yildirim?

Imran Gunes?

Abstract

The main aim of this paper is to investigate Lie derivatives of almost contact
structure and almost paracontact structure with respectto X and "X on
semi-tangent bundle t(B).

In addition, this results which obtained shall be studied for some special
vector fields in of almost contact structure and almost paracontact structure.

1. Introduction

Let B, and M, denote two differentiable manifolds of dimensions
m and n respectively, let (M n,ﬁl,Bm) be a differentiable bundle,
and let 7z, be the submersion 7,:M,—B,. We may consider
(x)=(x"x"),i=l..,m;a,b,...=1,...n—m ;a,B,..=n—m+1,...n as
local coordinates in a neighborhood 7z,”'(U). Let B, be the base manifold
and 7:T (B,) > B, be the natural projection, and let T(B,) be the

tangent bundle over B,. In this case, let T (B,) represent in for the tangent

1 Prof. Dr., Ataturk University, Faculty of Sci., Department of Mathematics, Erzurum, Turkey,
kakbulut@atauni.edu.tr, 0000-0002-2829-4712
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space at a p—point (p=x“,x")eM, ,p= 71'1(];)) on the base manifold
I XY= dx”(X) are components of X in tangent space T,(B,) with

respect to the natural base {8 }=
(x*,x%,x ) X% =x“ =y“, a ,B —n+1,...,n+m , 1s by definition, the
semi-tangent bundle #(B,) over the M, manifold and the natural projection
7, 4(B,) > M, ,dim#(B,))=n+m. Specifically, assuming n = m, the
semi-tangent bundle [14] #(B,) becomes a tangent bundle 7'(B,,).Given
a tangent bundle 7T (B,)— B, and a natural projection 7,:M, = B, , the
pullback bundle (for example see [4], [5], [7], [8], [9], [10], [17], [19],
[20]) is given by 7, :¢(B,,) > M, where

t(Bm)={((X“,x“), a . ﬂl(x“’xa):;z'(x“,x&)}.

. . : TS o\ -1
The induced coordinates (xl e X XN X ) with regard to 7 )

will be given by
x“ =x"(x",x"), a,b,..=1,...n—m
(1)

x* =x"'(xﬁ), a,f,...=n—m+l,...,n,

If (x")=(x",x*") is another coordinate chart on M, , the Jacobian

no

matrices of (1) is given by [14]:

o e
" ox' ox”  ox’
AI. = — |= 5
()= Z5)- > =
0
ox’
where i, j,...=1,...,n. If (1) is local coordinate system on M, , then we

. . a" o' _a' .
have the induced fibre coordinates (x*,x* ,x“) on the semi-tangent bundle

(change of coordinates):

x =x"(x",x"), ab,..=1,...n—m,
x =x“'(xﬁ), a,p,..=n—m+1,..,n, (2)

i ox“
o’

X £ aﬂ =n+l,...,n+m,
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The Jacobian matrices for (2) are as follows [14]:

ox*“ ox”

0
ox’ ox”
_ . o
A=(4)=| o afcﬁ 0 | (3)
0 . O°x" ox”
Y oxPoxt  ox’

where 7,J,....=1,...,n+m. Then, we obtain

AL 40

(4)=| 0 4 0| (4)
0 4;.y" A4

which is the Jacobian matrix of inverse (2).

This paper investigates lifts of several geometric objects (complete lifts,
vertical lifts, etc.) that were previously studied in tangent bundles and their

uses in semi-tangent bundles.

Much study has been done on the theory of tangent bundles [21], which
is important in physics, differential geometry, and engineering. The semi-
tangent bundle taken into consideration in this work specifies a pull-back
bundle as opposed to the tangent bundle. In [1], [2], [3], [7], [12], [13]
and [16], the almost paracontact structure and almost contact structure in
tangent bundles have been studied along with some of their characteristics.
The geometric properties of the semi-tangent bundle have been studied
by several authors, such as [14], [19], [20], and others. It is known that
projectable linear connections in semi-tangent bundles have been explored,

along with some of their characteristics, in [9], [19] and [20].
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2. Preliminaries

If f isa functionon B,, we write '~ _f  for the function on #(B,,)
obtained by forming the composition of 7z :#(B,)—> B, and "f = f o,

sothat " f ="fom = femem=form.
Consequently,
"X = (3 5)

is provided by the * £ — vertical lift of the function f € J(B,) to #(B,)
Jt should be observed that along every fiber of 7 :¢(B,) - B

m

, the value
w ¢ stays constant. If f = f(x“,x%) is a function in M, , on the other hand,

we write “f* for the function in #(B,) defined by
“f=ud) =210, =0, f (©)
and name the completelift “ f/ ofthefunction £ [14]. ™ f=“f-V S
determines the *** #~ — horizontal lift of the function f* to #(B,,) where
V.f=Nf. Let Xe 3y(B,) be (X =X%3,). By using (3), we have the
usual law " X '= A(*Y X)) of coordinate transformation of a vector field

on #(B, ) when

X0 |, (7)
X(Z

is put in. The (1,0) —tensor field ™ X s called the vertical lift of X to

semi-tangent bundle [20]. Let @€ J)(B,), i.c. ®=a@,dx". On putting
Ww:(O,a)a,O), (8)

from (3), we easily see that " @ = A" @". The vertical lift of @ to
t(B,,) is the name of the (0,1)-tensor field ™ e [20]. The complete lift
“we 3] (t(B,)) of we3)(B,) with the components @, in B, has the

tollowing components:

“a):(O, Vo, o, a)a) 9)

e a?
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relative to the induced coordinates in the semi-tangent bundle [20].
Let @ be a covector field on B, with an affine connection V . Then the
components of the @ — horizontal lift of @ have the form

HHw:ccw_Vya)

in #(B,), where V,@=»N®. The horizontal lift "¢ e 3 t(B,)) of @

has the following components:

i (O o,,o, )
relative to the induced coordinates in #(B, ) . Now, consider that there is
given a (p,q)—tensor field S whose local expression is
0 0
Fa 3xa‘ ™
in base manifold B, with V — affine connection and a VS — tensor field

defined by

Rdx" ®..®dx"

V8=V, S5 0 9.0 ®ate. ®d"

a a; axlxp

relative to the induced coordinates (x*,x%,x%) in z7'(U) in the semi-

tangent bundle. Additionally, we define a V ,§ - tensor field in 7~'(U) by

) 0 ®. . ® 0
ox“™ oxr

and a S —tensor field in 7 () by

Rdx’ ®..® dx"™

V,S= (X S

VS = ( £ gy

. )a ®.. ®i®dxﬂ'® .®dx"
1+ aal

ox™
relative to the induced coordinates (x“,x“,x ), U being an arbitrary

coordinate neighborhood in B,, .

Next, we obtain V,.S = W(S ) for any XeJ(B,) and Se€ 3%(B,) or
S eSi(Bm), where S, €3 (B ) or 3 (B,). The "8 —horizontal lift

s -1

of (p,q)—tensor field S in base manifold B, to t(B,) has the following

equation:
s = “§-V.§.
Assuming P, Q€t(B,), we obtain

Vv, (P®0)="P®(Vv,0)+(V,P)® "0 and " (P®Q)=""P® "0+ "P®"Q.
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Assume X € J,(M,) isa projectable (1,0) — tensor field with projection
X=X"(x")0,,ie. X=X"(x*,x%)3, + X*(x*)0, . Now, take into account
Xe Sg (M), in that case complete lift “X has components of the form
[14]:

~a

X
CCX . Xa <10>
ygagXa

relative to the coordinates (x,x“,x“) on the semi-tangent bundle #(B,)
. For an arbitrary affinor field F € 3,(B,,) , if (3) is taken into consideration,

we may demonstrate that (yF)'= A(yF) , where yF isa (1,0 )-tensor field
defined by [9]:

0
yF:0 (11)
yé‘Fﬂt

&

relative to the coordinates (x“,x“,x&). For each projectable vector
field X e 3y(M,) [20], we well-know that the "X — horizontal lift of
X to t(B,) (see [9]) by "X = “X-y(VX). In the above situation, a
differentiable manifold B, has a projectable symmetric linear connection

denoted by V . We recall that 7/(V)N( )— vector field has components [9]:

0
}/(VX’): 0
ycnga

relative to the coordinates (x*,x%,x*) on #B,). V,X° being the
covariant derivative of X“, i.e.,
(V,X)=0,X"+X'T°,.

Consequently, the ™ X —horizontal lift of X to #(B,) contains the

following components [9]:
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~a

X
HH ~
X:|xe (12)
a yh
I, X

relative to the coordinates (x“,x“,x;) on #(B,) where

I, =yTr,. (13)
Vertical lifts are given by the following relations:
"(P®Q)="P®"Q,"(P+R)="P+"R (14)

to an algebraic isomorphism (unique) of the J(B, ) —tensor algebra into
the J(#(B,))— tensor algebra with respect to constant coefficients. Where
P,Q and R being arbitrary elements of #(B,). For an arbitrary affinor
field F e 3)(B,) , if (3) is taken into consideration, we may demonstrate that

wF = 4l47 (v FL), where " F is a (1,1 )-tensor field defined by [20]:

0 0 0
"F:lo 0 0 (15)
0 Ff 0

relative to the coordinates (x*,x%,x%). The (1,1)—tensor field (15) is
called the vertical lift of affinor field F' to #(B,,) [20]. Complete lifts are

given by the following relations:
C(’(P+R): L'CP+ CCR, CC(P@Q): ccP® VVQ+ va® CCQ') (16)

to an algebraic isomorphism (unique) of the J(B, ) —tensor algebra into
the 3(#(B,)) - tensor algebra with respect to constant coefficients. Where P
, O and R being arbitrary elements of #(B,) . For an arbitrary projectable
affinor field Fe3/(M,) [20] with projection F = Fy (x“ )aa ®dx’ ie. F

has components

7. ﬁ’Z(x“,x“) I?;}(x“,xa)
oo Fix)
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relative to the coordinates (x“,x”). If (3) is taken into consideration,
~1I' ! ~1I' P
1 4J .
we may demonstrate that “F = 4,4, (“F), where “F isa (1,1 )-tensor

tield defined by [20]:

~a

Fy ﬁ; 0
F:l0 Ff 0
0 y0,Fy Fy

cc

) (17)

relative to the coordinates (xa,x“,xg) . The (l,l)—tensor field (17) is
called the complete lift of affinor field /' to semi-tangent bundle #(B,)

[20]. We will now give below some important equations that we will use.

Lemmal. Let X,Y and F be projectable vector and (1, 1) — tensor fields
on M, with projections X,Y and F on base manifold B

m>

fe3)(B,), €3] (B,) and I =id, ,then [17],[18] yerine [19], [20]:
()"0 X =0, (i) “Xf="(x1), (i) o X)="(o(X))
, () “FUX="(FX),

X =) e (W)= TR ) o
IYX =X, i) =1,

respectively. If

(i%) [X ﬂ =" [x.Y], @) <o("X)=" (w(X)), @) "F"X =0
, (i) “FYX =" (FX)

(widi) “ X f = “ (X[, (i) a)()?) ~(wX), () (FX)="F"X
s i) T (X)=""X,

@vii)  "IVX =0, (i) [)7 ﬂ = “[xr], (xix)
Y(fo)="f"w, @) "X"f=0,

(xx8) [X WY] =0.

3. Main Results

Let an m—dimensional differentiable manifold B, (m=2k+1, k>0)
be endowed with a projectable (l,l)—tensor field pe 31(M,) [20] with
projection ¢ = @ (x“ )50, ®dx” ie., a projectable (1,0)—tensor field



Kursat Albulut | Furlkan Yildwim / mran Gunes | 9

Ee 34, (M ) with projection & = £ (x“ )5(1 ie. 5: E“(x“,x“)aa +&° (xa)@a
[20], a 1-form 77 , [ be an idendity and let them satisfy

~2

o =-1+n®%,  p(&)=0, 7no9p=0, p(&)=1. (18)
Then (&,5,77) define almost contact structure on B, (see, for example

[2], [6], [11], [12], [16], [19], [23]). Taking account of (18) we obtain

cc ~ 2 cc
( (0) — I+ ® “E+ @ e, (19)

cc~

TpE=0, "0 "p=0,"ne "p=0,

e =0, "n("¢)=0, Wn(wg)zl’ “n(€)=1, “a("E)=0, [20]
using (18) and (19) we define a (1,1) tensor field J on t(B,) by
J="p-"e®@"n+“E®@“n (20)

Then it is easy to show that T PX=-"X and J “X=-"X , which

give that J is an almost contact structure on t(B,) . We get from (20)

cc

JTX =" (pX)+ " (n(X)) "¢,
JUX="(pX) =" (X)) e+ " (n(X)) "
for any )N(ES})(M,,)

Theorem 1. In accordance with (20), we have the following for the L, —

operator, Lie derivation with respect to Je 3, (t(Bm)) and n(Y)=0:

@) (L.,J)"Y=0, @) (L.,J) V=" ((Lep)¥)+ " ((Lyn)Y)"E,

(i) (L. )" =" ((Leo)Y )+ " ((Len)Y) &,

ir) (L. T) Y =" ((Leo)Y)-"((Lan)¥) e+ (L)Y )&,

where X,Y,& € 3 (M, ) are projectable (1,0) - tensorfields, € I} (M)
is a 1-form and @ € 5 (M, ) is a projectable (1,1)~ tensor field.

Proof'1. For J="p-"E®"n+ “E®“p and U(Y) =0, we obtain

(i) (waj) va — L,,VX (L'c("p’ _ wg ® vvn + Crg® ccn) va _ ( CE;)* WQE ® VV77 + ccg® CCU)LWX va
0
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=L, (oY) =Lo, ("0 (1)) "E+ Lo, " (n(1))E g
D — v

W) (1.,3)F=r.,(“9p-"c0 n+ Eay) V("o e+ “Eo n)L., T

— LWX cc;)cc )7 _ LWX v (U(Y)) W§ + LH,X CCE cc (U(Y)) _ CC&LWX cc)'; +
D —_— —x " N7
(. ;,)u ;ﬁ.(.;,(L\.VX « ?) 0 L, “E L, )
"(Lye)Y) € o(Lyr)
+vv’7W(ny) Wf— VV(U(ny)) ccg
— [N —

0 " (Lyn(V)="((Lym)Y)

- (LWX “;;) “Y+ ""(}(LWX “’?)— “oL,, V=" (Ly@(Y)) E+" ((Lym)Y)”

it

=L@+ 0" (LY)+ “ ()L, “E+"E(L., “ (nD)))
—_ v )
" (Len(Y))

cc w

=" (LeY) =" (Lan(1)) “E+ (L) V) “E =" (Lo + " (L) Y)“E

i) (1., 3)V =L (b= e®"n+“Eo n) 7V ~(“p-e® n+“Eo n)L. ¥

" (Lyo?) ’ )Ly I L, ")) (k)
"((zxo) ) (oLx)
+vv77 VV(LXY) Wg— VV(U(ny)) ccE
%/_/
" (Len(¥)=" ((Lym)Y)
= (L)) (L) ), TE) 7E L, ()
e " (Lyn()

Ca

=L Y) =" (Lan(V) S+ ((Lem)Y) "

(e (0] T (L) = (o) ()

() (L. 3) V=L, ("o-"¢@ n+ “Eo ) T-("p-"c@ n+ “Eo )L, T
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:L“X ch’;“?—L“}wa(n(Y))—{— L“}ccgcc (U(Y)) _cc&Lw} cc?
“(ZX\W) ’ ('('(U(Y))C('(L“.;( “E)+“5“ Lees “(n(1) “(oLa)

“(zxo))“(oLx7)

+ vv77 cc (LXY) Vvé: _ cc (U(LXY)) (‘cg
" (n(Lx7) «(Lyn(¥))-“((Lxn)Y)

cC— —

= () ) ) (1, Ee E L (r0)
%’_/ %r—/
’ “(Lyn(1))

cc— — cc

= (oL )+ (n(Le¥)) e = (Len (V) &+ " ((2m)7) "

cc cc

= ((LX¢)Y)+ W(U(LXY)) W‘erCC((LX”)Y) S
Y
" (Len(¥))=-"((Lym)Y)

cc cc~

= (L)) ="¢" (Len (V)= " ((Lam)Y) "6+ (L))" &

c

= (L)1) =" (Lan)r) "5+ (L)1) "2
Thus, we get the following corollary:

Corollary 1. We obtain different results if we set ¥ =& | 1.e., 77(5) =1 and
Ee 3, (M) has the conditions of (18):

@) (Lo T)"e="(Leg)s ) (L., T)"E="((Lep)é)+ " ((Lum)€) "L,

(4ii) (Lﬂ}j)”’g: T((Lep)E)+ (LyE)+ W((LXn)é)wf,

(i) (1.,7) E="((1e0))= " (1) (Lem)&) e+ (Lin)e) &

Definition 1. Let X and J be respectively vector field and tensor field of
type (1,1) on M, . A vector field X is called infinitesimal automorphisim
with respect to almost contact structure J if there is L,J =0, where
(LyJ)Y) =Ly (JY)-JL,Y =[X,JY]- f[X,Y] for any Y eI (M,) and L,
denotes the Lie derivative a long X [22].

Using Theorem 1 and Definition 1, we have:
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Theorem 2. Let X,Y and 1 be respectively projectable vector fields with
projections X, Y on base manifold M, and a 1-form providing the condition
n(Y)=0 on B,.Then, "X and “X are infinitesimal automorphisim with
respect to almost contact structure J in semi-tangent bundle #(B,) defined

by (20) if and only if Z,p=0 and L,p=0, where peJ}(M,).
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Chapter 2

On Lie Differentiability Conditions of Some
Polynomial Structures in Semi Tangent Bundle @

Kursat Akbulut!
Furkan Yildirim?

Imran Gunes?

Abstract

In popular differential geometry, the tensor structures on smooth manifolds
are remarkable geometric objects. In reality, every tensor structure is a
polynomial structure. A tensor field f of type (1,1) on a differentiable
manifold is called a polynomial structure if it satisfies the algebraic equation
ff+af" " +..+a,  f+al=0,where I is the identity tensor of type
(11) and a,,a,,...,a, are real numbers. The Lie differentiability conditions
of some polynomial structures (almost contact and almost paracontact
structures) in semi-tangent bundle t(M) are examined in this study.

1. Introduction

Let B, and M, denote two differentiable manifolds of dimensions
m and n respectively, let (M,,7,,B,) be a differentiable bundle,
and let 7, be the submersion 7,:M,—B,. We may consider
(x)=(x"x"),i=1..,n;a,b,...=1,...n—m ;a,B,...=n—m+1,...n as
local coordinates in a neighborhood 7z, (U). Let B, be the base manifold
and  7:T (B,) > B, be the natural projection, and let T(B,) be the

tangent bundle over B, . In this case, let T (B,) represent in for the tangent
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space at a p—point (p=x“,x")eM, ,p= 71'1(];)) on the base manifold
I XY= dx”(X) are components of X in tangent space T,(B,) with

respect to the natural base {8 }=

(x*,x%,x ) X% =x“ =y“, a ,B —n+1,...,n+m , 1s by definition, the
semi-tangent bundle #(B,) over the M, manifold and the natural projection
7, 4(B,) > M, ,dim#(B,))=n+m. Specifically, assuming n = m, the
semi-tangent bundle [14] #(B,) becomes a tangent bundle 7'(B,,).Given
a tangent bundle 7T (B,)— B, and a natural projection 7,:M, = B, , the
pullback bundle (for example see [4], [5], [7], [8], [9], [10], [17], [19],
[20] is given by 7, :¢(B,,) - M, where

t(Bm)={((X“,x“), a . ﬂl(x“’xa):;z'(x“,x&)}.

. . : TS o\ -1
The induced coordinates (xl T N S ) with regard to 7 )

b

will be given by
x“ =x"(x",x"), a,b,..=1,...n—m
. , 1
x* =x (xﬁ), a,f,...=n—m+l,..,n )

If (x")=(x",x*") is another coordinate chart on M, , the Jacobian

no

matrices of (1) is given by [14]:

o o
. ox" oxt o’

A )= - |~ bl
( J ) (ax/ J 0 axa'
where i, j,...=1\.,n. ox”

If (1) is local coordinate system on M, , then we have the induced
fibre coordinates (Xay,xa',xa') on the semi-tangent bundle (change of

coordinates):

x =x"(x",x"), ab,..=1,...n—m,
x =x“'(xﬁ), a,p,..=n—m+1,..,n, (2)

i ox”
o’

X £ aﬂ =n+l,...,n+m,
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The Jacobian matrices for (2) are as follows [14]:

ox*“ ox”

0
ox’ ox”
_ . o
A=(4)=| o 6);'6 0 | (3)
0 . O°x" ox®
Y oxPoxt  ox’

where 7,J,....=1,...,n+m. Then, we obtain

AL 40

(4)=| 0 4 0| (4)
0 4;.y" A4

which is the Jacobian matrix of inverse (2).

This work examines lifts of various geometric objects (complete etc. lifts
of tensor fields), which were previously examined in tangent bundles, as
well as their applications in semi-tangent bundles. The theory of tangent
bundles [21], which is popular in engineering, physics, and particularly
differential geometry, has been the subject of a great deal of research [15].
The semi-tangent bundle taken into account in this work differs from the
tangent bundle in that it specifies a pull-back bundle. The almost paracontact
structure and almost contact structure in tangent bundles, as well as some
of their properties, have been examined in [1], [2], [3], [7], [12], [13] and
[16]. Numerous authors have researched the geometric characteristics of the
semi-tangent bundle, including [14], [19], [20] and others. In [9], [19] and
[20], it is known that projectable linear connections in semi-tangent bundles

and some of their features have been studied.

The definition of Lie derivation and its most significant properties for
semi-tangent bundle are introduced in the second part. The analysis of Lie
derivates of geometric structures in relation to the complete and vertical lift

of (1,0)—tensor field X for semi-tangent bundle is described in the final
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part, which is the most crucial for the progress of the current inquiry. The
additional data on Lie derivatives of the created geometric structures will be
extensively used in future studies. Our aim is to examine Lie differentiability
conditions of almost paracontact structure and almost contact structure in

semi-tangent bundle tM.

2. Preliminaries

If f isafunction on B, , we write ” f  for the function on #(B,,)
obtained by forming the composition of z:#(B,)—> B, and 'f = for,,
sothat " f="fom, =fomonm,=for.

Consequently,

O 5 = () )

is provided by the * s — vertical lift of the function f € 3u(B,) to #( B,)
Jt should be observed that along every fiber of 7 :#(B,) — B,,, the value

w ¢ stays constant. If f = f(x“,x%) is a function in M, , on the other hand,

we write “f for the function in #(B,) defined by

“péf( 3= fo,y= 10, (6)
and name the completelift “ f* ofthefunction f~ [14]. Hf = f -V.f

determines the “** #~ — horizontal lift of the function f* to #(B,,) where
V.[=Nf. Let X e3(B,) be (X =X"0,). By using (3), we have the
usual law " X '= A(* X) of coordinate transformation of a vector field

on ¢(B, ) when
vX: 0|, (7)

is put in. The (1,0) —tensor field ™ X is called the vertical lift of X to

semi-tangent bundle [20]. Let @€ J)(B,), i.c. ®=w,dx". On putting

Wa):(O,a)a,O), (8)
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from (3), we easily see that " @ = A" @" . The vertical lift of @ to
t(B,,) is the name of the (0,1)-tensor field ™ @ [20]. The complete lift
“we 3] (t(B,)) of @eJ)(B,) with the components @, in B, has the

following components:
a):(O,y‘g@ga)a,a)a) 9)

relative to the induced coordinates in the semi-tangent bundle [20].
Let @ be a covector field on B, with an affine connection V . Then the
components of the @ — horizontal lift of @ have the form

HHa)zcca)_Vyw

in #(B,), where V @=N@. The horizontal lift " e 3)(¢(B,)) of @

has the following components:

" g (Ol“ga) ) )

a"ed
relative to the induced coordinates in #(B, ) . Now, consider that there is

given a (p,q)—tensor field S whose local expression is

0 0

P 0)6 “ ox™r

Rdx" ®..® dx"

in base manifold B, with V — affine connection and a V S — tensor field
defined by
? 9. 6; Qdx ®..® dx"

ox*

V,S=yV,S," s e

relative to the induced coordinates (x*,x%,x%) in z7'(U) in the semi-

tangent bundle. Additionally, we define a V ,§ - tensor field in 7~'(U) by

VS =(x7857%) ‘ g.0-2 h®..®dx"
v ) ox ox“”
and a S —tensor field in (V) by
0 0
VS =(ysss-a ’®..®dx"
( hi-- ﬂ )8 axar»
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relative to the induced coordinates (x*,x“,x%), U being an arbitrary

coordinate neighborhood in B, .

Next, we obtain V,§="(S,) for any X eJ(B,) and Se3’(B,) or
Se3(B,), where S, €3’ (B,) or 3 ,(B,). The ™S —horizontal lift
of (p,q)—tensor field S in base manifold B, to #(B,) has the following

equation:
Mg =g -V.§.
Assuming P, Qet(B,), we obtain
V,(P®Q)="P®(V,0)+(V,P)®"Q and " (P®Q)=""P®"0+"P®"Q.
Assume X € 3,(M,) is a projectable (1,0) — tensor field with projection
X=X"(x")0,,ie. X =X"(x",x")d, + X*(x*)0, . Now, take into account

Xe Slo (M), in that case complete lift “X has components of the form
[14]:

~a

ch: Xa <10>
ygagXa

relative to the coordinates (x“,x%, xg) on the semi-tangent bundle #(B,)
. For an arbitrary affinor field F € 3,(B,,) , if (3) is taken into consideration,
we may demonstrate that (yF)'= Z(}/F ), where ¥ F isa (1,0 )-tensor field
defined by [9]:

0
yF:|0 (11)
ySFa

&

relative to the coordinates (x“,x”,x;). For each projectable vector
field X €3 (M,) [20], we well-know that the "X — horizontal lift of
—~ HH ~ cc~ ~
X to t(B,) (see [9]) by X = X-y(VX). In the above situation, a
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differentiable manifold B, has a projectable symmetric linear connection

denoted by V . We recall that }/(V)? )— vector field has components [9]:

0
7(VX):| 0
ySV&‘Xa

relative to the coordinates (x*,x“,x*) on #B,). V,X° being the

covariant derivative of X ¢, i.c.,
£\ _ & p £
(V,X°)=0,X"+X"T,,.

Consequently, the " X — horizontal lift of X to t(B,) contains the

following components [9]:

—~a
X
HH ~

X:| xe (12)
a B
X

relative to the coordinates (x* ,x“,xa) on #(B,) where

I, =yT7. (13)
Vertical lifts are given by the following relations:
T(P®Q)="P®"Q," (P+R)="P+"R (14)

to an algebraic isomorphism (unique) of the S(Bm ) —tensor algebra into
the S(t(Bm)) — tensor algebra with respect to constant coefficients. Where
P,Q and R being arbitrary elements of #(B,). For an arbitrary affinor
tield Fe 3)(B,), if (3) is taken into consideration, we may demonstrate that

WFL = a4l 47 FLy, where ™ F is a (1,1 )-tensor field defined by [20]:

0 0 0
"F:l0 0 0 (15)
0 Ff 0
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relative to the coordinates (xa,x“,xg) . The (1,1)—tensor field (15) is
called the vertical lift of affinor field F to #(B,,) [20]. Complete lifts are

given by the following relations:
“(P+R)=“P+“R, “(P®Q)=“P®"Q0+"P®“Q, (16)

to an algebraic isomorphism (unique) of the J(B, ) —tensor algebra into
the 3(#(B,)) - tensor algebra with respect to constant coefficients. Where P
, O and R being arbitrary elements of #(B,) . For an arbitrary projectable
affinor field Fe3!'(M,) [20] with projection F = Fy (x“)aa ®dx’ ie. F

has components

7. F:(x“,xa) I?a/;(x“,x“)
oo Fi(x)

relative to the coordinates (x*,x”). If (3) is taken into consideration,
~I ~I ~
1 4J' c .
we may demonstrate that “Fy = 4,4, (“F), where “F isa (1,1 )-tensor

tield defined by [20]:

Fy, Fy 0
F:lo E 0], (17)
0 yoF Ff

relative to the coordinates (x“,xa,x;) . The (1,1)—tensor field (17) is
called the complete lift of affinor field F' to semi-tangent bundle #(B,)

[20]. We will now give below some important equations that we will use.

Lemmal. Let X,Y and F be projectable vector and (1, 1) —tensor fields
on M, with projections X ,Y and F on base manifold B, , respectively. If
fe3)(B,), €3] (B,) and [ =id, , then [17], [18] yerine [19], [20]:

) "0"X =0, @) “Xf="(x7), (i) "o X)="(o(X))
, () “FYX="(FX),
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@ xr="(), o) (K)=S K X2 (W), i
"IYX =X, i) =1,

i) "X, T |="[X7], @) 0("X)=" (w(X)), @) "F "X =0
, (i) “FYX =" (FX)

cc~cc

(wiii) “ X f = (XF), (wiv) w()?) —“(wX), @) (FX)="F"X
s (i) V(X)) ="K

@vii) "I X =0, (xviii) [)7 ﬂ =X o) (f0)="f e
, ()" X" f=0,

(i) [ "X, ™Y ]=0.

3. Main Results

Let an m—dimensional differentiable manifold B, (m=2k+1, k>0)
be endowed with a projectable (1,1) —tensor field pe 3(M,) [20] with
projection @ = @5 (x“ )aa ®dx” ie., a projectable (1,0) —tensor field
& e 3,(M,) withprojection & = & (x*),, i.e. E=& (x,x)0, + £ (x*)8,
[20], a 1-form 77 , [ be an idendity and let them satisfy

g =-1+n®F,  p(E)=0, n°p=0, p(&)=1. (18)

Then ((No,g,iy) define almost contact structure on B, (see, for example

[6], [11], [12], [16], [19], [23]). Taking account of (18) we obtain

'~ 2 cc =~
( (p) — I+ @ “E+ e ® e, (19)

cc~

T9"E=0,"n0"9=0, "0 "p=0,

“no =0, "n("¢)=0, "n(“E)=1, “n("€)=1, “n("E)=0,120]
Using (18) and (19) we define a (1,1) tensor field J on (B,) by
J="p-rs@m+ e (20)
Then it is easy to show that T X =-"X and T “X=-"X , which

give that J is an almost contact structure on #(B,) . We get from (20)
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T7X =" (pX)+ " (n(X))“E,

~ cc cc ———

JTX = (pX)=" (n(X)) "¢+ " (n(x)) "2

for any )?eSé(Mn)

Let an m—dimensional differentiable manifold B, (m=2k+1, k>0)
be endowed with a projectable (1,1) —tensor field ge 3(M,) [20]
with projection @ = @ (x“ )aa ®dx” ie., a projectable (1,0)—
tensor field E&e 3p(M,) with projection & =& (xa )aa ie.
Ezga(x“,xa)aa +&° (xa)ﬁa [20], a l-form 77, ] be an idendity and let

them satisty

2 ~ - ~
o =1-n®, ¢(£)=0, nep=0, n(&)=1. (21)
Then ((No,g,iy) define almost paracontact structure on B, (see, for

example [2], [3], [6], [13], [21]). We continue taking complete and vertical
lifts from (21):

ce ~\? cc
( 90) =I-"n® ¢-"n®", (22)

“onE=0. 5 E=0."n"5=0.
“po“p=0. "n("¢)=0, wﬂ(“g)zl’wn(wsg)zl’ ""n(mg)z 0. [20].
Using (21) and (22), we define a (1,1) tensor field J on #(B,) by
J="p-"c@M-"E0 (23)
Then it is easy to show that T X ="X and ] “X="X , which give

that J is an almost product structure on #(B,) . We get from (23)

¢~

TR o) =" (X)) 8 TR (oK)= (n(20)) 6= (n(2))E
for any Xe 3, (Mn ) , (see, for example [6]).

Theorem 1. Inaccordance with (23), we have the following for the L, —

operator Lie derivation with respect to Je 3 (t(Bm )) and n(Y)=0:

@ (1,7)"7 =0, ) (1.,7) =" (L))" (Len)?) E,
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i) (L. T)"Y =" ((Leo)Y)= " ((Lem)Y)"E,

@) (L)Y =" (L) V) =" ((Len)¥) 6= (L) ¥) “E,

where  X,Y,Ee 3,(M,) are projectable (1, 0) —tensor  fields,
ne3 (M,) is a 1-form and pe J1(M,) is a projectable (l,l)—tensor
field.

Proof 1. For J = “o-"E®@"n— “E®“p and 17(Y)=0, we obtain

(i)(LMXj) WY — L\-,X (“‘&_ VV§ ® WU _ CC%@ 61‘77) WY—(M&— Wé ® WT] _ CCE@ CCT])LWX WY

0

“L, "(o¥)-L., W:[Wn W(Y>J—LWX “ [w] =0

-
0 0 0

(“:) (L‘,‘Xj) cc? :L,W.X (cc(;_ Wé: ® w’] _ frg® ccn) cc?_(cc;)_ Wg ® an _ ccg® EEU)L,‘,-X a‘?

_ LWX L‘C&CC? —LWX w§ [U(Y)J _ LWX L‘(‘E cc (U(Y)) _ q’; (L Y)
S — —_ -
(LWX “‘(})“h“ ;;(LWX 17) 0 ()L, CEL E(LWX “‘(n(y)))
YiLxe)Y) Y(LxY)

+"n " (LY) "+ W(n(LXY)) “E
0 " (Len(V)-" (Len)7)

= (L)) + 9" (LY)= " (nN) L., “E="E(L., < (n(D)))

(o)
=" (L) (Lan (V)= (L)) S
=" (L)) =" (L) Y) “E,
(§ii) (L. )Y =L (“p-"¢@ - "E0 )Y -(“p-"s@ - “E® y)L. Y
:LL.(.}CC;DWY—LM(W ””(Y))ch L. "(n(V)“&-"pL."Y

(L) e+ (n(LeY)) "

_ L“ ) CC&WY_ L“ ) Wét W]] w 7) |- L(( - ccg w n y _ CC(}L“ - wy
e [ 0<>] By T,

-t -t -
w (way) W(ry(Y))(L“ . L.(.E)Jru E(Lu . W(”(y))) "”(q)L\»Y)
((Lxo)r )+ (oLyY)
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+ WT] v (LXY) W§ n w (U(LXY)) ccg
0 " (Len(1)-"((Lyn)Y)

=" (L)) " (oL,7) =" (D) (2., “E) = “F L., " ()
“(Lyd) " (Lyn(1)

cc

=" (oL Y)+" (LX”(Y))CCE_ W((LX’7)Y) S

=" (Leo)Y)- W [1@] (L) "((Lem)7) &

="((Lye)Y)="((Lym)Y) &,
(i) (L J) T =L, ("p-"e0n-"E0") T-("p-"c0 - "Fo )L T
+"n “(LY)"E+ “(n(L,Y)) “E

| S —
W(”(LXY)) “'(LX17(Y))—“‘((LX77)Y)

cc cc

= (L)) (L) (n) (., "E)-"EL, ()

—_—

’ “(Len(Y))

cc cc cc cc

- ((/’LXY)"'W(”(LXY))Wf*'CC(LX’7(Y)) ¢~ ((LX”)Y) S

cc

= ((Ly@)Y)+ "(n(LyY)) "E="((Lyn)Y)"E
—
(L) (L)

cC — cc~

= ((Lep)Y)+ 8" (L (V)= ((Len)Y) "6 =" ((Lem)Y) &

cc

((Lx(p)Y) - ((an) Y) e ((LX”)Y) Cc‘% R
where ULXYZLXU(Y)—(LXU)Y and @Y e 3,(M,). Thus, we get the
tfollowing corollary:

Corollary 1. We obtain different results if we set ¥ =¢& 1.e., 77(5) =1 and
Ee Jy(M,) has the conditions of (21):
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@) (L., J)" e‘=—”(L g)s (i) (L., J)"E="((Leo)&)- " (L)) “E,
i) (L. J)"&="((Lep)&)="(Ls&)="((Li)&)"E,
(iV) (L"")?j) “g: . m_ W(Lxé)_ W((LX’7)§) K : ((Lxﬂ)g) Mg'

Definition 1. Let X and J be respectively vector field and tensor field of
type (1,1) on M, . A vector field X is called infinitesimal automorphisim
with respect to almost contact structure J if there is L,J =0, where
(Ly)Y)=L,(JY)-JL,Y =[X,JY]- f[X.,Y] for any Y e (M,) and L,
denotes the Lie derivative a long X [22].

Using Theorem 1 and Definition 1, we have:

Theorem 2. Let X,Y and 1 be respectively projectable vector fields with
projections X', ¥ on base manifold M, anda I-form providing the condition
n(Y)=0 on B,.Then, "X and “X are infinitesimal automorphisim with
respect to almost paracontact structure J in semi-tangent bundle #(B,)

defined by (23) if and only if Z,p=0 and L,n=0, where peJ}(M, ).
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Bolum 3

Ters Matris Yontemi Kullanilarak Kosiniis
Fonksiyonunun Kuvvetinin integralinin
Hesaplanmasi 3

Ferit Giirbiiz!

Ozet

Ters matris yontemi kabaca N tane dogrusal esitlik ve 7 tane bilinmeyenden
olusan denklem sisteminin ¢Oziimiinde yararlanilan yontemdir. Boyle bir
denklem sistemi matris ve vektorler kullanarak Ax =b bigiminde ifade
edilir. Burada A4 katsayilar matrisini, X ¢6ziim vektoriinii ve b de sabitler
vektoriinii verir. Eger 4 matrisin tersi alinabilirse X in ¢oziimii, X = A7'b
seklindedir. Bu galigmada, kosiniis fonksiyonunun integralini belirlemek igin
ters matris yontemini kullandik. Elde ettigimiz formiil, kosiniis fonksiyonunun
integralini bulmaya alternatif bir yol olarak kullanilabilir.

1. Giris

Matrisler, dogrusal denklem sistemlerinin  ¢oziimiinii bulma [1],
formiilleri basitlegtirmek i¢in dogrusal diferansiyel denklem sistemlerini
matris bigiminde yazma [2] gibi bir¢ok farkli matematiksel problemde
kullanilabilir. 2014 yilinda Matlak vd. [3], ¢ift kuvvet ve tek kuvvet olarak
siniflandirilan  siniis  fonksiyonlarinin - kuvvetlerinin  belirsiz  integralini
bulmak igin matris tersinin uygulamalarini verdi. Her seyden once, yazarlar
[3] asagidaki diferansiyel denklem sisteminden bahsetmistir.

flv :al,lfl +"'+a1,nfn
ﬂ :a2,1f1 +"'+a2,nfn (1.1)

f;; = an,lﬁ +'“+an,nf;1

1 Prof. Dr., Kurklareli Universitesi Matematik Boliimii, feritgurbuz@klu.edu.tr,
0000-0003-3049-688X

) O d || hitps:/doi.org/10.58830/0zgur.pub568.c2317 31
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sistemi
fl‘ al,lfl +"'+a1,nfn a, 4, fl fl
= : =|: IR D=4
f;; an,lf{ +“.+an,nfn an,l an,n f;'l fn

seklinde bir matris formunda yazilabilir.

Sistem (1.1) in 4A=[q,,],.,, matrisinin tekil olmadigini varsayalim.

Ayrica, sistem (1.1) in (f, f5yeees fn)T ¢Oztimlerinin lineer eglemesini

agagidaki gibi
ANEA /
T| :|=|:|=4]:
L)\ 7,

T' olarak alalm ve g,,g,,...,g, fonksiyonlariin denklem (1.1)
sisteminin ¢6ziimii oldugunu varsayalim. Boylece,

& &
T A" | |=447"] ¢ (1.2)
gn gn
olur. Eger,
& G,
A7 =] (1.3)
&) \G,

ise bu durumda i=12,...,n i¢in G, ler g, lerin belirsiz integrali
olur. Integrali bulmak igin bir 6rnek olarak, Swartz'in [4] makalesinden
esinlenerek

g (x) =coshaxsinbx , g, (x) = coshaxcosbx

g, (x)=sinhaxcosbx , g, (x)=sinhaxsinbx

fonksiyonlarini verebiliriz. Bu durumda, operatorler matris formunda su
sekilde yazilabilir:
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& g 0 b 0 &
T 8 |_ g _ -b 0 0 | &
8 g 0 a 0 -b| g
&4 g a 0 b 0 84

Eger ab#0 ise T operatoriiniin matrisinin tersi su sekildedir:

0 b 0 a
e 21 : b 0 a 0.
a+b |0 a 0 b
a 0 -b 0
Bu nedenle,
—bg,(x)+ag,(x
i ) )
bg (x)+ag,(x
MEPRCICIES

gibi integralleri bulmak miimkiindiir.

Bu galigmada, kosiniis fonksiyonunun gift ve tek kuvvetlerinin belirsiz
integralinin formiillerini ters matris kullanarak bulmak i¢in bu yontemi
kullanacagiz. Burada, integral sabitleri atlanmugtir ve bu kural bundan sonra
da gegerli olacaktir.

Son olarak, ¢aligma boyunca ¢ift faktoriyelin (tim 7 tam sayilari igin)
tanimi agagidaki gibi kullanilacaktir:

1

n

(n—-2k) , n>ltekise

1|

iU
N o

(n—2k) , n2>2ciftise

—

nll=

T
(=]

1 , n<0ise
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1 , n=>ltekise
=<n(n—=2)---2 , n>2iftise
1 , n<0ise

2 Ana Sonuglar

2.1 n tek olmak iizere cos”x nin integrali

n=13,5,... i¢in g(x) =co0s"x olsun. Bu durumda, g(x) in ikinci
tiirevleri

" -1 . -2 2
(cos"x) = (—ncos" xsmx) =n (n - 1) cos" “x—n-cos"x olur.

Buradan g(x) in ikinci tiirev operatOriinii agagidaki matris bigiminde

yazabiliriz:
cosx (cosx)’ —COSX
cos’x | | (cos’x)’ 6cosx —9cos’x
Ak . = X = .
cos‘x ) | (cos'x) ) |k(k—1)cos* x—k’cos'x
-1 0 - 0 0 cosx
32 -3 0 0 || cos’x
0 0 - k(k-1) =& |{cos'x

k+l
burada k tek bir sayidir. detd, =(=1) 2 (k!!)* #0 oldugundan ve
A, ; [3] de sinx fonksiyonunun tek kuvveti durumunda matrise kargilik
geldiginden, ters matris

-1
A =100 4
2 2

seklindedir, burada



C@i-1? S

C(r-2n 1 (2i-2)n

dir.
(1.2) ve (1.3) den

I( ) cosxdx) dx
I(ICOSSde)dx
I(Icoskxdx)dx
_a1,1 a,

~ a, a,,

a 1 A

2’ 2’

2 2

elde edilir.

3 k
a,,cosX +a, ,co8° X +-+-+a , ,co8"x

3
a, ,COSX +a, ,Co8" X+

3
Ay COSX+dy, COSX -+

n(n-1)11(2i-1) (2i=3)11 ~ 1>

COSX

3
| cos’x

coskx

COSX

3
2|l cos’x

costx
Qint ket
272 |

)

k

+a ,,,Co8 x
2,7
2

k
+0EECOS X
272
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Boylece,
f(fcoskxdx)dx:aﬂlcosx+aﬂzcos3x+---+aﬂﬂcoskx

’ 2’ 272
1 (k—l)!! (1—2)!! (3—2)!! 3 (k—2)!! .
__%(k—zy{IO—UHmEx+3@—0Humx+k(k—UH“mx
olur.

n=1,3,5,...,k oldugu i¢in

n-1)/2
I(fcos"xdx)dx (n 1”( >, ! 21 D! cos”“x] (2.1)

S 2i+1 (2i)!

bulunur. Sonra (2.1) de tiirev alinirsa,

fcos”xdx:—(n_l)!! (H)/zi ! Mcosz’“x
n!! = dx2i+1 (21')..

)

elde edilir.
Ornegin n=5 oldugunda,

5-1)!! G2 (2i-1)11
fcos”xdx:( 5”) sinx{ ucosz’x]

8 . 4 . » 1. 4
= —sInx + —SINXcos X + —Sinxcos" x
15 15 5

olur.

2.2 n gift olmak iizere cos”x nin integrali

-1
n=2,4,6,... iin g, (x) — cos"x— "~ cos"%x olsun. Bu durumda,
n

g, (x) in ikinci tiirevleri
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(gn (‘x))“ = (nT_l(n - 2) Sil’DCCOS”%x — nSin)CCOS'le)'

=(n—-2)*(n—1)/n (cos"zx _n=3 cos”4xj -n’ (cos"x = cos”zxj
n—= n

olur. Buradan g, (x) in ikinci tiirev operatoriinii agagidaki matris

bigiminde yazabiliriz:

g, (x (gz(x))"
B g4.(x) _ (g4(x))"

g (x)) (g (x)

—4[coszx —1J
2

3 coszx—l -16 cos4x—icoszx
2 4

(k—2)° (k - 1) lk (cos“x - ]]i _; cos“xj -k’ (cos"x - kcos“x}

__22 0 . 0 0 ] gz(x

_|2743/4 4 0 0 | &)

0 0 o k=27 (k-1)/k k(& (x)
k

burada k ift bir sayidir. detB, =(=D)2(k1)* £0 oldugundan ve
B, ; [3] de sinx fonksiyonunun ¢ift kuvveti durumunda matrise kargilik

geldiginden, ters matris

k
2

B =[b, ],
2

seklindedir, burada
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dir.

0
1
@iy
1 (2i-1)n (25

Qi) (211 (20)

(1.2) ve (1.3) den

J(I(coszx —%) dxj dx

f[f(cos“x —%coszx] dxj dx

f(f(coskx - %cosk"zxj dxj dx

T (cos2x - lj
2
(cos“x - 3coszxj
4

2 ] (coskx —%cosk"zxj

1 -1
b, | cos’x—= |+b,, cos4x—§cos2x +-+b, coskx—k—cosk’zx
’ 2 ’ 4 I k
2 1 4 3 2
| byy| cos x—E +b,,| cos x—Zcosx 4o

1 3
b, [coszx - j +b, [cos“x - coszxj +eotb,
E,l 2 5,2 4

b, by
2

bz,z b k
2,=

2

by i bi v
2’ 2’2

b

+b

(coskx _k-d cos“xj
X k

(coszx - lj
2
(cos“x —icoszxj
4

[coskx - Tcoskfzx

2

k

)
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elde edilir.

A, ile aym sekilde, n cift olmak iizere agagidaki formiilii elde ederiz:

RPN Gl L [E S W C) LN
f(fcos xdx)dx_ 13 ;(2:‘—1)!!(2:’)2 cos”x | (2.2)

Boylece, (2.2) de tiirev alinirsa

-1 2 nl/2 N
jcos"xdxzu(ix—_z_(zl)" iCOSZixJ

nlt \de 2 & (2i-1)11Q2i) dx

i=1

olur.

3 Sonuglar

Bu ¢aligmada, ters matris yontemini kullanarak belirsiz bir integrali
bulmayz ele aldik. Ele aldigimiz fonksiyon kosiniis fonksiyonudur. Tlgilenilen
fonksiyon kosiniis fonksiyonudur.. Amacimiz ise, kosiniis fonksiyonunun
tek ve cift kuvvetlerinin belirsiz integrallerinin formiillerini ters matris
yontemini kullanarak ayr1 ayr1 vermektir.

Carpim  fonksiyonlarnin ~ ve  bileske  fonksiyonlarinin = 7-kez
diferansiyellenebilmesiyle elde edilen matrisin diger bazi uygulamalar: [5]
de incelenmigtir. Ayrica, ¢aligmada elde edilen formiiller, trigonometrik
Ozdeglikleri tiretmek i¢in kullanilmugtir.
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Chapter 4

Notes on Tachibana Operators in the Semi-
Tangent Bundle Associated with Almost
R-Contact Structure 3

Furkan Yildirim !
Kursat Akbulut 2
Gulnur Caglar?

Abstract

Studying the horizontal lifts utilizing Tachibana operators along a generalized
almost r-contact structure in a semi-tangent bundle is the goal of this work.
Additionally, we demonstrate several theorems on Tachibana operators with
lifts and Lie derivatives.

1. Introduction

The tensor structures on smooth manifolds are remarkable geometric
objects in popular differential geometry. Many authors have made important
contributions to this field. In 1947, Weil noticed that there exist in a
complex space a (1,1)— tensor field (i.e., an affinor field) P whose square is
minus unity [24]. Ehresmann and Libermann [8] researched and provided
the prerequisites for a complex structure to generate an almost complex
structure. A.G. Walker began researching so-called almost product spaces
in 1955 and proved that a mixed tensor field exists whose square is unity
instead of being minus unity as it is in the case of an almost complex space
[23]. In 1965, K. Yano tries to make as clear as possible the analogy between
the almost complex and almost product structures in [26]. All the tensor

1 Assoc. Prof. Dr., Ataturk University, Narman Vocational Training School, Erzurum, Turkey,
furkan.yildirim@atauni.edu.tr, 0000-0003-0081-7857
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structures are actually a polynomial structure (P-structures). In reality, all
tensor structures are polynomial structures (P-structures). Affinor fields
((1,1)- tensor tields), which are roots of the algebraic equation

¢(P) = a/P'+a,P’ +..+a, ,P""+a,P" =0

in which 7€ 3J;(M,)is the identity tensor, can be thought of as
polynomial structures (a,,a,,...a, € R). Polynomial structures on a
manifold we have talked about were defined as the following equations, (7)
If (P)=P’>+1=0, then P is referred to as an almost complex structure.
As a result, we have a smooth affinor field P such that P> =—I when
regarded as a vector bundle isomorphism P : T (M n) - T (M . ) on the
tangent bundle T'(M ). Thus, we defined an almost-complex structure to
be a linear bundle map P : T(Mn) - T(Mn) with P> =—1 . (i) If
@(P)= P> —I =0, then Pis referred to as an almost product structure. That
is to say, an almost-product structure on M is a field of endomorphisms of
T(M,),i.e.anaffinor field on M , so P? =1 .(i)If ¢(P)=P*=0,then
P is referred to as an almost tangent structure [9]. Suppose B, and M are
two differentiable manifolds with dimensions 7 and 7, respectively, and let
7r, be the submersion (natural projection) 7, : M, — B, . We may consider
(xi) =(x“x“),i=L..,n; a,b,..=1,...n—-m;a,p,..=n—m+1,..,n
as local coordinates in a neighborhood ﬂlfl(U ). Let B be the base
manifold and 7 :7(B,)— B, be the natural projection, and let T'(B,))
be the tangent bundle [27] over B, . In this case, let 7,(B,) represent in
for the tangent space at a p—point ( p = (xa,xa ) eM,,p=r(p)) on the

base manifold B, . If X“ =dx“(X) are components of X in tangent space

T,(B,) with regard to the natural base {aa} = {Gia} , then we have the
X

set of all points (x“,x,x"), X*=x" = v, 5,3,... =n+l,...,n+m is
by definition, the semi-tangent bundle #(B,) over the M, manifold and
the natural projectionz, :t(B,)) > M,, dim#(B,))=n+m.

Specifically, assuming 7 = m, the semi-tangent bundle [17] #(B,)
becomes a tangent bundle 7'(B,)) . Givena tangentbundle 7 :7(B,) > B,
and a natural projection 7, : M, — B, , the pullback bundle or Whitney
product (for example, see [10], [11], [17], [19], [21], [22], [29]) is given
by 7, :t(B,) = M, where
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t(B,)= {((x”,x”),xg) eM xT.(B,):n, (x”,x“)z ;(x”,xg) = (x“ )},
((B,)= M,xT,(B,).

The induced coordinates (xlr e XX xm') with regard to
7~ (U) will be given by

{x”' = x“'(xb,xﬂ),

x“ :x“'(xﬁ). (1)

If (x")=(x",x*) is another coordinate chart on manifold M. The
Jacobian matrices of (1.1) is given by [21]:

() (4 45
(Af)_[axfj_[o A;'J

where i, j=1,...,n.

If the equations (1.1) is the local coordinate system of on manifold

M , then we have the induced fiber coordinates (x*,x*,x") on the semi-
tangent bundle:

x“ = x“'(xb,xﬂ),
X =x(x"), (1.2)
a' axa' B
x = )
ox? Y

The Jacobian matrices for (1.2) are as follows [21]:

A A;' 0
A=(4)=| 0 45 0 (1.3)
0 Ay A
where I,J =1,....n+m.
Therefore, we obtain the following matrix:
A, Ay, 0
(4)=] 0 45 0 (1.4)

0 A" A
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which is the Jacobian matrix of inverse (1.2).

We note that almost paracontact structure and almost contact structure
in tangent bundles and some of their geometrical properties have been
discussed in [2], [5], [7], [13], [15], [16], [18]. Several writers, including
[17], [21], [22], [29] and others, have studied the differential geometry of
semi-tangent bundles. It is well known that projectable linear connections in
the semi-tangent bundles and their some geometrical properties were studied
in [21], [22]. Several authors cited here in obtained important results in this
direction [14]. Studying the horizontal lifts with Tachibana operators along
a generalized almost r-contact structure (for example, see [3], [4]) in a semi-
tangent bundle is the goal of this work. For Tachibana operators with lifts
and Lie derivatives, we also prove several of theorems.

2. Preliminaries

By prescribing a smooth function f* on base manifold B, , we write ™ f
for the function f* on the semi-tangent bundle #(B,) acquired by forming
the composition of " f = foz, and 7:#(B,) = B, , so that

Wf:"foyz'2 :fo;z’lo;z'2 :fo7[_

Then we have

T x) = f(x). (2.1)
The function ™ f* constructed is called the vertical lift of the function f
to the #(B,,) . Here, we notice that the value of function ™ f* is constant for

every fiberin 7:t(B,)—> B, [17].
The complete lift of a function f €M, is defined as follows. Let

S =f(x*,x") be the function of this form on A . Then the complete lift
“f of this form is a form on #(B, ) such that [17]:

“f =u(df)=x"0,1=1"0,f . (2.2)

Let X=X aa—a be local expressions in U < B, of a vector field
X

Xe 310 (B,) . Then the vertical lift "X € S}J (t(B,))) of X is given by the
formula [21]:

0

VVX — X!Z —
ox”
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relative to the natural frame

(2.2.2]

o' ox” ox” |

By using relations (1.3) and (2.3), we can readily determine that
var — Z( va)'

Let o=, dx® be the expression of the coordinates in U subset B, of a
covector (1-form) fields w e S? (B,). On putting

"0=("0) =(0,,0), (2.4)

we can easily verify that by (1.3):

"o=A4"0"

The vertical lift of the covector field @ to #(B,) is the name of the
(0,1) —tensor field "w [21].

The complete lift “@ € 3, (¢(B,))) of @ € I} (B,) with the components
@, in B, has the following components

“a):(O,y‘g@ w a)a) (2.5)

e a?

relative to the induced coordinates in the semi-tangent bundle [21].

We assume that vector field X is a projectable (1,0)—tensor
field [22] on manifold M, with projection X =X*(x*)0,, ie.
X = }“(“(xa’xa)aa +X%(x*)0,. Now, take into account Xe Jy(M,),

in that case complete lift “X has components of the form [17]:

~a

X
)?:(})z X (2.6)
yo.X"
relative to the coordinates (x”,x“,x&) on the semi-tangent bundle
1(B,) .
For an arbitrary affinor field F e 3](B,), we have (yF)'= Z(}/F) in
t(B,,) , where the matrix [14]:
0
yF=(yF)=|0 (2.7)
yORe

&
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defines a (1,0)~ tensor field relative to the coordinates (x“,x“, xa) ,and
where the matrix 4 given with (1.3).

For each projectable (1,0)—tensor field Xe T, (M) [22], we well-
know that the ™ X —horizontal lift of X to #(B,) (see [14]) by

HH X = <X —y(VX).
In the above situation, a differentiable manifold B, has a projectable

symmetric linear connection denoted by V. We recall that y(V.X) — vector
tield has components [14]:

0
y(VX)=|0
YV X"
relative to the coordinates (x“,x“, x&) on semi-tangent bundle. V X*
being the covariant derivative of X*, i.c.

(V,X)=0,X+X'T° .

When we contrast complete lift with horizontal lift, we get

HH )"(’- — (cc @X)

for any arbitrary projectable vector Xe S:) (M) [22], where V is an
aftine connection in manifold B, given by

VY=V, X+[X,Y]
or
Y(V,X)="(V, V) +"Y,X].

Consequently, the HH X —horizontal lift of X to t(B,) contains the
following components [14]:

~a

X
HH ~— HH ~—1
X:( X ): X (2.8)

a yp
I, X

relative to the coordinates (x“,x*,x“) on semi-tangent bundle. Where
(24 & a
Fﬂzy I, - (2.9)

Vertical lifts are given by the following relations:
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"(P®Q)="P®"0, "(P+R)="P+"R (2.10)

to an algebraic isomorphism (unique) of J(B,)— tensor algebra into
the 3(¢(B,,)) —tensor algebra with regard to constant coefficients. Where
P, O and R being arbitrary elements of #(B,)) .

For an arbitrary afinor field F e J(B,), if (1.3) is taken into
consideration, we may demonstrate that " F; = A,I,AJJ'(WF JI,’) , where "'F
is a (1,1)- tensor field defined by [21]:

0 0 0
"F=("F)=[0 0 0 (2.11)
0 Ff 0

relative to the coordinates (x,x“, x&) . The (1,1)- tensor field (2.11) is
called the vertical lift of aff inor field F to #(B,) .

Complete lifts are given by the following relations:
“(P®Q)=“P®"Q+"P®“Q, “(P+R)=“P+*“R (212
to an algebraic isomorphism (unique) of J(B, )—tensor algebra into

the 3(#(B,,)) —tensor algebra with regard to constant coefficients. Where

P,0O,R being arbitrary elements of #(B,) .

For an arbitrary projectable afinor field Fe Si (M) [22] with projection

F :F; (x“)aa Rdx” iec. F has components

~ (~i)_ f’:(x“,x“) I?Z(X“,x“)
0 Fp(x")
relative to the coordinates (x*,x“). If (1.3) 1s taken into consideration,

we may demonstrate that « F/ = A4/ 47'(“ F!) where “F is an affinor field
(1,1)- tensor field) given by

” Fy Fy 0
“F=( F))=| 0 Fy 0 |, (2.13)
0 yo.F Ff
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relative to the coordinates (x*,x%, x&) . The (1,1)- tensor field (2.13) is
called the complete lift of afinor field to semi-tangent bundle #(B,) [21].

We will now give below some important equations that we will use:

Theorem 1. Let X,YES})(Bm). If feSg(Bm), a)ES?(Bm),
FeJ(B,)and [ =id, | then [21], [22]:

@ "(x)="r"xX,

(@) "I"X =0,

(i) W(fa)) ="f"w,

(iv) [X WY] =0,

(v) VVF VVX — O)

(vi) "X"f =0,

(vii) "0 X =0.

Theorem 2. Let X ,? and F be projectable vector and aftinor fields
on M with projections X,Y and F on B,, respectively. If f € 38 (Bm),
we 3 (B,) and [ =id, , then [21], [22]:

(l') « (ﬁ) — CCfVVX+ chc})

@) "X ="(X),

(iif) co()?)= " (w(X)),

) "X =" (7)),

v) "F X ="(FX),

(Vl) vvw(mj(-;) _ cc (a)(X)) ’

(vii) “a)(WX) =" (a)(X)) ,

(viii) [X “ﬂ ="[x,7],

cc~ ~

(ix) “T=1,
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(xii) a)()N()z “(0X),
(xii) ~ X“f =“(Xf),
(xiv) “F"X ="(FX),

(xv) cc (F)?) _ CCFCC} )
Definition 1. Let X € Jy(M,) and T € 37 (M) . Then the classical

definition of the Lie derivative of the tensor field 7' with respect to the vector
field X is the tensor field L, T of type (p,q) with components

iy Yl iy Sy i
(L D)5, = X075 = 1,2, 0.X
_ ils,-y.ip i _

le...jq aSX
T X +T" 8 X +..

SaJg N NSJg T2

for a vector fields X, given in manifold M , the Lie bracket [X,Y] of
X and 7 is the vector field which acts on a function f '€ C*(M,)

Lyf =X/ ,Vf €3(M,),

1 (2.21)
LY =[X,Y,VX,Y €3\ (M,).

The Lie derivative L, F' of the (1,1)- afinor field F with respect to the
vector field X over B, is the field of a differential-geometric object and is
given by

(L F)Y =[X,FY]-F[X,Y]. (2.22)

Proposition 1. Let there be given a projectable tensor field, say, X,y
of type (1,0) in M with projections X and Y on B, respectively. If f* is any
real valued function on B, and L is the Lie derivative in the direction of the
vector X, then we easily obtain [22]:

(i) L., (")=0, @) L. (“1)="(LyS),
@i Loy (1) =" (Lo f) @) Loy ()= “(Ly S,
) L. ("1)=0, i) L, (“D)="(L,Y),
i) L, ("Y)="(LY), (iii) L., (“D)=“(L,Y).

vv)?
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Definition 2. Differential transformation of algebra #(B, ) , given by
D=V, :t(B,)—>tB,), X €3,(B,),

is called as covariant derivation with respect to vector field X, if
Voxiart = fV 1+ 8V,

Vi =41,

where Vf, g € 3(B,), VX,Y € 3((B,), Vt € J(B,).

However, a map defined by

V:3,(B,)x 3y (B,) —> 3,(B,)

is called as affine (or linear) connection [22], [25].

The concept of projectable classical linear connection as follows. Let
p:Y > M be afibred manifold. A classical connection V on Y is said to be
projectable (with respect to p) if there is a unique classical linear connection
V on M such that V and V are p-related [1], [25]. In particular, if T(B,))
is the tangent bundle of base manifold B, , then a linear connection V is a
classical linear connection on manifold B, [12]. The last condition means

that if X,YGSB(MM) and X,Y € 3,(B,) are such that Tp0X=Xop
and 7, oY =Yop then T, oV, Y =(V,Y)op.

T is determined by

T'(X,Y)=V,Y-V X-[X,Y]

forany X,Y € 3;(B, ) ). Along with the above concept V isa projectable
linear connection on B, (with respectto p:=m, : M, — B, ).

Theorem 3. Let X ,? and F be projectable vector and aftinor fields
on M, with projections X,Y and F on B, respectively. If f € 38 (Bm ) ,
we3) (Bm) and [ = idBm , then [22]:

HH ~
@ I=I,
HH ~
(il-) I VVX — VVX ,
HH ~
@) "1 X="X,
HH ~HH ~  HH ~

Gvy 1 X=X,

o X e=" (),
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v " (x)="r" X,
(vii) HHa;(”’)?):O,
(viii) Ww(HHF(): " (w(X)),

(ix) HHa)(W =" (o(X)),
x) "Fvx ="(Fx),

HH ~ HH —~

HH [~
(i) FX= (FX).
Definition 3. Let X and ¥ be projectable vector fields on M with

projections X and 1" on B , respectively. For the Lie product, we obtain
[29]:

(i) [WX HH?}: XY= (V) == (VX))
(i) [ "y } XY= 7(LyY),
(iif) [ X WY} "X Y]+ (VX))

@) | "X =T XY= R (XY,

where the curvature tensor of the affine connection V is represented by

R.

Definition 4.

Assume that V in B, is a projectable linear connection. We will use the

following conditions to define the horizontal lift “/V of a projectable linear
connection V in B, to #(B,) [28], [29]:

(l) HHV,, VVYZO’

¢
@) "v, MY =0,
(iii) "'V, Y =" (V,Y),

HHX

HH

v) "V, MY =" (V,T),
for any }v(,f’ € SL(Mn) .
Proposition 2.

Let S and T be two tensor fields of type (7,s) in t(B,) such that
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S(X sy X1) = T(X 5,000, X1)

for all vector fields X, (t=1,2,...,5) which are of the form X , "X or
X, where X € S}) (M,). Then S =T (for example, see [27]).

HH

3. Main Results

3.1. Tachibana Operators for Generalized Almost R-Contact

Structure in Semi-tangent Bundle

Let B, be a differentiable manifold of C* class and T (Bm ) denotes
the semi-tangent bundle of B, (m =2k+r, k> O) . Suppose that
there are projectable affinor field % € S} (M) [22] with projection
¢ =g, (xa )aa ®dx’ ie., a projectable (1,0) —tensor field Ep eI, (M,)
with projection ggp =& (x“)@a ie. ;‘ép = E” (x*,x*)0,+&° (x“ )6a
[22], a covector field 17, , p = L, 2,....r satisfying (for example, see [2], [5],
[20]):

(i) ¢ =d'l+e)] & @7,
(i) ¢¢,=0
(iii) 17,°¢ =0

(iv) np(gq):—%apq. (3.1)

Where a and e are non-zero complex numbers and p=1,2,...,r and
6, represent the Kronecker delta. A generalized almost r-contact manifold
with a gene.rahzed almost r -contact .structure, or simply an (¢, M,:6,-4 e)
-structure, is what the manifold B, is known as.

Let B, be the base space where the Lorentzian almost r-para-contact
structure is accepted. Then there exists a projectable affinor field ¢ of type
(L1) ,r(C"O) vector fields &,,&,,...£,, and r(C“’) 1-forms 7,,7,,...,1,
, such that equation (3.1) are satisfied. We get the following by taking the
complete lifts of equation (3.1):

() (") =a'lve ) (g on) +&) on))
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..\ HH HH
(i) 7¢9"g, =0, "%, =0
(lll) vvnp OHH¢:0’ HH7717 o vv¢:0) HH77P ° HH¢:0) vvnp o vv¢:0

(iv) HHUP(Hng): wnp(vvgp)zo’ Han(vv§p)= vvnp(HHé;p)z_a_5pq (3.2)

€

Let’s use

~ € «
J=¢H+;Z(§;®77;+§f®775) (3.3)
p=1
to define the J element of J, ét (Bm) .
Then, considering equation (3.2), it is evident that
jz?:az?’ ]ZVVX:azv\/X’ jZHHXV:aZHH}
which gives that J is GF structure in t(Bm) (for example, see [6], [7]).

Considering Equation (3.4), we now have

i) T X = HH(ﬁ)+EZr:{W(77P(X)) Wé,,}

a3

(i) J "X =" ($X )+Ei{w(ﬂp(X ) HHEE} (34)

ats

forall X €3 (Bm) .

3.2. Tachibana operator
Definition 5.
~1 ~ _ ~r
Let ¢ € 3J,(B,) and J(Bm) = Z 3, (Bm) be an tensor algebra over

r,s=0

(Bm) -3 (Bm) is called a Tachibana operator or

LR =

R. A4 map ¢,

r+s—0°

¢, operator on B, if
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a) ¢, is linear with respect to constant coefficient,
b) ¢,:3(B,)—> 3., (B,) forallrands,
C *
) 4,| KOL|=(4,K)®L+K®g,L forall K,Le3I(B,),

d) ¢,,Y= —(LY(D)X for all X,Y €3, (Bm) , where L, is the Lie
derivation with respect to 1,

¢) (4,,m)Y =(d,n($X )= (d (@, (7°4) X +n((L,p)X)

= (X @YMNPX) = X (1,7) +1((Lyp) X) (35)

for all 7763?(3,”) and X,YES?(BM),Where )g,n:n(Y):né)Y

*

, 37(B,,) the module of all pure tensor fields of type (I’,S) on B, with

s

respect to the affinor field ¢ [12 ?] [13 ?] .
Theorem 3.1.

For the Tachibana operator on B L, the operator Lie

m?

derivation ~ with  respect to X, Je Sl(t(Bm)) defined by

HH ~ c

J= ¢+—Z;_1(W§p®wﬂp+ HHé‘Np®HH77p) and U(Y)ZO,We have
pyAaTS

00, T (9025 (1)

p=l

(ll) QJHH?HH}:_HH (@)JY)+7/]%(X,¢Y)+SZ;ZI W((LXI]F)Y)Wé:p —jj/lé(X,Y)

(iii) @, "X =0
@) @, "X =="((L,Y)g)+ ((Vi9)Y)

S5 ())& () e e

p=l1
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where projectable vector fields X Y ,5; €3, (Mn), a projectable

1,1) —tensor field &e S (M) andalform ne 3, (M,).
1 n n
Proof.
(l) q)jva HH)/? = _<L1111)~(J~) WY = _(Lm/}jWY_jLuum WY)

X

< W  HH } ~ C w w P v w
=_[””X, (p¥)+=Y (np(y)gp)}(””mei( £® qp+HH§p®””qp)][””X, Y}
a‘s a‘s
LI, 0)

+ (VoK) + =Y, Y], S, T (V) T,
p=l1 v apzlao,__/

+=3 " (n, [0 Y]) T E =X, T (v, X) TG,

ap:l a!’=1

- ((Vx(/’)Y) ((pVXY)+ (gp(@XY))—S; ((anp)y)ﬂﬁg;
__; ((Vxﬂp)y) §;+§; ((zem,)¥Y) ™ g,
— ((vxgp)y)——Fl (%.m,)7) &, (3.7)
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_ _HH((LX(D)Y) + yﬁ(X,ng) +§Z [anp (Y)J e,

0

S5 ((2m, )6~ R (xT))

_ _HH((LX(/))Y)‘H/I%(X,(DY)—EZV: v ((anp)y) e _J(}/]%(X,Y)) , (3.8)

p=1

N}

(iil) @,., "X ==(L.J)"Y = —[LWXJ "Y-JL,, WYJ

p=1
e S I S
—— va’E (V pWY)Wégp . va’E (HH ’ VY)HHEP/
ap—— 7 2\ )
_ 0 ot (7,(1)
=— WX,E r W(?]p(Y)) HH;Z; o -
afy L2

A . ~\ HH ~ ~HH ~ ~ HH ~
@) @ "X =—=(L.J) Y= —(LN,XJ Y-JL., Y)

=X Y]+ (Vegr)+ B X r]- T (VXY)+32 ", ( "lx,y]-" (VXY))”';,

p=1

"(pLyY) (VY

H

2T v) g

:_W((LXY)¢)+ W((VX¢)Y)+§ ) (LXUP (Y)_(LXUP)YJHHE;
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—EZ VXqP(Y)—(Van)Y HHE;
a p=1 —_—

0

r

V"((LXUP)Y)””&; +EZ w ((Van)Y)m/&; (310)

p=1 p=1

»

—-"((L)8)+ " (V.9)7)-5

Where anXYzLan (Y)_(LXU;;)Y and 7717VXszX77p(Y)_(VX77p)Y'
Corollary 3.1.

. HH - v vy
If we put Y= ie. Han( é‘p): 77p( fp)ZO,
2

v v HH - a
Han( fp)= 771,( é"p)=—— then we have

€

O 0, " F=aS (1 x)ark(0.8) - (uo)e(Pn)

p=I

N

. HH

i) @, "X =a" (V.6 ((L)5,)+

CoR(xg) =X (ke )E )

€
a -

S R(X.E) e, S R (x.6,) " E,
p= p=

A

(iil) @, "X =-a " (v QX)

w

@iv) L ((Lxcé)é,,)+“"((Vm)é,,)—SZ':1 (L, )e)™e, +§Z;:1 (Vi) ), -
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Chapter 5

The Antioxidant Potential of Some Mushrooms

Siikrii Canpolat?

Elif Yiiriimez Canpolat?

Abstract

The Fungi kingdom is one of the largest taxon in systematics with estimated
1.5 million species. With distinct lifestyles, including saprophytism,
parasitism and symbiotism, members of Fungi are not only crucial for natural
material cycles but also important for human health since they contain
various bioactive components with antioxidant, antimicrobial, anti-tumor,
and immunomodulating activities. These components can be obtained both
from the mycelia or the fruiting bodies of a fungus. People have appreciated
mushrooms (fruiting bodies of fungi) for their culinary qualities and unique
medicinal properties since ancient times. In recent years, with increasing
health concerns and growing interest in alternative treatment methods, the
nutritional and health-beneficial properties of mushrooms have become
more remarkable. In particular, mushroom species with high antioxidant
activity contain pharmacologically valuable components and are thought
to have various positive effects on human health. Better understanding the
potential of mushrooms as natural resources and integrating this knowledge
into clinical practice is important for developing new strategies to improve
human health. This review is based on recent research conducted on various
mushroom species. Mushrooms with high antioxidant activity are reported
to contribute to pharmacological studies and their positive effects on health
are discussed.
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1. Introduction

Around the world, many communities have utilized mushrooms for a
variety of purposes. They are widely found in different ecosystems. They
have an important place among natural products [1]. The use of natural
resources originating from regional biodiversity has surged, given the
correlation between mushrooms and improved health and quality of life.
For 21st century consumers, it is thought that food is not only a source of
survival and energy, but also food should be considered as medicine and
medicine as food, referring to the statement of Hippocrates. Many nations
acknowledge the importance of including mushrooms in diets [2]. Protein,
carbohydrates, vitamins, vital amino acids, and other nutrients are among
their excellent nutritional values. They are also recognized as important
medicinal resources [3].

In the last decade, various traditional food products have been re-
evaluated and attracted the interest of consumers in terms of health benefits.
Edible and medicinal mushrooms are among the food products that can
support health status, therefore consuming them has grown popular [4].
Mushrooms are widely favored for their natural ingredients and as a source
of microelements and bioactive metabolites, as well as their unique aromas
and flavors. The use of mushrooms in popular culinary culture has been
turther explored and incorporated into herbal formulas, teas and health
tonics [5].

Mushrooms can be utilized as components in functional foods because they
have bioactive properties. This means that fungi can serve as natural matrices,
1.e. they can provide a natural framework in which functional products are
contained or formed. They can also serve as valuable ingredients that can
be used to fortify certain food products [6]. Mushrooms are increasingly
recognized as modern health food ingredients [7]. The phenolic compounds
found in mushrooms, including protocatechuic acid, catechin, caffeic
acid, gallic acid, myricetin and ferulic acid, are of interest to the food and
pharmaceutical industries [8]. However, because of the variety of bioactive
compounds found in mushrooms, researchers in the area of biotechnology
have looked at how to extract useful functional molecules from industrial
waste products [9]. They have a high protein content and are also a good
source of vitamins, including niacin, thiamine, ascorbic acid, riboflavin,
and ergosterol [10]. The amount of protein and overall carbohydrates in
mushrooms may vary based on the species and cultivation process. Protein
content is usually between 15% and 35%, and total carbohydrate content
is usually between 35% and 70%. Furthermore, mushrooms may contain
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significant amount of fiber (chitin and p-glucans) and are considered healthy
food sources with low-fat content [11]. Also, the mushrooms are known as
an excellent mineral accumulator. They contain high amounts of zinc, iron,
and manganese [12]. However, edible mushrooms are generally consumed
either as dried products or as fresh mushrooms with fruiting bodies. The
medicinal mushrooms are typically employed in powder, loose, or liquid
extract forms for biopharmaceutical applications [13]. This review reports
recently investigated mushrooms with high antioxidant activity and their
methods, which are thought to make a great contribution to food and
clinical studies.

2. Mushrooms with High Antioxidant Potential

Antioxidants are one of the bioactive components of functional foods and
play a key role in combating the damage caused by free radicals, which are
generally defined as high-energy and unstable molecules with one or more
unpaired electrons in their structure. Cell death results from the constant
generation of free radicals. Numerous illnesses, including cirrhosis, diabetes,
cancer, and aging, are brought on by these cell deaths and damage. In order
to avoid chronic illnesses, natural antioxidants are crucial [14].

Under normal conditions, in a healthy individual, there is a balance
between nitrogen (RNS; reactive nitrogen species) free radicals or oxygen
(ROS; reactive oxygen species) antioxidants that occur naturally during
metabolic activities in the body [15]. In addition to various extrinsic factors
such as ultraviolet rays, environmental pollution, alcohol, smoking, and
aging, some intrinsic factors can also trigger free radical formation. Under
the influence of these factors, the amount of free radicals, which are beneficial
at low concentrations, may increase and the free radical-antioxidant balance
may be disturbed. Disruption of this balance leads to oxidative stress, which
is associated with many diseases such as neurodegenerative diseases, diabetes,
rheumatoid arthritis, cardiovascular diseases, respiratory system diseases,
and cancer [16]. Mushroom phenolics are aromatic hydroxyl compounds
that possess significant antioxidant capacity. Because of their ability to bind
transition metal ions and act as hydrogen donors in the formation of stabilized
radicals, flavonoids are the compounds that give specific antioxidant activity
in polyphenolic compounds [17].
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Photo 1. (A) Entoloma sinuatum (Fr) P. Kumm. (1871) (B) Agrocybe aegerita (V.
Brig.) Singer (1951) (C) Lentinula edodes (Berk.) Pegler (1976) (D) Amanita caesaven
(Scop.) Pers. (1801)

Entoloma sinuatum (Fr.) P. Kumm. (1871): Also referred to as
leaden entoloma, lead poisoner, livid agaric, and livid pinkgill. It is a toxic
mushroom that grows in North America and Europe. The outdated scientific
names Rhodophyllus sinuatus and Entoloma lividum are still used in certain
guidebooks. The type species of the pink spore mushroom genus Entoloma
is also the largest mushroom [18].

Agrocybe aegerita (V. Brig.) Singer (1951): It is referred to as
“chestnut mushroom” and is a type of white rot fungus. Modern science
also acknowledges the anti-inflammatory, antifungal, antibacterial, and anti-
tumor effects of this mushroom. This mushroom is rich in minerals, vitamins,
and phytochemicals. It has a particularly high concentration of copper and
vitamin B5, pantothenic acid. In addition, it has selenium, potassium,
riboflavin (vitamin B2), folate, biotin, niacin (vitamin B3). It is claimed
to include substances that have the ability to block the cyclooxygenase
enzyme, an enzyme that medications like Tylenol, Adril, and others are also
attempting to suppress [19].

Lentinula edodes (Berk.) Pegler (1976): Lentinula edodes, also known as
Shiitake, is a species of edible mushroom recognized for its health benefits.
Studies have revealed a relationship between the bioactive compounds of
L. edodes and its antioxidant activity. It was stated that this relationship was
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formed by phenolic compounds, terpenoids, ergosterols, and polysaccharides
found in L. edodes. It is also reported that L. edodes has various pharmacological
activities including anticancer, and immunomodulatory properties [20].

Amanita caesavea (Scop.) Pers. (1801): Amanita caesaren, also known
as “Caesar’s mushroom?, is a species of mushroom commonly found in
Southern Europe and Asia, and has been the focus of medical research,
particularly for its phenolic content and antioxidant activity. Numerous
investigations on the total phenolic content and antioxidant activity of
A. caesaven have yielded insightful data regarding its possible medical
applications. A polysaccharide from A. caesarea has been shown in one study
to have significant promise in the management of Alzheimer’s disease [21].

Photo 2. (A) Clitocybe odova (Bull.) P. Kumm. (1871) (B) Lactarius deliciosus (L.)
Gray (1821) (Photo by Krisp H.) (C) Russula vinosa Lindblad (1901) (D) Tricholoma
imbricatum (Fr.) P. Kumm. (1871)

Clitocybe odora (Bull.) P. Kumm. (1871): Clitocybe odora (Bull.)
P Kumm (Agaricales) is a species of fungi that are abundant in forests
dominated by pine trees and broadleaved forests. They have the ability to
spread widely from late summer to early spring. This is an edible mushroom

species. However, over consumption may lead to gastrointestinal syndromes
[22].
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Lactarius deliciosus (L.) Gray (1821): The name Lactarius originates
from the secretion of a milky white cellular fluid known as lactate when
truiting bodies are damaged or cut. Lactarius deliciosus is an ectomycorrhizal
fungus of great importance for the growth of pine forests. L. deliciosus, also
known as pine mushroom or saffron milk cap, forms a mycorrhizal association
with its host and grows in acidic soil under coniferous forests [23]. The flesh
of the fruiting body of L. deliciosus is flavourful, tender, and nutritious. As a
medicinal and edible mushroom species, L. deliciosus is widely studied for its
bioactive substances such as polysaccharides and proteins [24].

Russula vinosa Lindblad (1901): Russula vinosa is an edible and
nutritious mushroom containing a range of bioactive compounds including
polysaccharides, proteins, trace elements, vitamins and amino acids. R.
vinosa is a versatile edible fungus that is used in many different recipes due to
its distinct flavor and excellent nutritional and therapeutic value. Frequently,
polysaccharides in R. vinosa are heteropolysaccharides containing glucose,
galactose, mannose and xylose which exhibit antitumour, antioxidant,
immunomodulatory and hepatoprotective biological activities. Antitumor,
anti-aging, and anti-inflammatory bioactivities of R. vinosa are promising.
For R. vinosa species, it was reported that water-soluble and alkali-soluble
polysaccharides from fruit bodies may protect the liver from CCl4-induced
hepatic damage through antioxidant mechanisms [25, 26].

Tricholoma imbricatum (Fr.) P. Kumm. (1871): It grows on sandy
soil in pine forests, especially on acidic soils. As a result of research on
Tricholoma species, it has been determined that these species generally
contain many secondary metabolites including terpenoid derivatives. In
phytochemical studies, terpenoids found in Tricholoma species were defined
as components such as diterpenes, triterpenes, polyoxidised steroids,
phenolic monoterpenoids, dieningeranyl cyclohexenones and other indole
derivatives with high antioxidant activities [27, 28].
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Photo 3. (A) Lycoperdon periatum Pers. (1795) (B) Laetiporus sulphureus (Bull.)
Murrill (1920) (C) Suillus collinitus (Fr.) Kuntze (1898) (D) Movchella esculenta (L.)
Pers. (1801) (E) Cordyceps militaris (L.) Fr. (1818)

Lycoperdon periatum Pers. (1795): Lycoperdon periatum, also known as
puff mushroom, which belongs to the family Agaricaceae, can live in almost
every habitat, and can be found singly or in clusters. It has no lamellae and
the cap is whitish in color. Although it is usually seen in the autumn months,
it is possible to see it throughout the year. It is usually seen in forests with
pine species. Studies have demonstrated that water and methanol extracts of
this species have high antioxidant activity [29].

Laetiporus sulphurens (Bull.) Murrill (1920): The fruiting bodies of
L. sulphureus, also known as sulphur mushroom, have been the subject of
many studies. According to reports, it can “induce diuresis, drain dampness,

invigorate the spleen and calm the mind” when used in traditional Japanese
and Chinese medicine [30].

Suillus collinitus (Fr.) Kuntze (1898): Suillus is a mushroom genus
from the Suillaceae family, popularly known as bear mushroom, which grows
individually or in groups from summer to autumn in calcareous soils under
pine. The genus Suillus contains a phenolic acid called “suillinin” and this
phenolic substance has been proven to be a strong inducer of apoptosis in
human hepatoma HepG2 cells [31]. It was also reported that the methanolic
extract obtained from §. collinitus caused apoptosis in breast cancer cells [32].

Morchella esculenta (L.) Pers. (1801): Morchelln esculenta is one
delicious mushroom distinguished for its special tastes and potent health
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promoting abilities [33]. It is called the golden morel because of its
golden color. It is found in pine forests in our country. It is seen in the
spring season. Nutritionally, like many other edible mushrooms, the main
compounds found in M. esculenta include polysaccharides, free amino
acids, proteins, fatty acids, polyphenols, mineral substances, and alkaloids.
According to the results of research conducted with this mushroom species,
it has been determined that M. esculenta has antioxidant, antimicrobial and
immunomodulatory properties [34].

Cordyceps militaris (L.) Fr. (1818): Cordyceps militaris, one of the most
important medicinal fungi belonging to the order Ascomycetes, is known
as a parasite of Lepidoptera insect larvae. C. mulitaris hifleri pupalarin
iginde normal gekilde biiyiir ve Oliir ve daha sonra pupalarin bagindan,
gogsiinden veya karnindan gikar [35]. It is used as a traditional medicinal
drug, especially in East Asia [36]. C. militaris’in biyoaktif bilesenleri
arasinda cordycepin asit, mannitol, alkaloidler, cordycepin, Bl ve B2
vitaminleri ve polisakkaritler bulunur [37]. Toplam agirliklarinin %3-8’ini
olugturan C. militaris’teki polisakkaritler, birincil aktif bilegiklerdir ve kan
sekerini diigiiriicii, antioksidan, bagisiklik sistemini gii¢lendirici, antitiimor,
antibakteriyel ve antiinflamatuar etkiler gosterir [38].

Photo 4. (A) Trametes versicolor (L.) Lloyd (1920) (B) Hevicium evinaceus (Bull.) Pers.
(1797) (C) Bjevkandera adusta (Willd.) P. Kavst. (1879) (D) Ganoderma lucidum
(Fr) P. Karst. (1881)
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Trametes versicolor (L.) Lloyd (1920): Also known as the turkey tail
mushroom. It is a fungus easily found in wooded areas in Europe and
China, and is the most common polypore in the oak forests of the Pacific
Coast in the USA [39]. It has been observed that the Trametes mushroom
increases the synthesis of P53 protein that provides cell death and decreases
the synthesis of Bcl-2 proteins that inhibit cell death. Trametes mushroom
accelerates the death of cancer cells by improving the defective apoptosis
mechanism of cancer cells [40].

Hericium erinaceus (Bull.) Pers. (1797): Commercially grown
Hericium evinaceus, often known as “Lion’s Mane,” is a significant edible and
medicinal mushroom species that is extensively consumed in Asian nations
due to its advantageous nutritional and health properties. It has an extended
history in conventional Chinese medicine as well. This species can aid in the
mitigation, prevention, and even therapy of a number of grave health issues,
including diabetes, cancer, depression, and neurological disorders [41]. H.
erinaceus’s primary active ingredients are polysaccharides, steroids, alkaloids,
lactones, terpenoids (particularly species-specific ones like erinacines and
hericenones), and a few phenolic compounds. These substances contribute
to the stimulation of neurogenesis, promote learning and memory processes,
have anticancer activity, and modulate the immune system, among other
functions of the nervous system [42].

Bjerkandera adusta (Willd.) P. Karst. (1879): Bjerkandera adusta is
a white rot fungi belonging to the Meruliaceae family. Like many other
white rot fungi, it plays a role in lignin degradation and mineralization
by secreting ligninolytic enzymes (such as manganese peroxidase, laccase
and lignin peroxidase). These enzymes also contribute to the prevention
of environmental pollution by providing color removal in dye and textile
wastewater [43].

Ganoderma lucidum (Fr.) P. Karst. (1881): G. lucidum is one of the
medicinal mushroom species that is particularly valuable in cancer treatments
due to its anti-inflammatory effect, immune-boosting properties, and toxic
effect against cancer cells. G. lucidum polysaccharides are the main active
components of the water-soluble extracts. These polysaccharides are known
to prevent cancer cells from forming a new vessel and stop the development
of tumour cells by showing direct cytotoxic effect [44]. Mushrooms with
high antioxidant activity in studies conducted in the last four years are listed
below. Methods and results are reported in Table 1.
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Tible 1: Reseavch conducted on antioxidant activities of various macvofungi by different

methods.
. Antioxidant
Mu;hr:om E)S(E)Iiircetrll(t)n Activity Activity Result Reference
P Method
ABTS radical 1981 mg [45]
Agrocybe %60 Ethanol scavenging TE/100 g
aegerita
DPPH radical 0.15%+0.02
Amanita Methanol scavenging [46]
caesaven 1C50 (mg/mL)
Bjerkandera Ethanol DPPH radical 200 mg/mL [47]
adusta scavenging 79.66%
Rel Assay TAS ~ 6.801+0.243
Clitocybe odora Ethanol (umol H,O, mmol/L [48]
equivalent L)
DPPH radical 0.97+0.08
Cordyceps Methanol scavenging and percentage [46]
militaris 1C50 (mg/mL) inhibition:
45.79-91.58
DPPH radical
Coriolus Ethanol scavenging (uM  39,16+0,82 [49]
versicolor TE/g)
Entoloma Ethanol Rel Assay TAS/ 2,64+0,15 [50]
sinuatum TAS (mmol/L)
Ganoderma Methanol DPPH radical Scavenging [51]
lucidum scavenging activity of
90.81%
DPPH radical
Hericium Methanol scavenging (uM  38.88+1.59 [52]
evinaceus TE/g extract)
DPPH radical
scavenging
Laetiporus Methanol (IC50 ug/mL  15.83 - 61.03% [53]
sulphureus 1C50 equivalent
5.33 mg/mL)
Lentinus edodes Methanol DPPH radical 984.4 mg [45]
scavenging TE/100 g
Lycoperdon Aqueous extract  DPPH radical 60.3% [54]
perlatum scavenging scavenging
activity
Macrolepiota Methanol DPPH radical 215.03+5.63 [55]
procera scavenging

1C50 pg/mL
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Morchella Methanol DPPH radical 82.25 ug/
esculenta scavenging mL-40.8% [56]
scavenging
activity
Russuln vinosa polyphenol- DPPH radical ~ 90% and above
rich extract scavenging scavenging [57]
(80%methanol) activity
Suillus collinitus Ethanol Rel Assay TAS/  2.467 = 0.145
TAS (mmol/L) mmol/L [58]
Suillus luteus %60 ethanol ABTS radical 2211 mg
scavenging TE/100 g [45]
Tricholoma Ethanol Rel Assay TAS/  3.474+0.049 [59]
imbricatum TAS (mmol/L)

Table 1 shows that the results obtained from various studies differed.
The reasons for the different results may include the cultivation methods,
development of the mushrooms under different environmental conditions,
developmental stages during harvesting and genetic diversity among species.
Some other examples about the antioxidant activity of various mushroom
species are mentioned below to support this statement.

According to a study, Russula virescens ethanol and aqueous extracts
demonstrated dose-dependent DPPH radical scavenging ability. Hasnat et
al. [60] reported that the ethanol extract had the most scavenging activity
at 52.62%, whereas the aqueous extract had the highest activity at 81.13%.
In another study investigating the DPPH scavenging activity of Ganoderma
lucidum, the scavenging activity of 200 mg/mL mushroom extract against
0.1 mM DPPH solution was determined as 90.81%. This value is quite high
compared to other medicinal mushrooms. The DPPH scavenging activity
determined in this study is consistent with other studies conducted with
Ganoderma species [51].

According to Kalyoncu et al. [61] the ethanol extract of Morchella
esculenta var. rigida shown a scavenging activity of 87.07% against ABTS+
radicals, but the ethanol extract of Omphalotus olearius demonstrated a
considerably high scavenging activity of 88.01% against the same radicals
at a concentration of 1 mg/mL. The methanol extract of Morchella conica
(40 pg/mL) showed 78.66% scavenging activity against ABTS+ radicals
[62]. The methanol extract of Amanita cesaren at 0.14 mg/mL concentration
showed 92.0% scavenging activity against ABTS+ radicals [63]. Keles et al.
[64] reported that the methanolic extract of Suillus luteus at a concentration
of 25 mg/mL showed the highest (97.96%) scavenging potential in a
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study reporting the scavenging potential of some fungal species. Ethanol
extract of Bjerkandera adusta showed 79.66% scavenging activity against
0.1 mM DPPH solution [47]. In a study examining the DPPH radical
scavenging activities of Clitocybe geotropa, Amanita caesaren, Lentinula edodes
and Cordyceps militaris it was found that A. caesarea and C. militaris showed
higher antioxidant activity [46]. This study serves as a resource for the
potential use of these mushroom species in alternative medicine.

3. Conclusion

This review highlights the great potential of mushrooms for health
and shows the importance of 20 different mushroom species with high
antioxidant activity. Antioxidants reduce oxidative stress and protect cellular
health by neutralizing the harmful effects of free radicals in the body. These
antioxidant properties in mushrooms offer an important contribution to
health. These wild mushrooms, which are used both as food and medicine
and constitute an important source of antioxidant compounds, may have
medicinal value due to their antioxidant activity.

In particular, the antioxidant activities of a wide range of mushroom
species from Agrocybe aegerita to Cordyceps militaris, Lentinula edodes to
Tricholoma imbricatum have been studied. Many of these species are also
known to be used in traditional medicine and are supported by modern
research. The antioxidant properties of mushrooms are especially important
in combating oxidative stress, which increase due to the stress of modern
life, environmental factors and poor dietary habits. Therefore, this study
highlights the positive effects of mushrooms on health and points the way for
tuture research. Future research is needed to better understand the biological
effects of these mushrooms and to evaluate their potential therapeutic uses.
This study may open new avenues for the utilization of antioxidant-rich
mushrooms in the health industry and nutrition.
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Bolim 6

Dual Birim Kiire ve Study Donitigtimii

Biilent Karakas'
Senay Baydas®

Ozet

R’ uzayinin elemanlart {izerinde kurulan yapiya gore isimlendirilir. R’
uzayl afin yapiyla ele alindiginda noktalar ciimlesi, vektor uzay: yapisiyla
ele alindiginda vektorler ctimlesi, projektif yapisiyla ele alindiginda yonlii
dogrular ciimlesi olarak ele alinabilir. Her farkli durum igin R’ uzayinin
izomorfik oldugu yapilar farklihk gosterir. Birebir eslemelerden biri R? {in
yonlii dogrularinin birebir eslendigi birim dual kiiredir.

Birim dual kiirenin temelinde olan dual sayilar, Clifford [1,2] tarafindan
tanimlanmug olan sifirdan farkh ancak kendisiyle dual ¢arpimu sifir olan dual
birimle tanimlanan sayilardir.

Birim dual kiire [3,4] form olarak kiire konseptine sahip, dual ¢arpimi ve
dual i¢ garpimu kullanarak tanimlanan kiiredir. Birim dual kiirenin yonlii
dogrularla [4] birebir eglemesi sonucu olarak R* uzayindaki regle yiizeyler
birim dual kiirenin egrileriyle eslenir ve incelemeler senkronize olarak ele
alinabilir.

1. DUAL SAYILAR

R reel sayilar climlesini gostersin.

*: RxR—> R, (a,b)*(c,d) = (ac,ad +bc)
olarak tanimlanan igleme dual garpim iglemi denir [4].
(RxR,*) ikilisi D ile gosterilsin. D iizerinde toplama iglemi
DxD> D (a,b)®(c,d)=(a+c,b+d)

olarak tanimlansin. (®, @,*) tglist birimli ve degisimli bir halkadur.
Yani agagidaki sartlar saglanir.

1 Bartin Universitesi Fen Fakiiltesi Matematik Boliimii, Bartin, bk@bartin.edu.tr,

2 Van Yiiziincii Y1l Universitesi, Fen Fakiiltesi, Matematik Bolimi, sbaydas@yyu.edu.tr

) O d. | htps:/doi.org/10.58830/0zgur.pub568.c2320 79
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1. (D, @) degismeli bir gruptur,
2. ® de * islemi birlesme 6zelligine sahiptir,

3. ®© de * iglemi @ iglemi tizerine soldan ve sagdan dagilma 6zelligine
sahiptir.

(D, ®,*) birimli ve degisimli halkasina dual saydar ciimlesi denir.
Bir d = (a,b) €® dual sayist
d= (a,b)
— (@,0)+(0,5)
=a(0,1)+5(0,1)

olarak yazilabilir. Bu yaziligla birlikte (0,1) dual sayisina d nin reel
birimi ve (0, 1) dual sayisina da d nin dual birimi ad1 verilir.

Dual birimi ¢ ile gosterilsin. ¢ nin kendisiyle dual ¢arpimi klasik dual say:
tanimina gotiiren bir 6zellige sahiptir.

Carpma iglemi yapilirsa

e*&=(0,1)* (0,1)
(0.0,0.1+1.0)

(0.0
ve {(a,0)|(a.0) e® }—) R birebir eslemesinden dolayr &* =0 elde

edilir. Bu son esitlik dual sayilarin klasik tanimindaki 6n sarttir.

{(a,0)[(a.0)eD | >R ve {(0,5)[(05)eD } >R bire bir

eslemeleri kullanilarak bir

d= (a , b) €® dual sayist dual birimin ¢ ile gosterimi de kullanilarak

d=a+eb

seklinde veya yaygin kullanimiylad = a + ea’ yazilabilir. d = a + ea’ dual
sayisinin eglenigi ise d = a —é&a’ olarak tamimhdr.

2. Birim Dual Kiire

® dual sayilar climlesini gostersin.

D’ =D xD xD

olarak tanimlanan ciimle {izerinde toplama ve skaler ile ¢garpma islemleri
agagidaki gibi tanimlansin.
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VAeD’, A=(4,4,.4,),A= (al +ea, ,a, +&a,,a, +5a;),
ai,a: € R olmak iizere, VA,Be D’ ve V1D i¢in
Toplama islemi:

®©:DxD’ >D°, 4+ B=(4,+B.4,+B,,4,+B,)
Skaler ile carpma iglemi: , A O A = (/1A1 ,AA,, /1A3)
seklinde tammbhdir. (D°,®) @ iizerinde bir modiildiir.
Tanim.2.1: ®° modiiliiniin her elemanina dual vektér denir.

®* {in bir 4= (AI,AZ,A3) eleman:t reel ve dual olarak soyle de
yazilabilir.

A:(a1 +8a:,a2+5a;,a3+8a;)
:(al,a2,a3)+8(a:,a;,a;))
=d+ed ,ai,d R’
D° iizerinde dual i¢ carpim: VA, B € D’
<A,B):<d+ga*,l5+gl?>

:<c‘z,l5>+e(<a,l7>+ <a*,5 >

=C+ec

Tanimlanan dual i¢ garpima bagli olarak bir dual vektoriin normu tanimi
sOyledir.

Tanim 2.2: Bir A€®’ A=a+ed icin, a # 0 olmak tizere, 4 nin
normu

Il 4= (||zz||,<é’a*>

)

llall

olarak belli olan dual sayidir.

Tanim 2.3: || 4||= (1,0) olan A4 dual vektoriine birim dual vektor adi
verilir.

A birim dual vektor ise a nin reel ve dual kisimlart i¢in ||@||=1 ve
- %
a,a y)=0 dir.
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Dual sayilar ve dual vektor igin buraya kadar aktarilanlar birim dual kiire
igin gerekli olan bilgilerdi. Study dontisiimii ve ilgili teori igin temel olan
birim dual kiire tanimi ile devam edilecektir.

Tanim 2.4: DS = {;l =a+ed /|| A= (1,0)} c®” ciimlesine birim
dual kiire denir.

Teorem 2.5. Birim dual kiirenin noktalar1 R? uzayindaki yonlii dogrular
ile birebir eslenir.

Ispat: Tspat i¢in R® deki her yonlii dogrunun bir tek birim dual vektor
tanimladigini ve her birim dual vektoriin R? uzayinda bir tek yonlii dogru
tanimladigin1 gostermek yeter.

Sekil 2.1

Sekil 2.1°deki notasyonlarla R’ deki bir dogrunun vektorel denklemi
(F—p)xii =0
olarak yazilir. Vektorel denklemde || i ||=1 almak genelligi bozmaz.

- . =
XXUu=1u
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vektoriine # vektoriiniin O noktasina gore vektorel momenti denir. u
vektorii, X noktasinin dogru iizerindeki segilisinden bagimsizdir, soyle ki;
dogru tizerinde X den bagka bir Y noktas1 segilmis olsaydi,

(y—p)xii =0
= yxii— pxii =0
= Pxil = p xil = u
elde edilir ki bu da iddiayr dogrular. Béylece dogru tizerindeki temsilci

nokta olarak X yerine O noktasinin dogru iizerindeki dikme ayag: olan Z
noktas1 alinabilir.

|

> —_—

=0Z olup || u' || dogrunun O noktasina olan uzakhigidir ve
<L7 ,f> =0 dir. Boylece (‘u,f) vektor cifti
I |l=1

o) )

ozelliklerini gercekleyen bir vektor ciftidir ve & +&u’ dual vektorii igin

<

it +eu” =1
dir. Sonug olarak
i+eu €®’
yani R’ de bir yonlii dogru verildiginde tek tiirlii taniml bir # + cu’

dual vektoru elde edilir.

Ispatin ikinci kismi: i +eu’ € DS verilsin. [l ]l=1 ve <l/7,1/7 > =0 dir.
Sekil 2.1 deki gosterimlerle devam edilecektir.
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=i
=l

1]}

Sekil 2.2

Orijinden gegen ve u  vektoriine dik olan diizlem E ile gosterilsin.
O merkezli ve ||u ||=r yarigapli ¢ember ¢izilsin. Bu g¢emberin teget
vektorlerinin # ve -u vektorleri ile gakigigr noktalardaki dogrular, A ve B
noktalarindan gegen, # ve - # vektorlerini dogrultman vektorii kabul eden
iki dogrudur. # vektoriiniin belirledigi yone sahip olan dogru (u, u’) ikilisi
ile belli olan dogrudur.

3. SD iizerindeki i¢ carpimin yorumu

D° dekiiki D, =i + cu’ ve D,=v+ &' dual vektorlerinin i garpimi

(D, D,)=<ii+eu’ ,v+ev >

=(u,v)+e(<ii, Visd<u, v >)

dir. D,,D, € DS ve D; ile belli olan dogru d, ve D, ile beﬂi_?lan dogru
d, olsun. d, igin dogrultman vektorii i, vektorel momenti u , d, igin

dogrultman vektorii ¥ , vektorel momenti v dir. d, ve d, dogrularmimn
ortak dikme ayaklar1 A ve B olsun.
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dy

£

=

Sekil 2.3

- ¥ 7T . Lo [ N oo
axu=u ,bxv=v dir. uxv vektori her iki dogruya da diktir ve

uxv||AB, AB=a—b olup, d, ve d, dogrular1 arasindaki uzaklik

dir. <D1 , D2> i¢ garpiminin reel kismi
(@,v)=llalllvlcosd , 0=sq(v,)
olarak elde edilir. Dual kisim igin hesaplama goyledir:
<@,V >t<u v >=<a,15xv>+<axa,\7>
=(a.5,7)+(a.a,v)
laxv o
=||@ Il v || sin6.6"
dolayisiyla sonug olarak
<Dl ,D, > = cos0+¢ sin6.0"
=Cos (9 +e O )
elde edilir.
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cos(t9+86?*):cosﬁ.cos(g 9*)—sint9.sin(8 0*) *)

Taylor agilimi uygulanirsa,

g0 &'9°

cos(g 9*)=1 Y Al =
sin(gé?*) =g — £0” + £6” —..=&0"
2! 5!

bu agilimlar (*) esitliginde yerine yazilirsa
cos(@ige*) = cos 0T &0 sinb
elde edilir.

0+&0° degerine dual agi denir. @ degeri iki dogru arasindaki ai ve 6°
degeri ise iki dogru arasindaki en kisa uzakliktir.
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Bolum 7

Cesaro Fonksiyon Uzay1 Uzerinde
Genellestirilmis Hausdorft Operatoriiniin

Sinirliligr 3

Ferit Giirbiiz!

Ozet

Banach uzaylar1 fonksiyonel analizde 6nemli bir rol oynar ve ozellikle
uzaylarin normlart dogrusal operatorler ve p-integrallenebilir normlar
tarafindan tretildiginden ¢ok sayida uygulamaya onciiliik eder. Bu baglamda,
genellestirilmis Hausdorft operatoriiniin  analizdeki ¢esitli problemlerle
derin bir iligkisi vardir. Uygun gekirdekler i¢in; Hausdorff operatorii, Hardy
operatorii, Cesaro operatorii, Riemann-Liouville kesirli integrali ve diger bazi
operatorler gibi klasik operatorlerden baska bir sey degildir. Bu galigmada
Cesaro fonksiyon uzay: tizerinde genellestirilmis Hausdorff operatoriiniin

davranigim inceledik ve bu operatoriin bu uzayda sinirl olmasi igin @ ve a
kosullarini belirledik.

1. Giris

Son vyillarda Hausdorft matrislerinin dizi uzaylart ve gesitli fonksiyon
uzaylar1 lizerinde toplanabilme yontemlerinden operator teorisine kadar
incelenmesi, esas olarak operatorlerin sinirhligr tizerine yapilmugtir. Ayrica,
Hausdorft matrisleri, Cesaro, Riesz, Norlund matrislerini vb. igerdiginden,
toplanabilme yontemleri teorisinde gok onemli bir rol oynar. Baslangigta,
Siskakis [1] analitik fonksiyon uzaylarinda Cesaro operatoriiniin 6zelliklerini
inceledi ve Cesaro operatoriiniin H” normunu, bu operatorii bilegke
operatoriiniin bir yar1 grubuna iligkilendirerek elde etti. Georgakis [2], ¢
gekirdegi ile tanimlanan

1 ()= [ [2

1 Prof. Dr., Kurklareli Universitesi Matematik Boliimii, feritgurbuz@klu.edu.tr,
0000-0003-3049-688X

) O d- || hitps:/doi.org/10.58830/0zgur.pub568.c2386 39
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klasik Hausdorff operatoriinii inceledi ve bu operatoriin ¢ € L (]R)
icin L (]R) de smrh oldugunu gosterdi. Burada dikkat edilirse

Zon) (t) , (0, 1) tizerinde bir karakteristik fonksiyon olmak iizere eger
(D(t) =qa (1 — t)a_l X (t) ise bu durumda 'H(p Hausdorff operatorii

a mertebesindeki Cesdro operatoriinden bagka bir ey degildir. Ayrica,
uygun @ ¢ekirdegi igin, Hausdorft operatoriiniin 6zel bir hali olarak
Calderén maksimal operatorii elde edilebilir. 2001 de Xiao [3], L” (R")

ve BMO(]R") tizerindeki H,, operatoriiniin karakterizasyonunu inceledi.

Ayrica, yazar bu makalesinde H,, operatoriiniin L” (R") lizerinde sinirh

L.
olmasi i¢in ancak ve ancak J.l r go(t)dt <00 olmast gerektigini gosterdi ve

0
operatoriin normunun esitligini elde etti. 2014 de, Kuang [7], R" tizerinde

@ ¢ekirdegi ve a pozitif monoton fonksiyonu tarafindan {iiretilen

[ (ﬁ(ﬂ{(ﬂ(ﬂf{%t)}dt (1.1)

genellestirilmis Hausdorff operatoriinii tanitt1 ve bu operatoriin agirlikl
Herz uzaylarinda siirliligini inceledi. Burada, a fonksiyonu (0,00)
araligy iizerinde ve ¢ fonksiyonu ise [0,00[ arahigy tizerinde olgilebilir
fonksiyondur.

Diger taraftan Cesaro fonksiyon uzayi, fonksiyon uzaylarinin en 6nemli
orneklerinden biridir ve Cesaro dizi uzaylarinin [0,00[ ‘a kadar olan bir
genislemesidir. Cesaro dizi uzaylari ise 1968 yilinda Hollanda Matematik
Dernegi'nin bu uzaylarin dualitelerini bulma problemini yayinlamasiyla
agikga ortaya cikt1 [4, s. 14]. Ayrica, Cesaro fonksiyon uzaylarinin temel
yap1 Ozelligi Astashkin ve Maligranda [4] tarafindan incelenmistir. Cesaro
fonksiyon uzaylarinin tanimi goz oniine alindiginda, Cesaro fonksiyon
uzaylarindaki Hardy egsitsizligi, Lebesgue uzaylarindaki Hardy esitsizliginin
bir sonucudur. Bu durum bizi Cesaro fonksiyon uzaylarindaki diger iinli
esitsizligin, 6rnegin Hilbert egitsizliginin gegerliligini aragtirmaya tegvik eder.
Bu baglamda, 2022 de Ho [5] Cesaro fonksiyon uzaylarindaki bazi integral
operatorlerin sinirliligini inceledi. Biz de [5] deki galijmadan esinlenerek,
Cesaro fonksiyon uzaylarindaki (1.1) ile verilen genellegtirilmis Hausdortt
operatorlerinin sinirliligr igin, Cesaro fonksiyon uzaylarindaki Minkowski
esitsizlikleri ile genel bir sonug olugturacagiz. Yani, genellestirilmis Hausdorff
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operatorlerin - sinirliligini [0,00[ arahigy tizerindeki Cesaro fonksiyon
uzaylarina genigletecegiz.

Son olarak, Cesaro fonksiyon uzaylarinin genel tanimini verip bu boliimii
kapatalim.

Oncelikle [O, OO[ =R" aralig tizerinde 6l¢iilebilir fonksiyonlar ailesi 90t
olsun. Bu durumda, Cesaro fonksiyon uzaylar: agagidaki gibi tanimlanur.

Tanim: f, R" iizerinde pozitif dlgiilebilir bir fonksiyon ve p e R"
olsun.
1

Ifllces,) = (7 CI1FO1de) dx)” < o0

olmak iizere biitiin f € 9 fonksiyonlarinin uzayr Cesaro fonksiyon uzay1
olarak tanimlanir ve Ces, (R+) ile gosterilir.

2 Ana Sonug

Bu boliimde, genellestirilmis Hausdorff operatorii igin Cesaro fonksiyon
uzay1 tizerinde bazi sonuglar verilecektir.

Asagidaki teorem, R" iizerindeki ¢ ¢ekirdeginin davranist ile Hausdorff
operatoriiniin Cesaro fonksiyon uzayi lizerindeki sinirhligini verir.

Teorem.

a, R iizerinde olgiilebilir bir fonksiyon ve peR" olsun. Eger

T|€0(y)||a(y)|% dy <o ise, bu durumda
0

17000l o ) < IFllces, () Jy T OIlaGIP dy

gerceklenir.
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Ispat.
SfeCes, (R+) olsun. Bu durumda,

S

19000 oy ey < (5 (305 [0 0F (55| de v dx)

1

_x_ Po\p
sfomlw(yﬂ(fom (ifo“(”lf(z)lla(y)ldz> dx) dy
< Wfllces, i) 10O NG dy

olur. Buradan, norma gegip integraller icin Minkowski esitsizligini
kullanirsak [6, (6.19)],

S

oO)f (-5)| dedy)” dx)

a(y)

190,00 gy < (157 (157 5o

1

X P >
< Jy lo®) <f0°° ( O @lla®)l dz) dx> dy
< Wfllces, ) [ lo O la() P dy

elde ederiz. Bu da ispat1 tamamlar.
Yukaridaki teoremden agagidaki sonuglari elde edebiliriz.

Sonuglar.
1- a(l‘)=% ve q)(l‘)=;((0’l)(t) olsun. Bu durumda, (1.1) ile verilen

H, . operatorii klasik Cesaro operatoriine doniigiir. Buradan, Cesaro

operatori ||f7'[<p,a(f ) ” Cesp(RY) = pr%l normlu Cesaro fonksiyon uzayinda

sinirhidir.

2- a(t):t ve a>-1 igin (o(t):a(l—t){H Z(o,l)(t) olsun. Bu
durumda, p 21 igin (1.1) ile verilen H,, operatorii Cesaro fonksiyon
uzayinda sinirhdir.

3- k>0 icin a(t) =" ve (p(t) =¢™ olsun. Bu durumda, p >0 i¢in

(1.1) ile verilen H,, , operatorii Cesaro fonksiyon uzaymnda sinirlidur.
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Bolim 8

Mihendislik Faktiltesi Ogrencilerinin Turev
ve Integral Konularindaki Kavramsal Bilgi
Diizeyleri 3

Aya Alebo!
Cigdem Inci Kuzu?

Ozet

Bir miihendisin, kavramsal bilgiye sahip olmas: ve uygulama bilgilerinin
tiimiine hakim olmasi gerektigi bilinmektedir. Bir bakima tiirev alma igleminin
tersi olan integral alma iglemi, fen ve miithendisligin en ¢ok ihtiya¢ duydugu
konularin baginda gelir. Caligmada, gelecegin miihendisleri olan miihendislik
fakiiltesi Ogrencilerinin tiirev ve integral konularindaki kavramsal, bilgi
diizeyleri ve yanilgilar1 belirlenmeye ¢aligilmigtir. Caligmanin katilmcilarina,
Bati Karadeniz’de bir Universitenin Miihendislik Fakiiltesi'nin bilgisayar,
makine ve elektronik miihendisligi boliimlerinde 6grenim gérmekte olan
50 ikinci simuf 6grencisi olusturmaktadir. Calismadaki veriler, miithendislik
fakiiltesi 6grencilerine sorulan 2 sorudan elde edilmistir. Veri toplama araci,
miihendislik fakiiltesinde okutulan genel matematik ders igeriginde yer
alan temel analiz konularinda edindikleri temel bilgilerden yola gikilarak
hazirlanmigtir. Aragtirma bulgulari, mithendis adaylarinin tiirev ve integral
kavramlar ile ilgili yeterli diizeyde bilgiye sahip olmadiklarini ve kavramlarin
tanimlaria tam anlamiyla hakim olmadiklarini gostermistir.

1. Giris

Matematik, ardigik ve yigmali bir bilim alani olmasindan dolay1, temel
kavramlar tam olarak kavratilmadan diger konulara gegilmemelidir (Altun,
2002). Matematik dersinde 6grencilerin 6grenme eksikliklerini belirleyip bu
cksiklikleri gidermek 6gretmeninsorumlulugu altindadir. Yapilanaragtirmalar,
Ogretmenin matematik alan bilgisinin egitim ve ogretimle iligkili oldugunu

1 Karabiik Universitesi, kaanyusuf629@gmail.com, 0009-0008-9242-5650
2 Karabiik Universitesi, cigdemkuzu@karabuk.edu.tr; 0000-0003-0143-2473

) O d ) hitps:/doi.org/10.58830/0zgur.pub568.c2387 95
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gostermistir (Gokgek ve Agikyildiz, 2016). Alan bilgisi, etkili bir 6grenme-
ogretme ortami olugturmak icin tek bagina yeterli olmasa da 6grenme ortamin
ana bilesenlerinden birisidir. Ogrencilerin yeni edindikleri bilgilerin, 6nceden
edindikleri bilgilerle gakigmasi nemli bir sorundur. Bireyler matematik dersini
giinliik yagamlarinda, okul sonrasi i§ yagsamlarinda ve kararlarinda etkin bir
sekilde kullanabilmelidirler. Giintimiizde matematigi seven, takdir eden ve
matematiksel diigiinebilen; matematik ile modelleme yapabilen ve problem
¢Ozebilen bireylere ihtiya¢ duyulmaktadir. Bu baglamda, 6grencilerin gergek
hayat problemlerinde kullanacaklar1 bazi kavram ve iligkileri incelemek fayda
saglayacaktir (Yalginkaya, 2018). Insanlar, problemleri ¢ozerken bigimsel
tanimlardan ziyade, zihinlerinde olugturduklar1 kavramlarin goriintiilerini
kullanirlar. Bu nedenle bir kiginin dogru goriintiileri alamamasi, bagka bir
bireyin sorunlar kargisinda hata yapmasina neden olabilmektedir (Saglam
ve Dost, 2014). Matematik, giinliik hayatin her alaninda kullanilmaktadir.
Fakat kazanilan matematiksel bilgilerin nerede ne zaman ve ne igin
kullanilacag: bilinmemektedir (Altun, 2002). Degisim ve gelisim her alanda
oldugu gibi egitimde de kaginilmazdir. Yapilan ¢aliymalarda, 6grencilerin
biligsel becerilerini geligtirmede matematigin roliiniin olumlu oldugunu
takat ogrencilerin etkilegimli galiyma materyallerini kullanarak bu yetenegi
gelistirmek igin istekli olmadiklar1 belirlenmigtir (Zeidmane ve Sergejeva,
2013).

Matematigin miihendislikteki dolayli etkisinin faktorlerini belirlemek,
matematikgaligmalarininegitimdeoldugukadar6grencidegerlendirmelerinde
de oOnemli oldugunu belirtmektedir (Zeidmane ve Sergejeva, 2013).
Matematik, mithendislik egitim programlarinda her zaman giiglii bir bilegen
olmakta ve bir dizi uygulamali miihendislik konusu igin gerekli bir temel olarak
hizmet etmektedir (Kashef-Haghighi, Shao ve Ghoshal, 2015). Ogrenciler,
matematikte bir konu hakkindaki tiim agiklamalar1 anlamadikga, konuyu tam
olarak 6grenmeleri kolay olmayacaktir. Matematik ¢aligmalari, mithendisler
i¢in hem dogrudan hem de dolayli olarak 6nem arz etmektedir (Zeidmane
ve Sergejeva, 2013). Matematik boliimii ve miihendislik fakiiltesindeki
boliimlerinin; 6grencilere ve 6gretim iiyelerine resmi matematiksel becerileri
ve kaynaklar1 sunmasi gerekmektedir (Willcox ve Bounova, 2004).

Miihendislik, matematigin uygulama alanlarindan biri olup; matematigi,
teknik bilimleri ve sosyal bilimleri kullanarak yeni iriinler olugturmaya
yonelik bir uygulama stireci olarak degerlendirilmektedir. Bununla birlikte,
tiim bu alanlar1 bir araya getiren, gergek hayat problemlerini ¢6zen ve hayati
kolaylagtiran matematik temelli bir meslek olarak tanimlanabilmektedir.
Ayni zamanda miihendislik, ger¢ek yasam problemlerini ¢6zmek ve
yeni {Urlinler tasarlayabilmek i¢in teknoloji, bilim ve matematigin
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kombinasyonu olarak da tanimlanabilir (Atmans ve digerler, 2007).
Miihendisleri; teknolojiyi, matematigi ve bilimi iyi bilen, bu bilgileri
hayatta 6nlerine gikan problemleri ¢6zmek igin kullanabilen bireyler olarak
tanimlamak miimkiindiir. Miithendisligin dili olarak tanimlanan matematik,
iniversitelerdeki mithendislik fakiiltesi ders igeriklerinin ilk olarak kalkdiliis,
lineer cebir, ayrik matematik, diferansiyel denklemler gibi derslerde yer
almaktadir. Matematigin, miihendislik uygulamalarini destekleyen birgok
teknolojik yeniligi mevcuttur. Bu teknolojik yeniliklerin miikemmelligi,
miithendisligin birgok alaninda iyi derecede sahip olunan matematiksel
bilgi ve beceriye dayanmaktadir. Matematik ve miihendislik arasindaki bag
o kadar iyi kurulmustur ki, mithendislik alanindaki herhangi bir gelisme,
yeni matematiksel teorilerin kegfedilmesi gerektigini belirtmektedir (Baki
ve Giiveli, 2008). Miihendislik okullar1 igin matematik miifredatinin igerik
agisindan  yetersiz oldugu, Ogrencilerinin ihtiyag duyduklar1 becerileri
nerede ve nasil Ogreneceklerini ¢ogu zaman bilemedikleri, matematik
ogretmenlerinin - miihendislik fakiiltesindeki ~derslerinde matematiksel
kavramlart nasil uygulayacaklari konusunda sinirli bir anlayiga sahip
olduklar1 gortilebilmektedir (Willcox ve Bounova, 2004). Miihendislik
fakiiltesi 6grencilerinin problem ¢6zme stratejilerini 6grendikleri, matematik
ve mithendislik dersleri tizerinde olumlu duygu ve goriiglere sahip olduklar:
belirlenmigtir. Bunun sonucunda, miihendislik fakiiltesi Ogrencilerine
yonelik matematik egitiminin miihendislik alaniyla iligkili hale getirilmesi
icin miihendislere danigilmas: Onerilmistir. Mithendislik fakiiltelerindeki
matematik derslerinin igbirlik¢i bir ortamda Ogretilmesinin, O6grencileri
birbirleriyle baglant: kurmaya tegvik ettigi bildirilmistir. Tkinci ve dordiincii
siif miihendislik fakiiltesi 6grencileri i¢in miihendislik konularinda ve
miithendislik tasarimlarinda, kavramsal matematiksel yaklagimin islemsel
yaklagimdan daha 6nemli oldugu belirtilmektedir. Bir miithendisin, kavramsal
bilgiye sahip olmasi ve uygulama bilgilerinin tiimiine hakim olmasi gerektigi
belirtilmektedir (Atman ve digerleri, 2007).

Bugaligmada, sadece matematigin kendisinde degil, bilim ve miihendisligin
ilgili alanlarinda da 6grenilmesi ve 6gretilmesi agisindan biiyiik 6nem tagryan
analiz kavramlar1 ele alinacaktir. Analiz, bir¢ok disiplin igin 6nemli bir alandir.
Analiz dersinin amact; 6grencileri teoremlerle tanigtirmak, Ogrencilerin
yaratict mantikll diigiinme yetenegini ve hayal giiciinii gelistirmek,
matematiksel sembol ve kavramlari 6gretmektir. Universiteye girig sinavlari
sonrasinda fen ve matematik boliimlerini tercih edecek olan Ogrenciler
igin analiz konular1 ve analiz kavramlar1 bir anahtar niteligi tagimaktadir.
Buna ek olarak; fen ve matematik dersleri matematik, fen ve miihendislik
boliimlerinde egitim gorecek 6grenciler igin 6nemli bir yere sahiptir (Baki ve
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Giivenli, 2008). Analiz denilince akla dort temel kavram gelir: limit, stireklilik,
tiirev ve integral. Bu kavramlar sadece matematik alaninda degil, bilim ve
miihendislik alanlarinda da biyiik 6nem tagimaktadir. Limit, stireklilik,
tiirev, integral konulart analizin en 6nemli konularindandir. Bu konular
universite matematiginin degisik alanlardaki kavramlarinin anlagilmasi igin
gerekli bir unsur haline gelmistir. Tiirev, bir miktarin bagka bir nicelige gore
degisim orani ve temel baglangi¢ noktasidir. Tiirev kavrami, limit yardimryla
tanimlanir. Dolayisiyla limit, tiirevin 6nceki kavramlarindan biridir ve yapilan
aragtirmalara gore, 6grencilerin limit kavramini yorumlamada ve anlamada
zorluk yasadiklar1 ve kavram yanilgilarina sahip olduklar1 belirlenmistir
(Gokgek ve Agikyildiz, 2016). Integral konusu, gergek hayatta ve mithendislik
problemlerinin ¢oziimiinde 6nemli bir yer tutmaktadir. Onu anlamak igin
kavramsal ve uygulamali bilgilerin iyi organize edilmesi gerekmektedir
(Baki ve Kartal 2004). Aragtirmacilara gore integral kavrami analiz dersinin
anlagilmasi zor olan konularindan biri olarak kabul edilmistir. Bir kavrami
Ogrenme siireci igerisindeki, kavramin tanimini bilmek kadar 6nemli olan
bir diger konu ise, o kavramin etrafinda zengin baglantilar kurmaktir. Analiz
dersi lizerine gesitli bilimsel alanlar inga edilmektedir. Matematik, fizik ve
kimya boliimlerinde; tiim miihendislik ve mimarhk fakiiltelerinde temel
teskil eden analiz dersi, iktisadi ve idari bilimler, psikoloji gibi ilgili diger
alanlarda da okutulmaktadir (Aktiimen ve Kagar, 2008). Sonug olarak,
limit, siireklilik, tiirev ve integral konulari, neredeyse tiim sayisal boliimler
i¢in temel gorev gormekte ve diger bazi boliimlerin biiyiimesine yardimci
olmaktadir. Bu nedenle lise doneminde limit, siireklilik tiirev ve integral
konulari ile ilgili bilgi edinmek ¢ok 6nemlidir. Tiim diinyada, ortadgretim
ve yiiksekogretimde, kalkiiliis; yani limit, siireklilik tiirev ve integral
konularinin 6gretilmesini gerektirir. Kalkiiliis, matematik ders igeriklerinin
bir pargasidir tiirev ve integral konularinda ¢ok sayida ¢aligma yaptirilarak
ogretilmektedir Ogrencilerin bu kavramlarin 6grenmelerine yardimer olmak
i¢in birgok yontem bulunmaktadir; bu yontemler hem ortadgretim hem de
yliksekogretimde 6nemli bir yere sahiptir (Giir ve Barak, 2007).

Bu aragtirmada, gelecegin miihendisleri olan miihendislik fakiiltesi
Ogrencilerinin tiirev ve integral kavram bilgilerine odaklanilmistir. Bu
baglamda caliymada miihendislik fakiiltesi 6grencilerinin limit, stireklilik,
tiirev ve integral kavramlarini nasil anladiklar1 ve bu kavramlarla ilgili
sorularda ne tiir hatalar yaptiklar1 incelemek amaglanmugtir.
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2. Yontem

2.1.Arastirmanin Modeli

Miihendislik fakiiltesi 6grencilerinin tiirev ve integral kavramlarini
tanimlayabilme seviyelerini ortaya koymay1 amaglayan bu galigma, bir durum
caligmasidir. Durum ¢aligmast Chmiliar (2017)’a gore, kisitht bir sistemin
nasil yiiridiigii ve igledigi izerine sistemli veriler elde etmek amaciyla goklu
veri toplama igleminden yararlanilarak sistemin derinlemesine incelenmesini
saglayan bilimle ilgili bir yontemdir. Farkli bir deyigle durum g¢aligmasiny;
ger¢ek durumlarda izlenimleri gormede ve neden-sonug adi altindaki
izlenimleri kararlagtirmada etkili bir sistem olarak belirtmektedirler (Cohen,
Manion ve Morrison 2007).

Caliymada veriler; miihendislik fakiiltesi 6grencilerine uygulanan 3
soruluk yazili sinavdan elde edilmistir. Uygulanan yazili sinav sorulari, iki
matematik egitimi uzmani ve alaninda uzman iki 6gretim iyesi tarafindan
incelenmig ve onaylanmugtir. Sinav, miihendislik fakiiltelerinin 2. smuf
matematik ders igeriklerinde yer alan limit konusundaki en temel bilgilerden
yola gikilarak hazirlanmugtir. Calismaya, 6grencilerin kisa siire igerisinde hizli
bir gekilde yanitlayamayacaklari, yorumlama ve diigiinme yetenegi gerektiren
sorular dihil edilmistir.

2.2. Calisma Grubu

Caligmamin ~ katiimailarmi  Bati Karadeniz’de  bir  Universitenin
Miihendislik Fakiiltesi’nin bilgisayar, makine ve elektronik boliimlerinde
ogrenim gormekte olan (50) 2. Simf 6grencisi olusturmaktadir. Calismanin
katihmcilarinin  belirlenmesinde, amagl 6rnekleme yontemlerinden biri
olan ol¢iit 6rnekleme yonteminden yararlanilmigtir. GOniillii olarak katilan
ogrencilerin isimleri gizli tutulup, O1, O2.... O50 seklindeki kodlarla
belirtilmigtir. Caligma  igerisinde, miihendislikteki farkli boliimlerden
ogrencilerin tercih edilmesiyle, ¢aligma Orneklerine gesitlilik katilmasi
planlanmugtir. Aragtirmaya katilan 6grencilerin 20’si makine miihendisligi,
15’1 bilgisayar miihendisligi ve 1571 elektronik miihendisligi boliimii
ogrencisidir.

2.3. Veri Toplama Araglar1

Caliymada veriler; miihendislik fakiiltesi 6grencilerine uygulanan 2
soruluk yazili sinavdan elde edilmistir. Aragtirma sorularinin amaglar1 Tablo
1’de verilmistir.
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Tablo 1. Avasturmanin vevi toplama avacmdaki sorularim amaglar:

Soru Amag
1sor Tiivevin matematiksel olarak vevilen tanima ile tiivey haklkinda ifade edilen
’ kavramlar (eqim gibi) arasmdaki favks ayirt edip etmedigini olgmek.
Integralin matematiksel olarak verilen tammn ile integral hakkimda
2.501u ifide edilen kavramlar (Alan gibi) avasmdaki farks aywt edip etmediging

olgmek.

2.4. Verilerin Toplanmasi

Uygulama, miihendislik fakiiltesinin 3 farkli boliimiinden (makine,
bilgisayar ve elektronik miihendisligi boliimleri) 50 6grenciyle 2021-2022
ogretim yili giiz doneminde yapilmistir. Uygulama esnasinda 6grencilerden
sadece sonug yazanlara sonucu neye gore bulduklart sorulmus verilen
cevaplar not edilmistir.

2.5. Yazili Sinavlarin Analizi

Sinavlardan elde edilen veriler 6ncelikle “Cevabi dogru olanlar”, “Cevabi
kismen dogru olanlar”, “Cevabi yanlig olanlar” ve “Cevabi bog birakanlar”
seklinde dort temel kategoride siniflandirilmugtir. Bu simiflandirmaya iliskin
ayrintilar agagida yer almaktadr.

Dogru Cevaplar: Gegerli cevabin tiim bilegenlerini igeren cevaplar.

Kasmen Dogru Cevaplar: Gegerli yanitin bilesenlerinden en az birini igeren,
hepsini igermeyen cevaplar.

Yanhs Cevaplar: Konu ile ilgili ya da ilgisiz, yanlg bilgi i¢eren; kavram
yanilgis1 oldugunu gosteren veya mantiksiz cevaplar.

Bos Burakanlar: Bog birakilan cevaplar.

Yazil sinavdaki sorular teker teker analiz edilmistir. Ogrencilerin her
bir soruya verdigi cevaplar yukaridaki kategori tanimlar1 dikkate alinarak
siniflandirlmistir. Bu siuiflandirma iglemi, aragtirmact tarafindan farkh
zamanlarda tekrar edilmigtir. Genel olarak yapilan siniflandirmanin uygun
olup olmadig: ve aragtirmaci tarafindan nasil siniflandirilacagr konusunda
kargilagilan giipheli durumlarda, alaninda uzman 2 G6gretim {yesinin
goriiglerine bagvurulmugtur. Her bir kategorideki cevap frekans ve yiizdelerle
ifade edilmigtir. Yazili sinavlara ait analizin ikinci kisminda sadece 6grencilerin
yanhg cevaplarma odaklanilmistir. Ogrenciler tarafindan verilen yanlis
cevaplar, kendi iglerindeki benzerlik ve farkhiliklara gore gruplandirilmistir.
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Bu gekilde 6grenciler tarafindan {iretilen yanhs tipler ortaya koyulmustur.
Her bir gruba diisen cevap frekans ve yiizdelerle ifade edilmistir.
3. Bulgular

Aragtirmanin birinci sorusu olan “Tiirevin matematikteki kargilig1 nedir
?” sorusuna ait bulgular agagida sunulmustur.

Miihendislik fakiiltesi 6grencilerinin, aragtirmanin 1. sorusuna verdikleri
dogru cevaplarin dagilimlar1 Tablo 1°de verilmistir.

Tablo 2. Miihendislik fakiiltesi ogrencilerinin avastwmanin 1. Sorusuna verdikleri
dogru cevaplarmn frekans ve yiizdeleri

Dogru Cevap Veren

Dogjru Cevap Kodlar: Ogrenciler f %
i L ) =S (%)
S (x)=lim = 01,02, 012, 047 , 8

Tablo 2. incelendiginde aragtirmanin 1. Sorusuna 6grencilerin ¢ok az bir
kisminin sadece %8’inin (f=4) dogru cevap verdigi goriilmektedir.

“Tiirevin matematiksel karsihg1 nedir?” sorusuna dogru cevap veren 02
kodlu 6grencinin 6rnek cevabr agagida sunulmugtur.

Sekil 1. O2 kodlu djrencinin cevabs

02 kodlu ogrenci, tirevin tanimindan yararlanmigtir.  Yukardaki
sekil incelendiginde O2 kodlu miihendislik fakiiltesi &grencisi, tiirevin
matematikteki kargihgint UF{H&M seklinde ifade ederek
soruya dogru cevap vermigtir.

Miihendislik fakiiltesi 6grencilerinin, aragtirmanin 1. sorusuna verdikleri
kismen dogru cevaplarin 6grencilere gore dagilimlar: Tablo 3’te verilmistir.
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Tablo 3. Miihendislik fakiiltesi ogrencilerinin, 1.soruya verdikleri kismen dogru
cevaplarm dagilun

Kasmen Dogru Cevap Veren

Kasmen Dogru Cevap Kodlar: Ogrenciler

f %
041, 07, 015, 025, 031, 036,

Tegetin egimidir: 044, 045, 046, 05, 09,08 12 24

Herbanyyi biv tegetin hevbanyi bir
egrive X ekseniyle yaptuj pozitif

o e 03, 06, 013, 026, 027, 5 10
yonlii aguan tan degeridin

021, 010, 011, 035, 037,

Degjisim miktavidu: 038, 039, 040, 043 9 13

Pozitif yonlii tanjant egimsi. 020, 019, 016 3 6

Tablo 3 incelendiginde 12 miihendislik fakiiltesi 6grencisinin tiirevin
matematiksel kargiligr olarak “Tegetin egimidir.” seklinde tanimlama yaptigy,
5 ogrencinin “Herhangi bir tegetin herhangi bir egriye x* ekseniyle yaptig
pozitif yonlii aginin tan degeridir.” geklinde tanimlama yaptig1, 9 6grencinin
“Degisim miktaridir.” geklinde ve 3 6grencinin de “Pozitit yonlii tanjant
egimi.” Seklinde tanimlama yaptig1 gortilmektedir.

“Tiirevin matematiksel kargiligi nedir?” sorusuna kismen dogru cevap
veren 6grencilerden birkaginin 6rnek cevabi agagida sunulmustur.

Sekil 2. O41 kodlu jrencinin cevabr

Yukardaki sekil incelendiginde O41 kodlu miihendislik &grencisi, ¢izilen
bir fonksiyonun iki noktasinn biviestivilmesiyle elde edilen kivis o noktadaki tegetin
efimini veriz. Ogrenci bu cevabi verirken tiirevin geometrik yorumunda
ogrendigi “Bir egri lizerindeki bir noktadan gizilen tegetin egimi o noktadaki
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tiirevi verir.” ifadesinde gegen “tegetin egimi” kavramu ile tiirev taniminin
ayni oldugunu diisiindiigii goriilmektedir.

Sekil 3. O3 kodlu djrencinin cevabr

Yukardaki sekil incelendiginde O3 kodlu miihendislik fakiiltesi 6grencisi,
tiirevin matematiksel kargihigini “Herhangi bir tegetin herhangi bir egriye
x* ekseniyle yaptig1 pozitif yonlii aginin tan degeridir” seklinde belirtmistir.
Ogrenci bu cevabi verirken tiirevin geometrik yorumunda 6grendigi “Bir
egri dizevindeki bir noktadan cizilen tegetin egimi o noktadaki tiivevi verir”
tanimini kullanmugtir. Sonug ile tiirev tanimini ayirt edememis, tiirevi sadece
egim olarak diigiinmiig ve egimi de x ekseni ile pozitif yonde yaptigi aginin
tanjanti ile iligkilendirmistir.

Sekil 4. 021 kodlu Gjrencinin cevabs

Yukardaki sekilde O21 kodlu miihendislik fakiiltesi &grencisinin soruya,
“Tiirev, bir fonksiyonun bagka fonksiyona gore degigim miktaridir” seklinde
verdigi cevap yer almaktadir. Ogrenci, tiirevin tanimu verilirken ifade edilen

“Fonlsiyonda meydana gelen degisimin (Ay =f (x + h) -f (x) ) , degiskende
f(x+h)-f(x)
h

Newton Ovanmmn h —> 0 igin limiti meveut ise limit degerine fonksiyonun tiivevi
dendz” tanimuyla, degisim oraninin direkt tiireve karsilik geldigi diigiincesiyle

meydana gelen degisime (Ax =x+h—x="h ) oram olan

bu cevabr vermistir.
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Sekil 5. 020 kodlu gjrencinin cevaby

Yulardaki sekilde, O20 kodlu miihendislik fakiiltesi 6grencisinin tiirevi,
pozitif yonlii tanjant egimi olarak tanimlamasiyla soruyu yanls cevapladigt
goriilmektedir. Goriildiigi gibi diger Ogrencilerden farkli olarak tiirev
kavramini tek bir agidan degil, farkli sekillerde de ele alarak ifade etmeye
calismustir.

Miihendislik fakiiltesi 6grencilerinin, arastirmanin 1. sorusuna verdikleri
yanlig cevaplarin dagilimlari Tablo 4’te verilmigtir.

Tablo 4. Miihendislik fakiiltesi ogrencilevinin 1.soruya verdikleri yanlss cevaplarin

daglun
Yanlss Cevap Kodlar: Yanlss Cevap Veren Ogrenciler f %
Integmldix 04, 014, 042, 048 4 8
Tegetin degisim ovamdur: 018, O24 2 4
tan 6 = egim. 523, 033 B 4
Bir swysman distel degeving alyp 028, 022, 017,
bag kat says yaparken distiinii bir 029, 030, 032, 9 18
azaltma. 034, 049, 050

Tablo incelendiginde, 4 miihendislik fakiiltesi Ogrencisinin tiirevin
matematiksel kargiligt olarak “Integraldir.” seklinde tanim yaptigi, 2
ogrencinin “Tegetin degisim oramdir.” seklinde tanim yaptigi, 2 6grencinin
“tan0 = egim.” geklinde tamim yaptigi ve 9 6grencinin de “Bir sayinin iistel
degerini alip bag kat sayr yaparken istiinii bir azaltma.” geklinde tanim
yaptig1 gortilmektedir.

“Tiirevin matematiksel karsiligi nedir?” sorusuna yanlis cevap veren
ogrencilerden birkaginin 6rnek cevabr agagida sunulmugtur.
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Sekil 6. 048 kodlu Gjrencinin cevabs

Yukardaki sekilde cevabi yanliy olarak siniflandirilan O48 kodlu
mithendislik fakiiltesi 6grencisinin soruya, “tiirev integraldir ¢iinkii tiirevin
tersi integral” olarak verdigi cevap yer almaktadir. Burada 6grencilerin, tiirev
ile integral konularin karistirdiklarini séyleyebiliriz. Ogrenci, verdigi cevapta
belirsiz bir integral tanimi verirken, “fonksiyonun tiirevinin alinmamug hali”
ifadesini kullanmistir.

Sekil 7. O18 kodlu jrencinin cevaby

Yukardaki sekilde O18 kodlu miihendislik fakiiltesi 6grencisi tiirevi,
“tegetin  degisim oramdir.” seklinde tammlamistir.  Ogrenci, tiirevin
uygulamalarinda bahsedilen tegetin degisimi kavramini ve Newton Oraninda
bahsedilen degisim orani kavramini karigtirmig; bu sebeple soruyu yanlig
cevaplamustir.

Sekil 8. O23 kodlu djrencinin cevaby

Yukardaki sekilde O23 kodlu mithendislik fakiiltesi 6grencisi tiirevi, “tan
6 = egim”seklinde tanimlamustir. Ogrenci verdigi cevapla egimi, egrinin x
ckseni ile yaptig1 pozitif yonlii aginin tanjanti olarak ifade etmistir. Ogrencinin
cevabinin tiirevle higbir ilgisi bulunmamaktadir.
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Sekil 9. 028 kodlu irencinin cevabr

Yukardaki sekilde O28 kodlu miihendislik fakiiltesi dgrencisi tiirevi, “bir
sayinin iistel degerini alip bag kat say1 yaparken iistiinii bir azaltma” geklinde
ifade etmistir. Ogrenci, verdigi cevap igerisinde tiirev taniminin kullanimuyla
elde edilen f (x) =x" ise f' (x) =nx"" kuralm agiklamigtir. Tiirevin
tanimu ile higbir ilgisi bulunmamaktadir.

Aragtirmanin ikinci sorusu olan “Integral matematiksel olarak ne
ifade eder?” sorusuna ait bulgular asagida sunulmustur.

Miihendislik fakiiltesi 6grencilerinin, arastirmanin 2. sorusuna verdikleri
dogru cevaplarin dagilimlar1 Tablo 5’te verilmistir.

Tablo 5. Miihendislik fakiiltesi ogrencilevinin, avastirmann 2. Sovusuna verdiklevi
dogru cevaplarmn firekans ve yiizdeleri

Dogrn Cevap Kodu Dogru Cevap Veren Ogrenciler f %

[£*(x)de=f(x)+c 01, 012, 047, 050 4 8

Tablo 5 incelendiginde aragtirmanin 2. Sorusuna 6grencilerin gok az bir
kisminin, sadece %8’inin (f=4) dogru cevap verdigi gortilmektedir.

“Integral matematiksel olarak ne ifade eder?” sorusuna dogru cevap veren
O1 kodlu 6grencinin 6rnek cevabr agagida sunulmugtur.

Sekil 10. O1 kodlu djvencinin cevabr

Yukardaki sekil incelendiginde O1 kodlu miihendislik fakiiltesi
Ogrencisi, integralin matematiksel olarak ne ifade ettigi sorusunu
[re (x)dx = f(x)+c ifadesi ile dogru cevaplamustir.
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Miihendislik fakiiltesi 6grencilerinin, aragtirmanin 2. sorusuna verdikleri
kismen dogru cevaplarin dagilimlar: Tablo 6’da verilmistir.

Tablo 6. Miihendislik fakiiltesi dgrencilerinin 2.sovuya vevdikleri kismen dogrn

cevaplarm dagilun
Kasmen Dogru Cevap y s,

Kodlar Kasmen Dogru Cevap Veven Ogrenciler f %

022, 06, O14, 015, 018, 021, 019, O2,
Tiivevin torsi 023, 046, 028, 029, 030, 034, 037, 18 36

Tivevin tersi 043, O45, (49
011, 05, 08, 04, 016, 044, 024, 026,
033, 031,
Alan 032,039, 041,03, 013, A4 #
040, 036, 027, 07, 025, 09

Hacum hesaplamak 048 1 2
Toplam degisimi 038, 010, 017, 020 4 8

Tablo 6 incelendiginde 18 miihendislik fakiiltesi 6grencisinin integrali,
matematiksel olarak “Tirevin tersi” geklinde tamimladigi, 21 6grencinin
“Alan” geklinde tanimladigy, 1 6grencinin “Hacim hesaplamak.” Seklinde
tamimladign ve 4 Ogrencinin de “Toplam degisimi.” seklinde tamimladigy
goriilmektedir.

“Integral matematiksel olarak ne ifade eder?” sorusuna kismen dogru
cevap veren Ogrencilerden birkaginin 6rnek cevabr agagida sunulmustur.

Sekil 11. O22 kodlu girencinin cevaby

Ogrenci bu soruda, tiirev ile integral konularini karigtirnstir. Yukardaki
sekilde 022 kodlu miihendislik fakiiltesi 6grencisi “tiirevin tersi integraldir”
ifadesi ile soruyu kismen dogru olarak cevaplanugtir. Ogrenci, verdigi

X
f (x) =xdx -] ?+ ¢ cevabi ile integralini aldig1 fonksiyonun tiirevinin

f (x) = x oldugunu gostermek istemistir. Ana fikir dogrudur fakat integral
yanhg alinnugtir. Ogrenci, belirsiz integral tanimi yaparken « F' '(x) =f ( x)
olmak iizere cOR icin [ f (x)dx =F (x)+c ifadesine f (x) fonksiyonun
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belirsiz integrali (anti-tiirevi, ilkeli) denir.” taniminda kullamilan anti-tiirev
ifadesinden dolay: tiirevinin alinmamug hali ifadesini kullanmugtir.

Sekil 12. O11 kodlu djrencinin cevabs

Sekilde, O11 kodlu miihendislik fakiiltesi Ogrencisinin “integral
matematiksel olarak alani ifade eder.” tanimi yer almaktadir. Ogrenci,

belirli integralin uygulamalarinda « f (x) > 0 egrisi x = a,x = b dogrular

b

ve x —ekseni ile sinili bolgenin alamj f (x)dx dir.” seklinde verilen alan
tanimu ile belirsiz integral kavramlarmmaaym anlama geldigini diigiinerek bu
cevabr vermigstir. Bundan dolay1 cevabi kismen dogru sayilmustir.

Sekil 13. O48 kodlu direncinin cevaby

Sekildeki 048 kodlu miihendislik fakiiltesi 6grencisi “belli bir hacim
hesaplamak igin integral kullanihir” seklinde bir ifade kullanmistir. Bilindigi
gibi donel cisimlerin hacmi, belirli integral yardimiyla hesaplanmaktadir.
Ogrencinin verdigi cevapta ifade ettigi hacim hesab, integral matematiksel
olarak ne ifade eder sorusuna dogru bir cevap olarak goriilmemektedir.

Sekil 14. O38 kodlu djrencinin cevabs

Sekildeki 038 kodlu miihendislik fakiiltesi 6grencisinin soruya, “belli bir
araliktaki toplam degisim” seklindeki cevabr yer almaktadir. Ogrenci, belirli
integralde bir fonksiyonun bir aralikta Riemann anlaminda integrallenebilir
olmas igin diizgiin bir P par¢alanigina gore alt ve iist Riemann toplamlarinin
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esitligi gosterilirken kullanilan toplam durumunu belirsiz integral olarak
degerlendirmistir.

Miihendislik fakiiltesi 6grencilerinin, aragtirmanin 2. sorusuna verdikleri
yanlig cevaplarin 6grencilere gore dagilimlari Tablo 7°de verilmistir.

Tablo 7. Miihendislik fakiiltesi ogrencilevinin 2.soruya vevdikleri yanlis cevaplarm
daglum

Yanlis Cevaplar Kodn Yanls Cevap Veren Ogrenciler f %
Sayilavin toplama S, 042 1 2

Tablo incelendiginde 1 mithendislik fakiiltesi Ogrencisinin, integral
matematiksel olarak “Sayilarin toplami >.” seklinde belirtme yaptig
goriilmektedir. “Integral matematiksel olarak ne ifade eder?” sorusuna yanlis
cevap veren 042 kodlu 6grencinin 6rnek cevabi agagida sunulmustur.

Sekil 15. O42 kodlu dsrencinin cevabr

Sekildeki O42 kodlu miihendislik fakiiltesi 6grencisi, “Sayilarin toplami
S” seklinde bir ifade kullanmustir. Ogrencinin cevabinin integral konusuyla
higbir ilgisi bulunmamaktadir.

Miihendislik fakiiltesi Ogrencilerinden, aragtirmanin 2. Sorusunu bog
birakan 2 6grenci belirlenmistir.

4. Sonug ve Oneri

Miihendislik fakiiltesi Ogrencilerinin tiirev ve integral konusundaki
kavramsal diizeylerini ortaya koymaya yonelik veri toplama aracindan
elde edilen bulgular, genel olarak miihendislik fakiiltesi 6grencilerinin bu
konular hakkinda ya yiizeysel olarak bilgi sahibi olduklarini ya da higbir
bilgiye hikim olmadiklarim gostermektedir. Ogrencilerin, kavramlar arast
iligkileri agiklamaya veya ifade etmeye ¢aligirken zorlandiklar1 ve bu iligkilerin
dogas1 hakkinda fazla fikir sahibi olmadiklar1 belirlenmigtir. Benzer sekilde
Ubuz’un (1999) o6grencilerin hatalarim1 kategorize ettigi galigmasinda,
“tanimlarin igerigini anlayamama” ve “verilen tanimin bir biitiin olarak
anlagilmamasindan kaynaklanmaktadir.” ifadesini kullanmugtir.
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Ik olarak, birinci sorudan elde edilen verilerine gore; miihendislik
fakiiltesi 6grencilerinin “Tiirevin matematikteki karsiligi nedir?” sorusunu
tformiile etmeye galigtiklar sirada, bu formiiliin arkasindaki kavramsal yapiy1
agiklamakta giiglitk ¢ektikleri gortilmektedir. Daha 6nce yapilan “Park
20117 galigmasinda, Ogrencilerin bir fonksiyonun tiirevini bulmak igin
cebirsel gosterimini bulmaya yoneldiklerini ortaya ¢ikarmugtir. Mithendislik
ogrencileri, farklilagma ilkelerine bagl hesaplama becerilerine sahiptirler
fakat degisim oram fikrini tiirevlerle iliskilendirmekte zorlanmaktadirlar.
Tiirevi daha derinden anlamak igin, bu fikri saglam bir gekilde kavramak
gok onemlidir (Park, 2011). Thompson (1994), 6grencilere analizde tiirev
kavramini ve teoremleri anlamalarina yardimcr olacak onerilerde bulunmusg
ancak ogrencilerden higbirinin yeterince bagarili olamadigin belirtmistir.

Integral konusuyla ilgili sorunun bulgularina gore miihendislik fakiiltesi
ogrencilerinin bu konu hakkinda eksik bilgiye sahip oldugu belirlenmistir.
Bu durum, O6grencilerin lisans matematik egitimi igerisinde yeterli
degerlendirme ve integral olugturma sorusuyla kargilagip kargilagmadiklarini
ortaya koymugstur. Literatiir incelendiginde integralin, anlagilmast en zor
kavramlardan biri oldugu anlagilmaktadir (Ubuz, 1999).

Miihendislik fakiiltesi 6grencilerine yapilan yazili uygulamanin tanim
sorularina verilen vyanitlar1 incelerken, ¢ogu oOgrencinin kavramlarin
tanimlarin bile bilmemeleri ¢ok ilging bir durum olarak yorumlanmistir.
Tiirev ve integral kavramlart dogasi geregi anlagilmasi zor kavramlardir.
Ogrenciler, tirev kavramini tam olarak anlamasalar bile, formiilleri ve
yonergeleri izleyerek bununla ilgili ¢ok sayida soruyu yanitlayabilirler.
Ogrenciler bu durumda, tiirev kavramini anladiklarina inanabilmektedirler.
Ancak aragtirmanin bulgular1 bunun tersini gostermektedir. Mithendislik
takiiltesi 6grencilerinin tiirev kavramina iliskin kavramsal bilgilerini 6l¢gmeye
yonelik aragtirma sorularinin bagar1 orani nispeten diigiiktiir. Bu baglamda
caliyma, mithendislik fakiiltesi 6grencilerinin  konuyu ezber yoluyla
ogrenmeye galistiklart veya iglem giicii sorularina oncelik verdikleri ortaya
¢ikmustir.

Ozellikle son yillarda kavramsal anlamay1 6n plana gikaran ve bunu hedef
olarak goren ogretim programlarinin iglevselligini etkileyecek etmenlerden
biri, kavramsal bilgi olarak yeter duruma gelmeye baghdir. Aragtirmanin
sonuglarina gore, mithendislik fakiiltesi Ogrencilerinin tiirev ve integral
konusunda kavramsal anlama boyutunda giigliik yagadiklarini ortaya
koymustur.
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Sonug olarak; miihendislik 6grencilerinin tiirev, integral, siireklilik ve limit
kavramlarini anlamakta ve iliskilendirmekte zorlandiklar: tespit edilmistir.

Ogrencilerin karsilastiklari bazi zorluklar ve yaptiklari hatalar:

L.

Ogrencilcrin, kavramlarin tanimlar1 veya ayrintilar1 hakkinda yetersiz

bilgiye sahip olmasi
Ezber yontemiyle 6grenilen bilgilerin yonetimi
Belirli kavramlarin birbiriyle olan iligkilerinin yanlg anlagilmasi

Sayisal veya grafikli tiirev problemlerini ele alirken cebirsel notasyonu
kullanma egilimi

. Tiirev ve integral kavramlarinin miihendislik fakiiltesi 6grencileri

tarafindan yetersiz anlagilmasi

Miihendislik fakiiltesi 6grencilerin kavramsal anlama yerine, islemsel
anlamaya yonlenmesi

Ogrcncilcrin, tiirevin tanimint kullanarak bir fonksiyonun tiirevinin
degerini bulmakla ilgili yeterli bilgiye sahip olmamalar1

Ogrencilerin, tanim ile tanimin uygulamalarini birbirine karistirdigt

Ogrencilerin soruyu ¢ozerken hangi kiime iizerinde islem yaptigina

dikkat etmedigi seklindedir.

Yanilgilar ve eksiklikler ile ilgili bu tiir aragtirmalar, ileri matematigin
biitiin konularinda ve daha genig 6grenci kitlesi izerinde yapilabilir. Caligma
sonuglar1, 6grencilerin hatirlama basamag: hakkinda bazi bilgilere sahip

oldugunu gostermektedir. Ancak, eksik ve yanlg bilgilerin tamamlanip
diizeltilmesi gerektigi diisiincesini de desteklemektedir.
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Bolim 9

Mihendislik Faktiltesi Ogrencilerinin Limit
Konusundaki Temel Bilgi Diizeyleri

Aya Alebo!
Cigdem Inci Kuzu?

Ozet

Miihendislik, matematigin uygulama alanlarindan biri olup; matematigi,
teknik bilimleri ve sosyal bilimleri kullanarak yeni triinler olugturmaya
yonelik bir uygulama siireci olarak degerlendirilmektedir. Bu galismanin
amaci, mithendislik fakiiltesi 6grencilerinin soyut bulduklar1 ve anlamakta
giiglitk gektikleri analizin temel konularindan biri olan limit konusundaki
kavram yanilgilart limit hakkindaki bilgi diizeylerini derinlemesine inmeden
genel olarak incelemektir. Caliymanin katithmcilarini, Bati Karadeniz’de bir
Universitenin Miihendislik Fakiiltesi’nin bilgisayar, makine ve elektronik
miihendisligi boliimlerinde 6grenim gormekte olan 50 ikinci sinif 6grencisi
olugturmaktadir. Caligmadaki veriler, miihendislik fakiiltesi 6grencilerine
sorulan 3 sorudan elde edilmistir. Veri toplama araci, miihendislik fakiiltesinde
okutulan genel matematik ders igeriginde yer alan temel analiz konularinda
edindikleri temel bilgilerden yola cikilarak hazirlanmistir. Caligma nitel
arastirma  yontemlerinden durum  galigmasidir.  Calisma  bulgularina
gore, mithendislik fakiiltesi Ogrencilerinin limit kavramim yalnizca
dstiinkorii bir gekilde kavradiklarini ve tamimlarin igerigini tam anlamiyla
biitiinlestiremediklerini gostermistir. Bu nedenle tiirev, limit ve siireklilik
kavramlari arasindaki iligkileri yorumlamaya cahisirken zorlandiklart ve bu
iliskilerin dogas1 hakkinda ¢ok fazla bilgiye sahip olmadiklar1 belirlenmistir.

1. Giris

Matematik egitiminin amaglarindan biri, 6grencilerin matematiksel
kavramlar1 6grenmeyi en ist diizeyde gergeklestirmeleridir. Fakat bunu
gergeklestirebilen 6grenci sayisinin az olmasiyla birlikte 6grencilerin biiyiik

1 Karabiik Universitesi, kaanyusuf629@gmail.com, 0009-0008-9242-5650
2 Karabiik Universitesi, cigdemkuzu@karabuk.edu.tr; 0000-0003-0143-2473
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bir ¢ogunlugunun matematigi zor olarak algilamasi, yagamin bir gergegi
olarak goriilmektedir (Tall & Razali, 1993). Matematiksel kavramlarin
soyut yapist digiiniildiigiinde, kavramlarin tam anlamiyla 6grenilemedigi
goriilmektedir. Matematiksel kavramlarin Ogrenimi sirasinda yaganan
giicliikler, matematik 6grenimi ve Ogretiminin zor olarak algilanmasina
sebep olmaktadir. Bu yoniiyle 6grencilerin matematik alanindaki 6grenme
giigliikklerinin tespit edilip giderilmesi gerekmektedir (Suraweera, 2002).
Matematik alaninda, kavramay gelistirmenin 6nemli fakat gii¢ bir hedef
oldugunu ifade ederek; 6grencilerin matematikteki 6grenme giigliiklerini ve
bu giicliiklerin kaynagini bilmenin, onlar1 gidermek igin 6gretim yontemi
tasarlamanin, bu hedefe ulasmada 6nemli bir adim oldugunu belirtmek
gerekir (Pape, Bell, & Yetkin, 2003). Herhangi bir konuda 6grenme giigliigii
yagayan bir 6grencinin, gelecek konularda bagariya ulagmasit zordur (Dikici
& TIsleyen, 2004). Matematik konulari, diger derslere gore daha giiglii ve
siralt bir yaprya sahip oldugu igin herhangi bir kavram, matematigin 6n sart1
durumundaki diger kavramlar kavranmadan tam olarak kavranamaz (Altun,
2003).

Analiz, matematiksel olarak anlagilmasi ve anlamlandirilmasi zor olan
konulardan olusan ve ogrenciler igin yiiksek diisiinme becerileri gerektiren
alanlarin baginda gelmektedir. Analiz alan olarak, birgok iilkede oldugu
gibi Tiirkiye’de de ilk olarak lise 6grencilerinin kargisina ¢ikmaktadir
(Bingolbali & Monaghan, 2008). Konu olarak matematigin degisen hizlarla
ilgili boliimiinii ele alan, genel matematik dersleri igerisinde bulunan
analiz; mihendislik, tip, ekonomi, iktisat, fen bilimleri ve matematik
boliimlerinde okutulan derslerden biridir (Istk & Bekdemir, 1998).
Tiirkiye’de ve birgok iilkede ortadgretim 6grencilerine yonelik matematik
programlarinda matematiksel olarak anlagilmasi ve iglenmesi gii¢ olarak
algilanan, ogrencilerde biiyiik diislinme becerisi gerektiren kavramlardan
olugan analiz dersi iglenmektedir (Yapicioglu Ulag, 2019). Matematik, fen
ve miihendislikte biiyiik 6nem tagiyan analiz konusu; ileri matematikte ilk
adim olarak kargimiza ¢ikmaktadir. Matematik, miihendisligin dili olarak
tanimlanir ve miihendislik fakiiltelerindeki boliimlerinin ilk yillarinda genel
matematik, diferansiyel denklemler, lineer cebir gibi dersler programlarda
yer almaktadirlar. Miithendisler, matematigi, teknolojiyi ve bilimi iyi bilen;
bu bilgileri, hayatta onlerine ¢ikan problemlere ¢6ziim iiretmek amaciyla
kullanabilen kisiler olarak tanimlanabilmektedirler. Miihendislik egitiminde
matematigin onemli bir yeri oldugu kabul goriirken, nasil ve ne kadar
ogretilmesi gerektigi ile ilgili tartigmalar yillardir devam ederken belli bir
kesim tarafindan, miihendislik fakiiltesi 6grencilerinin matematik bilgilerinin
yeterli olmadigini diigtinmektedir (Giiner & Comak, 2011). Limit kavrami
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tiirev, integral, siireklilik gibi pek ¢ok onemli kavramla iliskisi nedeniyle
analizin en temel kavramlar arasinda yer almaktadir (Cornu, 1991). Genel
matematik ders igeriginde limit konusundan sonra siireklilik, tiirev ve
integral kavramlar1 mevcuttur. Limit kavrami; Matematigin bir¢ok kavrami
gibi hayatla i¢inden ve diger alanlarla siki iliski igerisindedir. Bu baglamda
limitin 6grenciler tarafindan kavranmasi 6nem tagimaktadir (Alkan ve

Giiven, 2018).

2. Limit Kavrami

Limit, degisik nicelikler arasindaki fonksiyonel bagintinin belli oldugu
durumlarda, birbirine bagl biiyiikliiklerden birinin belli bir degere yaklagmasi
halinde, digerinin hangi degere yaklagacaginin incelenmesi durumudur.
Kisacasi limit, “bir fonksiyondaki degiskenin yaklagtigi bir degere karsilik,
fonksiyonun yaklagabildigi deger olarak” tanimlanmaktadir. Limit kavrami
informal ve formal (e-3) olmak iizere iki farkli sekilde tanimlanabilir;

“Limatin informal tanom: | fonksiyonu x’in a komsulwjunda tanmly bir
fonksiyonu olmak iizere, x sajdan ve soldan a’ya yaklasiwken f (x) de b gibi
bir saywa yaklagyorsn “x, a’ya yaklagyorken f (x) in limiti bdiv denir ve
£1£ral f (x) = b seklinde gosterilir”

“Limatin formal tomm: Verilen her N & >0 sayse igin oyle bir >0
sayist bulunabilivse ki 0 < |x - a| <O oldugundn ‘ f (x) —b‘ <& olwyorsa, f
Sfonksiyonunun a noktasimdaki limiti b’dir denir.” (Karadiiz, 2009).

Literatiire bakildiginda limit kavramuyla ilgili birgok aragtirma yapildig
goriilmektedir. Unver, Celik ve Giizel (2020), caligmalarinda; limitte
sir gerektiren durumlarla bag etme mekanizmalarini degerlendirmeyi ve
yanhg anlamalar1 belirlemeyi amaglamuglardir. Ogrencilerin limit kavramim
yanlig anlamalar veya alan bilgisi eksiklikleri nedeniyle, hata yaptiklarin
belirlemislerdir. Yitmez, Yilmaz ve Dinger (2022), ¢caliymalarinda; 6gretmen
adaylarinin, gok degiskenli fonksiyonlarin limit ve siirekliligine iligkin kavram
yanilgilarin1 incelemiglerdir. Aragtirmanin bulgularina dayanarak “Tek
degiskenli fonksiyonlarda limit ve siireklilik ile, gok degiskenli fonksiyonlarda
limit ve siireklilik konularini birlegtirerek kavramlar arasinda baglant1 kurmak
ve ders agamasinda ¢esitli konu temsillerine yer vermek konunun, farkl
ogrenme becerilerine sahip Ogrenciler tarafindan daha net anlagilmasini
saglayacaktir.” Onerilerinde bulunmuslardir. Turan (2016); galigmasinda,
2014-2015 yili matematik 6gretmeni adaylarinin limit, siireklilik ve tiirev
ile ilgili kavramsal yap1 anlayiglarini incelemistir. Calismadaki genel bulgular
dikkate alindiginda; limit, siireklilik ve tiirev konularinin her birinin 6ncelikle
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kendi igindeki kavramlarla iligkilendirildigi, daha sonrasinda birbirleriyle
iligkilendirildigi gortilmiigtiir.

Arasurmanin  problem ciimlesi; “Miihendislik fakiiltesi 6grencilerine
Genel Matematik I dersi igeriginde verilen limit kavramimmn en genel
haliyle miihendis adaylar1 tarafindan anlagilma diizeyleri nedir?” olarak
belirlenmigtir. Bu amag¢ dogrultusunda miihendis adaylarina limit konusuna
iligkin genel 3 soru sorulmustur.

3. Yontem

Miihendislik fakiiltesi Ogrencilerinin analizin temel konularindan biri
olan limit hakkindaki kavram yanilgilarin1 ortaya koymay: amaglayan bu
caligma, bir durum ¢aligmasidir. Cohen, Manion ve Morrison (2007) durum
caliymasini; gergek durumlarda izlenimleri gormede ve neden-sonug adi
altindaki izlenimleri kararlagtirmada etkili bir sistem olarak belirtmektedirler.
Cahigmanin katihmcilarini Bati Karadeniz’de bir Universitenin Miihendislik
Fakiiltesr’nin bilgisayar, makine ve elektronik boliimlerinde 6grenim
gormekte olan (50) 2. Smuf Ogrencisi olusturmaktadir. Aragtirmada
katihmcilarin limit konusundaki bilgi birikim stireglerinin degerlendirilmesi
amaglanmugtir. Caligmaya goniillii olarak katilan 6grencilerin isimleri gizli
tutulup, O1, O2.... O50 seklindeki kodlarla belirtilmistir. Caligma igerisinde,
miihendislik ad1 altinda farkli boliimlerden 6grencilerin tercih edilmesiyle,
caliyma Orneklerine ¢esitlilik katilmasi planlanmistir. Aragtirmaya katilan
ogrencilerin 20’si makine miithendisligi, 15’1 bilgisayar miihendisligi ve 15’1
elektronik miihendisligi boliimii 6grencisidir.

Cahgmada veriler; miihendislik fakiiltesi 6grencilerine uygulanan 3
soruluk yazili sinavdan elde edilmistir. Uygulanan yazili sinav sorular, iki
matematik egitimi uzmani ve alaninda uzman iki 6gretim tiyesi tarafindan
incelenmig ve onaylanmistir. Sinav, mihendislik fakiltelerinin 2. simf
matematik ders igeriklerinde yer alan limit konusundaki en temel bilgilerden
yola ¢ikilarak hazirlanmigtir. Caligmaya, 6grencilerin kisa siire igerisinde hizlh
bir gekilde yanitlayamayacaklari, yorumlama ve diisiinme yetenegi gerektiren
sorular dahil edilmigtir.
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Tablo 1. Veri toplama aracmdaki sorularm amaglar:

Soru Amag

1.soru Ogrencilerin limit ile siireklilik arasindaki gegise dikkat edip etmediklerini
Olgmek. “Stirekli her fonksiyon o noktada limite sahip iken tersinin gegerli
olmadigr™” bilgisini 6lgmek.

2.soru Burada paydast O olan limitlerde sonucun reel sayr olabilmesi igin
0/0 belirsizligi geregi paymnda 0 alinmasi gerektiginin bilincinde olup
olmadigini 6lgmek.

3.soru Ogrencinin limitteki ince detaylar hakkindaki bilgisini 6lgmek.

Yazili sinavlardan elde edilen veriler; cevabi dogru olanlar, cevab: kismen
dogru olanlar, cevabi yanlig olanlar ve cevabi bog birakanlar seklinde dort
temel kategoride siniflandirilmugtir.

Tablo 2. Yoz sinav dejeriendirme kategorileri

Cevabi dogru olanlar Gegerli cevabin tiim elementlerini igeren cevaplar
verenler.

Cevabi kismen dogru Gegerli cevabin elementlerinden en az birini igeren

olanlar fakat hepsini igermeyen cevaplar verenler.

Cevabi yanlis olanlar Gegerli cevapla alakasiz bilgiler igeren, yanls ya da

mantiksiz cevap verenler.

Cevabi bos birakanlar Cevabi bog birakanlar.

4. Bulgular

Aragtirmanin Birinci sorusu olan “Limit ile siireklilik arasinda baglanti
var m1? yorumlayiniz.” sorusuna ait bulgular agagida sunulmustur.

Miihendislik fakiiltesi 6grencilerinin aragtirmanin 1. sorusuna verdikleri
dogru cevaplarin 6grencilere gore dagilimlar: Tabloda verilmistir.

Tablo incelendiginde 17 miihendislik fakiiltesi 6grencisinin limit ile
stireklilik arasinda baglanti oldugunu “Siirekliyse mutlaka limit vardir.”
seklinde bir agiklama yaptigi, 7 Ogrencinin “Limit olmadan siireklilik
aranmaz.” $eklinde bir agiklama yaptigi, 5 6grenicinde “Her limit siirekli
olmak zorunda degil.” Seklinde bir agiklama yaptigi, 3 Ogrenicinde
«“ lim f (x) = liﬁm+ f (x) =f (a)” Seklinde bir agiklama yaptig1, 2 6grenicinin

“Stireklilik limite yaklagimi ifade eder.” seklinde bir agiklama yaptigr ve 2
ogrencinin de “Limit varsa siirekli olmak zorunda degil.” Seklinde bir
agiklama yaptig1 goriilmektedir. Siireklilik ile limit arasindaki iliski(baglantr)
agagidaki gibidir.
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“Her fonksiyonun, siivekli oldwgn noktadn limiti vardw fokat limitin oldugn
noktada siiveklilik olmayabilin” (1)

“Limit ile siireklilik arasinda baglant1 var mudir yorumlayimiz?” sorusuna
dogru cevap veren 6grencilerden birkaginin 6rnek cevabi agagida sunulmugtur.
Ogrencilerin verdigi cevaplar, (1) baglantisindaki agiklamaya denktir.

Tablo 3. Miihendislik fakiiltesi ogrencilerinin avastwmanmn 1. sorusuna verdikler
dogru cevaplarmn frekans ve yiizdeleri

Dogru Cevap Kodu Dogru Cevap Veren Ogrencﬂer f %

Stirekliyse mutlaka limit vardir. QZI, Q9, (“)1.2, Olﬁ, 616? 03, Q24,
02, 019, 020, 027, 028, O35, 17 34

037, 038, 039, 041
Limit  olmadan  siireklilik QSI, QZZ, Q23, 026,
aranmaz. 040, 044, O45 7 14
Her limit stirekli o ) ) )
Olmak zorunda degil. 05, 043, 046, 047, O50 5 10
hmf(x)zhmf(x):f(a) 04, 029, Ol 3 6
Stireklilik limite o
Yaklagimu ifade eder. 07,030 2 4
Limit varsa stirekli olmak ) )
Zorunda degil. 013, 036 2 4

Sekil 1. O21 kodlu djrencinin cevabr

Sekil 2. O31 kodlu irencinin cevabr

Sekil 3. O5 kodlu Gjrencinin cevabr
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Sekil 4. O4 kodlu djrencinin cevabr

Sekildeki 04 kodlu  miihendislik  fakiiltesi
lim £ (x) = lim f(x) = f(a) $cklinde bir ifade kullanmugtir.

ogrencisi,

Sekil 5. O7 kodlu direncinin cevaby

Sekil 6. O13 kodlu Girencinin cevabs

Miihendislik fakiiltesi 6grencilerinin, aragtirmanin 1. sorusuna verdikleri
kismen dogru cevaplarin 6grencilere gore dagilimlar Tabloda verilmigtir.

Tablo 4. Miihendislik fakiiltesi ogrencilevinin 1.soruya verdikleri kismen dogru
cevaplarm dagiluna.

Kismen Dogru Cevap Kodlar: Kismen Dogru Cevap f %
Veren Ogrenciler
Limit devam ettigi noktalar

streklidir. 042 1 2
Limitte tanimsizlik 6nemli degil, )
stireklilik tanimli olmal. 048 1 2
Var (agiklama yapilmamus) )

03 1 2

Tablo incelendiginde, 1 miihendislik fakiiltesi 6grencisinin limit ile
stireklilik arasindaki baglantiyr “Limit devam ettigi noktalar stireklidir.”
seklinde ifade ettigi, 1 6grencinin, sorunun cevabint sadece “var” seklinde
ifade edip herhangi bir agiklama yapmadig1 ve 1 6grencinin de “Limittin
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tanimsizlik onemli degil siireklilik tanimli olmali.” seklinde bir agiklama
yaptig1 goriilmektedir.

“Limit ile siireklilik arasinda baglanti var m1 yorumlayiniz?” sorusuna
kismen dogru cevap veren ogrencilerden birkaginin 6rnek cevabr agagida
sunulmustur.

Sekil 7. O42 kodlu direncinin cevabr

Sekil 8. O48 kodlu drencinin cevabr

Sekil 9. O3 kodlu dgrencinin cevabr

Sekildeki O3 kodlu miihendislik fakiiltesi 6grencisi, “var” seklinde bir
ifade kullanmigtir. Ogrenci bir baglant1 oldugunu duymug ama ne oldugunu
hatirlayamamugtir. Dolayisiyla herhangi bir agiklama yapmamugtir.

Miihendislik fakiiltesi 6grencilerinin, arastirmanin 3. sorusuna verdikleri
yanlig cevaplarin 6grencilere gore dagilimlar: Tabloda verilmigtir.
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Tablo 5. Miihendislik fakiiltesi dgrencilerinin 1.soruya vevdikleri yanlas cevaplarin

daglune
Yanlis Cevap Kodlar1 Yanliy Cevap Veren f %
Ogrenciler

Baglanti yoktur. 014, 010, 017, 032, 049 5 10
Limit varsa stireklidir. 06, 011, 018, 033 4 8
Siireklilik yoksa limit yoktur. 034 1 2
Limit ve siireklilik egim bulmak
i¢in kullaniliyor. ..

08 1 2

Tablo incelendiginde; 5 miihendislik fakiiltesi 6grencisi limit ile siireklilik
arasinda bir baglanti olmadigini “Baglanti yoktur.” $eklinde ifade ettigi,
4 oOgrencinin “Limit varsa siireklidir.” $eklinde bir agiklama yaptigi, 1
ogrencinin “Stireklilik yoksa limit yoktur.” seklinde bir agiklama yaptig1 ve 1
ogrencinin de “Limit ve siireklilik egim bulmak i¢in kullaniliyor.” Seklinde
bir agiklama yaptig1 goriilmektedir.

“Limit ile siireklilik arasinda baglanti var m1 yorumlaymniz?” sorusuna
yanlig cevap veren 6grencilerden birkaginin 6rnek cevabr agagida sunulmustur.

Sekil 10. O14 kodlu Gjirencinin cevabs

Sckil 11. O6 kodlu djrencinin cevabs

Sekildeki O6 kodlu miihendislik fakiiltesi 6grencisi, “sag ve sol limitleri
ve o noktadaki degeri esit ise limit vardir ve siirekli olur.” seklinde bir ifade
kullanmistur.
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Sekil 12. O34 kodlu Girencinin cevabs

Sekil 13. O8 kodlu djrencinin cevabs

Sekildeki O8 kodlu miihendislik fakiiltesi dgrencisi, “Limit ve siireklilik
egim bulmak i¢in kullaniliyor.” seklinde bir ifade kullanmugtir.

2
. . X" +ax+5 . Lo
Aragtirmanin ikinci sorusu olan “lim T3 - b,b € R iseadegerine
X X—

olmalidir? sebebini agiklayiniz.” sorusuna ait bulgular agagida sunulmugtur.

Miihendislik fakiiltesi 6grencilerinin, aragtirmanin 2. sorusuna verdikleri
dogru cevaplarin 6grencilere gore dagilimlar: Tabloda verilmistir.

Tablo 6. Miihendislik fakiiltesi dgrencilerinin, arastwrmann 2. sovusuna vevdikleri
dogru cevaplarmn frekans ve yiizdeleri

Dogru Cevap Kodlar: Dogru Cevap Veren Ogrenciler f %
Istenilen sebebi agiklamamig Q37, Q6, 0”15, Qlé, Q29, QZI,
ama a degerini dogru 035, 050, 07, 010, O13, O14, 18 36
bulmugtur. 026,028, )

036, 038, 041, 045
Carpanlara ayirma metodu Q39, Q9, 03 1,
ile ¢oziime ulagmus. 032, 02, 04, 046 7 14

Tablo incelendiginde, aragtirmanin 2. Sorusuna 6grencilerin %50’sinin
(f=25) dogru cevap verdigi goriilmektedir. Bunlardan 18’1 a degerini bulmug
takat sebebini agiklayamamugtir. 1471 ise ¢arpanlara ayirma metodu ile dogru
¢oziime ulagmustir.
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w.. X +ax+5
lim———

x—3 x—3

=b,beR Isea degeri ne olmalidir sebebini agiklayiniz?”

sorusuna dogru cevap veren O37 kodlu 6grencinin 6rnek cevabi agagida
sunulmustur.

Sekil 14. O37 kodlu djrencinin cevabr

Yukardaki sekilde O37 kodlu miihendislik fakiiltesi &grencisi, “a” degerini
direkt olarak bulmugtur. Ogrenci 9 belirsizligi durumunda reel say1 sonucuna
ulagilacag bilgisine sahiptir ve pay1 O esitleyerek a degerini bulmustur.

Sekil 15. 039 kodlu Girencinin cevabs

Yukardaki sekilde O39 kodlu miihendislik fakiiltesi 6grencisi, garpanlari
ayirma metodu ile ¢6ziime ulagmustir.

Miihendislik fakiiltesi grencilerinin, aragtirmanin 2. sorusuna verdikleri
yanlig cevaplarin 6grencilere gore dagilimlari tabloda verilmistir.
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Tablo 7. Miihendislik fakiiltesi dgrencilerinin 2. soruya vevdikleri yanlis cevaplarmn

daglum
Yanlis Cevaplar Kodlar1 Yanlis Cevap Veren Ogrenciler f %
_ oo 034, 020, O44 3 6
023, 040, 024, 048,
Tiirevi almus. 043, Ol11, 049, 042, 15 30
05, 017, 018, 019,
027,030, 033
Carpanlara ayirma metodunu o )
kullanmig fakat ¢oziim yanlis. 047, O1, 022, O12 4 8
A igin bir aralik tahmini 025 1 2
yapmus.
Tkinci dereceden ayrima )
yapmig 08 1 2
2
Tablo incelendiginde, 3 mithendislik fakiiltesi dgrencisinin fim ~—+% >
x—3 x—3

= b, b € R ise a degeri ne olmalidir sebebini agiklayimiz? Sorusuna “—o0
. seklinde bir tanimlama yaptig1, 15 6grencinin tiirevi aldig1, 4 6grencinin
carpanlara ayirma metodunu kullandigr fakat yanhs ¢oziime ulagtigr, 1
Ogrencinin “a” igin bir aralik tahmini yapmig oldugu ve 1 6grencinin de
ikinci dereceden bir ayirma yaptigi goriilmektedir.

2
. +ax+5
« llmw = b, b €R ise a degeri ne olmalidir? Sebebini

x—3 x—3
agiklayimiz.” sorusuna yanlg cevap veren 6grencilerden birkaginin 6rnek
cevabr agagida sunulmusgtur.

Sekil 16. O34 kodlu gjrencinin cevaby

Yukardaki sekilde O34 kodlu miihendislik fakiiltesi Ogrencisi, —oo
seklinde bir ifade kullanmistir. Ogrenci soruyu tamamen yanlis anlamig ve
yanlig ¢oziimlemistir.
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Sekil 17. 023 kodlu djrencinin cevabs

Yukardaki sekilde O23 kodlu miihendislik fakiiltesi 6grencisi, tiirevi
alarak sifira esitlemigtir. Bu cevabin sorunun ¢6ziimii ile higbir ilgisi yoktur.

Sekil 18. O47 kodlu djrencinin cevabs

Yukardaki sekilde O47 kodlu miihendislik fakiiltesi 6grencisi, carpanlar
ayirma metodunu kullanmay1 denemig fakat herhangi ilerleme gostermemistir.

Sekil 19. O25 kodlu djrencinin cevabs

Yukardaki sekilde O25 kodlu miihendislik fakiiltesi 6grencisi, ikinci
derece denklemin deltas1 yardimiyla a igin bir arahk tahmini yapmuistir.
Bunun ¢6ziim ile higbir alakasi yoktur.
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Sekil 20. O8 kodlu Gjrencinin cevaba

Yukardaki sekilde O8 kodlu miihendislik fakiiltesi 6grencisi, ikinci
dereceden denklemi ¢arpanlarina ayirmaya caligmug fakat yanlig sonuca

ulagmustir.

Miihendislik fakiiltesi 6grencilerinden, aragtirmanin 2. sorusunu bog

birakan 1 6grenci belirlenmistir.

Tablo 8. Miihendislik fakiiltesi oirencilevinin avasturmann 3. sorusunun 1 kismma

verdikleri dogru ve yanls cevaplarm firekans ve yiizdeleri

3.soru 1.
Kisim

Limit degerinin
her zaman
fonksiyon
degerine esit
olmadigini
biliyor (dogru)

Limit degeri
ile fonksiyon
degerinin

her zaman
aynt olmast
gerektigini
santyor (yanlis)

Verilen Cevap
Kodu

\/

Isareti Koyan
Onermeyi
Dogru Kabul
Edenler
(Cevab1 Dogru
Olanlar)

X
Isareti Koyan
Onermeyi
Dogru Kabul
Edenler
(Cevabi Yanhs
Olanlar)

Dogru ve Yanlig Cevap Veren
Ogrenciler

031, 02, 020, 029, 044, O5,
08,018, 046, 048, 027, 043,
021, 016, 045, 03, 028, 09,
025, 04, 019,

01, 015, 049, 011, 032, 024,
013, 033, 039, 040, 035,
050, 06, 037, 047, 026, 022,
038,010, 07,017, 036, 014,
041,

23, 34,42, 30, 12,

f

%
21 42
29 48

Aragtirmanin tigiincii sorusu olan “L bir gergel say1 olmak iizere, gergel
sayilarkiimesitizerindetanimlifve gfonksiyonlartigin lim f(x) = limg (x)=L
esitligi saglaniyor. Buna 2 =2
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gore, I—f(2) = g(2)

II—lim(f(x)—g(x))zo

x—2

i LX)
1 }Clil’zlg(x) -1

Segeneklerden hangisi her zaman dogrudur? Agiklayimz.” sorusuna ait
bulgular agagida sunulmugtur.

Miihendislik fakiiltesi Ggrencilerinin, aragtirmamin 3. sorusunun E
kismina verdikleri dogru ve yanhs cevaplarin 6grencilere gore dagilimlar
Tablo 8’de verilmigtir.

Tablo incelendiginde 6grencilerin yarisindan fazlasinin 3. sorunun I.
lasmini yanhs cevapladiklari goriilmektedir. Ogrencilerin %42’si limit
degerinin her zaman fonksiyon degerine esit olmadigini bildigi, %48’inin
limit degeri ile fonksiyon degerinin her zaman ayni olmasi gerektigini
sandig1 belirlenmistir.

Soruyla ilgili baz1 6grenci cevaplari agagida sunulmustur.

Sekil 21. O31 kodlu Girencinin cevaba

Yukardaki sekilde O31 kodlu miihendislik fakiiltesi 6grencisi soruya
dogru cevap vermistir. Verilen hipotezde limitlerin esitligi verilmigtir. Limit
degeri fonksiyon degerinden bagimsizdir ve esit olmak zorunda degildir.

Hatta fonksiyon o noktada tanimli olmadigs halde bile limit mevcut olabilir.
Bundan dolay1, hipotezdeki limitlerin esitligi, fonksiyon degerlerinin 2
noktasinda esit olmasini gerektirmez. Ogrencinin cevabi dogrudur.

Sekil 22. O1 kodlu Gjrencinin cevabs
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Yukardaki sekilde O1 kodlu miihendislik fakiiltesi 6grencisi soruya yanlig
cevap vermigtir. Bir 6nceki 6grencinin verdigi cevabin i¢lemesinde oldugu
gibi limitlerin esitligi, fonksiyon degerlerinin egit olmasini gerektirmez.
Bundan dolay1 6grencinin cevabr yanlistir.

Miihendislik fakiiltesi Ogrencilerinin, arastirmanin 3. Sorusunun II.
kismina verdikleri dogru ve yanlg cevaplarin 6grencilere gore dagilimlar:

Tablo 9°da verilmistir.

Tablo 9. Miihendislik fakiiltesi ogrencilevinin avastwmanin 3. sorusunun I1. kismmna
verdikleri dogru ve yanlis cevaplarm firekans ve yiizdeleri

3.soru II. Kisim

lim(f (x)-g(x)) =0
her L € R i¢in dogru

b

Verilen Cevap Dogruve Yanls Cevap  f

Kodu

X
Isareti Koyan
Onermeyi
Dogru Kabul
Edenler
(Cevabi Yanhs
Olanlar)

\/

Isareti Koyan
Onermeyi
(Dogru Kabul
Edenler)

(Cevab1 Dogru
Olanlar)

Veren Ogrenciler %
016, 025, 08, 013,
039, 028, 035, 050,
026, 038, 07, 014,
041, 049, O34, 019,
032, 024, 033, 05,
018, 030

22 44

031, 012, 040, 023,
037, 01, 02, 046,
015, 04, 048, 027,
043, 045, 03, 09,
06, 047, 022, O10,
017, 036, 042, 029,
011, 044, 021, 020

28 56

Tablo incelendiginde 6grencilerin yarisindan fazlasinin 3. sorunun II.
kismint dogru cevapladiklari goriilmektedir.

Soruyla ilgili baz1 6grenci cevaplar agagida sunulmugtur.
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Sekil 23. O7 kodlu djrencinin cevaby

Yukardaki sekilde O7 kodlu miihendislik fakiiltesi 6grencisi, soruya yanhs
cevap Vermistir.

Sekil 24. O31 kodlu Gjrencinin cevabs

Yukardaki gekilde O31 kodlu miihendislik fakiiltesi 6grencisi, soruya
dogru cevap vermistir. Hipotezde limitin var oldugu belirtildiginden, II.
onerme her zaman gegerlidir. Bu durumda 6grencinin cevabi dogrudur.

Miihendislik fakiiltesi 6grencilerinin, aragtirmanin 3. Sorusunun @ .
kismina verdikleri dogru ve yanls cevaplarin 6grencilere gore dagilimlar
Tablo 10°da verilmistir.
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Tablo 10. Miihendislik fakiiltesi ogrencilevinin avastuwmann 3. Sorusunun I11.
kismana verdikleri dogru ve yanlis cevaplarmn fiekans ve yiizdeleri.

3. Soru III. Kistm Verilen Cevap ~ Dogru ve Yanlis Cevap f

0
Kodlar1 Veren Ogrenciler %0
. \ G2, 019, O42, 625,
. f(x) [sarcti Koyan 09, 028, 03, 032, 12 24
m=lm=——5 =1 Gnermeyi 24, 013, O44, O15
g (x ) Dogru Kabul
Edenler
(Cevabt Dogru
Olanlar)

Yanhs Kabul 012, 035, 05, 031,
Edenler 046, 01, 037, 023,
08, 030, O34, 049,
(Cevabr Yanhs ~ O41, O14, 036, O17, 38 76
Olanlar) 07, 010, 038, 022,
026, 047, 06, 050,
045, 043, 027, 04,
033, 039, 018, Ol6,
040, 020, 029, 048,
011, 021

Tablo incelendiginde 6grencilerin neredeyse tamamina yakini 3. sorunun
II. kismimi yanhs cevapladiklar1 goriilmektedir. Miihendislik fakiiltesi
ogrencileri;

AC)

=1
x—2 g(x)

L# 0 ise her zaman dogru
L =0 ise dogru olmayabilir

L=0 da 0 belirsizligi olustugunu goérememistirler.

5. Tartigma ve Sonug

Tiirev kavraminin bir bileseni olan limit kavramini anlamak son derece
onemlidir. Miihendislik fakiiltesi 6grencilerine Genel Matematik I dersi
igeriginde verilen limit kavraminin miihendis adaylar tarafindan en genel
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haliyle anlagilma durumunu belirlemek amaci ile yapilan bu ¢aligmanin
bulgularina gore miithendis adaylarinin biiytik bir kisminin limit kavramina
dair yanlg birikimler edindigi belirlenmistir. Sorular yazili geklinde olup
goktan se¢meli olmadigindan sans faktoriiniin neredeyse hi¢ etki etmedigi
soylenebilir. Sonuglar Miihendis adaylarinin tanimi ezberlemenin yani sira
tanim {iizerinde yapilan iglemleri de ezberlediklerini gostermistir. Bu sonug
farkli ¢aligmalar ile de paralellik igindedir (Barak, 2007). Miihendislik
fakiiltesi 6grencilerinin sag ve sol limit kavramlarinin sezgisel olarak ne
anlama geldigini anlayabildikleri; ancak bazi 6grencilerin bu kavramlar
hakkinda kavram yanilgilarina sahip olduklar1 belirlenmistir. Benzer sekilde
Baki ve Cekmez (2012) ¢aligmalarinda limit kavraminin 6grenciler tarafindan
ezberlendigini belirtmiglerdir. Miihendislik fakiiltesi 6grencileri limit ve
tiirev arasindaki iligkiyi, “tiirev bir limittir” geklinde ifade etmektedirler
ve sorularin ¢oziimiinde bu iliskiyi derinlemesine inceleyemedikleri
goriilmektedir. Limit ve siirekliligin en temel anlayigi, fonksiyonun o
noktada tanimlanmig olmasi ve limit degerinin fonksiyonun goriintiisiine
esit olmasi koguluyla, fonksiyonun o anda tanimlanmasi gerekmeksizin bir
noktada limitinin olabilecegidir. Ogretmen adaylar1 ile yapilan gahigmalarda
da limit ve stireklilik kavramlarina iliskin 6gretmen adaylarinin da gesitli
hatali diigiincelere sahip olabildikleri gortilmektedir. Bir fonksiyonun limiti
oldugu yerde tanimli ve siirekli olmas: gerektigi fikrine iligkin bulgulardan
biri, 6gretmen adaylarinin limitin alindig1 yerde fonksiyonun siirekli olmas:
ve belirtilmesi gerektigine inandiklart geklindedir (Bastiirk, & Donmez,
2011). Ayrica ¢aligma; siireklilik ve limit arasindaki iliskilerin tam olarak
kurulamadigini ve 6grencilerin bu konuda yanlg fikirlere sahip olduklarini
gostermigtir. Limit ve siireklilik fikirleri ile tiirev kavrami arasindaki iligki
genellikle tanimlar diizeyinde anlagilmaktadir. Ancak, bu tanimlarin detaylar1
tam olarak anlagilamamigtir. Mihendislik fakiiltesi 6grencileri, kavramlar
arasindaki iligkileri dogru bir sekilde belirleyemedikleri igin limit konusunu
anlamakta zorlanmislardr.

Sonug olarak; miihendislik 6grencilerinin limit kavramlarini anlamakta
ve iligkilendirmekte zorlandiklari tespit edilmistir.

Miihendis adaylarinin kargilagtiklar bazi zorluklar ve yaptiklar: hatalar:

1. Ogrencilerin, kavramlarin tanimlart veya ayrintilari hakkinda yetersiz
bilgiye sahip olmasi

2. Ezber yontemiyle 6grenilen bilgilerin yonetimi

3. Belirli kavramlarin birbiriyle olan iligkilerinin yanls anlagilmasi
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4. Limit kavramlarinin miihendislik fakiiltesi 6grencileri tarafindan
yetersiz anlagilmasi

5. Miihendislik fakiiltesi 6grencilerin kavramsal anlama yerine, islemsel
anlamaya yonelmesi

6. Ogrencilerin soruyu ¢6zerken hangi kiime iizerinde islem yaptigina

dikkat etmedigi seklindedir.

Yanilgilar ve eksiklikler ile ilgili bu tiir aragtirmalar, ileri matematigin biitiin
konularinda ve daha genig O0grenci kitlesi iizerinde yapilabilir. Caligmaya,
ogrencilerin kisa siire igerisinde hizli bir gekilde yanitlayamayacaklari,
yorumlama ve diistinme yetenegi gerektiren sorular dahil edilmigtir. Caligma
sonuglari, 6grencilerin hatirlama basamag: hakkinda bazi bilgilere sahip
oldugunu gostermektedir. Ancak, eksik ve yanlg bilgilerin tamamlanip
diizeltilmesi gerektigi diisiincesini de desteklemektedir.
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Abstract

In this study, optimality conditions of a beam model based on Mindlin’s gradient elasticity theory is stud-
ied. The beam system depends on the external excitation function, non-homogeneous boundary conditions and
some mixed integral constraints including ineqality/equality on the control function and state variable. Before
obtaining the optimality conditions of the system, energy integral method is employed for proving the uniqueness
of the solution of the beam system. Controllability properties of the system is also discussed. Adjoint system
corresponding to beam system is derived with suitable terminal conditions for achieving the maximum principle.
The beauty of the present paper is that the necessary and sufficient optimality conditions of a hyperbolic beam
equation based on Mindlin’s gradient elasticity theory are firstly derived in this paper in the form of a mazimum
principle. In order to show the confirmation of the obtained theoretical results, a real mechanical problem is

illustrated and results are presented in the table and graphical forms.

1 Introduction

The contributions of classical continuum theories, including nonlinear or linear plasticity and elasticity, to science
and engineering to improve the human life quality by modeling solid and structures are deniable. These continuum
theories which are also named Euler-Bernoulli or Timoshenko models were introduced in 1750s for explaining the
conservation laws of solid and structures in macro-scales. After 1920s, especially later than detailed usage of
advanced optical and electron microscopes, the dimensions of structures and systems in engineering and material
science are scaled down to micro and nano-domains. The elasticity properties and characteristic behaviors of
materials in the micro-nano domains was also tried to explained by means of classical continuum models at the
beginning. But observations made by advanced electron and optical microscopes show that classical continuum
theories are not able to explain the characteristic behaviors and elasticity properties of micro or nano-scaled
solid and structures due to lack of an internal length scale parameters, characteristic of the underlying nano
or micro structured materials, from the constitutive equations. In order to overcome this difficulties, several
studies and theories are introduced in the papers [1]-[11]. In [8], Mindlin introduced and developed gradient
elasticity theory which is comprehension of linear elasticity theory which contains higher-order terms to taking
into account for structural effects in micro-size or couple stress effects in materials. Mindlin improved his theory by
including new terms in the expressions of potential and kinetic energy and introducing intrinsic micro-structural
parameter without however providing explicit expressions that correlate micro-struc-ture with macro-structure
[13]. According to Mindlin’s this theory, the energy in the strain is subject to the elastic strain and gradients of the
elastic strain. Due to these gradients, constitutive equations includes additional coefficients with the dimension of

1 Mus Alparslan University, Mus, Turkey. E-mail:k.yildirim@alparslan.edu.tr
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a length which are called gradient coefficients. For sake, see, [1]-[13]. Since then, many researchers studying strain
gradient elastic theories, reproduced either from lattice models or homogenization approaches, have presented
in the literature. Although gracious, none of them derives as a whole the equation of motion as well as the
on-classical or classical boundary conditions seeming in Mindlin theory, in terms of the taken into account lattice
or continuum unit cell. Moreover, no continuum or lattice models that affirm the second gradient elastic theory of
Mindlin presented in the literature. In [13], authors introduce a model equation of motion, appearing in Mindlin
theory, confirming the Mindlin second gradient elastic theory. On the other hand, in order to determine the
necessary and sufficient optimality conditions for these kind vibrating systems, Maximum principle is introduced
by L. S. Pontryagin 1960s as a necessary condition for optimal control problems representing in way of ordinary
differential equations[14]. In [15], Egorov also shows that maximum principle is also necessary requirement for
some class optimal control problems modeled by partial differential equations. In [16, 17], Barnes and Lee proved
that maximum principle is sufficient requirement for control problems under some convexity assumptions on the
constraints functions. Russell and Komkov studied for obtaining the necessary and sufficient conditions of similar
vibrating systems including quadratic cost functionals[18, 19].In [20], Active control of an improved Boussinesq
system is achieved via maximum principle. In [21], Necessary and sufficient conditions for a vibrating Euler-
Bernoulli beam system, including control functions more than one, is achieved in the form of maximum principle.
In [22], necessary and sufficient conditions of a distributed parameter system is derived. The original contribution
of the present paper to literature is that the necessary and sufficient optimality conditions of a beam system,
satisfying Mindlin gradient elasticity theory, is firstly derived in the form of maximum principle in this paper.
Specifically, in the light of [21] and [22] in present study, necessary and sufficient optimality conditions of
a beam model satisfying Mindlin’s gradient elasticity theory is studied. The beam system under consideration
depends on the external excitation function caused to undesirable vibration in the system, non-homogeneous
boundary conditions showing thermal or magnetically effects and some mixed integral constraints including in-
eqality /equality on the control function and state variable. Before obtaining the optimality conditions of the
system, by employing the energy integral method, the uniqueness of the solution to the beam system is proved.
Controllability properties of the system is also discussed via observability. Adjoint system corresponding to beam
system is introduced with suitable terminal conditions for achieving the maximum principle. In order to indicate
the confirmation of the obtained theoretical results, a numerical example is given and results are presented in the
table and graphical forms. By observing the table and graphics, it is that introduced conditions in the form of
maximum principle are necessary and sufficient for optimality. Consider the following beam system defined in
13];
2 2 od 4 56 2 2/ 4
%+%% %%Zé(%*%%%)+f(t,z)+C(t,z) (1)
where v(t, z) is the transversal displacement at (¢,z) € Q = {(t,z) : t € [0,¢f],z € [0,4]}, z is space variable, ¢ is
the length of the beam, ¢ is time variable, ¢; is the final time of control duration, ¢* = % in which p is mass density
of the beam and E is modulus elasticity, p" = p is the the density of the micro-structural cells, f is external excita-
tion function, C(¢, z) is control function, C(t,z) = C(t, z) or generally C(¢,z) = C(t)D(x) in which C(t) is the con-
trol force function and D(t) is a function presenting the distribution of the control force, C(t, ) € €qq in which €44
is the set of admissible control functions and defined by €qq = {C(t,2)|C(t,x) € L*(Q), |C(t,z)| <m < o0}, m

is a constant. Eq. (1) is subject to the following initial conditions

v(0,z) = vo(x), %(O,x) = (), (2)
6714)(13)
ox

and Lz(Q) presents the Hilbert space of real-valued square-integrable functions defined in the domain €2 with

in which wo(z) € H'(0,6), H'(0,£) = {uo(z) € L*(0,0) : € L*(0,0)}, wi(z) e L*(0,0),

following inner product and norm given in the sense of Lebesque;

16 1P=<6.6> <ép>a= / dpd.
Q
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Eq.(1) is subject to following non-homogeneous boundary conditions

W00 =G, TEE0 =G, TEE0) =G0, Y60 =G0, TELO=G60, TH60=G0,
®
or
3 5 3 5
Lho=ab, SLLO=60, TLGEO=60, LwH=60, L5060 =60, %(t,e):s(i()w.

Let us make the following assumptions on the system;
(A1) 2 2 07w c [2(Q), Q isclosureof Q, i=0,1,2 j=0,1,.,6, mn=012
(A2) Gi(t),&(t) € LA(Q), i=1,..,6.

Then, the system addressed by Egs.(1)-(4) has a solution[27].

gmtn,,

Lemma 1. The system called by Egs.(1) -(4) has a unique solution.

Proof. Let us that v1 and v» are two solutions to the system under the same conditions. Then the difference

u = v1 — vy satisfies the following homogeneous initial conditions

u(z,t) =0, w(z,t)=0 at ¢t=0 (5)
and boundary conditions
0*u o*u 9*u o*u
u(t,0) =0, P 2(t 0) =0, g 4(t 0)=0, wu(t,t)=0, EE 2(t )= e 4(t )= (6a)
or
Ju 0*u ®u du 9*u ®u
Lo=0 SHLO=0, THL0 =004 =0, SEen=0 SLwH=0,  (6b)
and equation of motion becomes as follows;
5 o 1 16y
Ugz T+ ﬁu;wrrx + %uwrrxwr -2 Ut + — 23 » —Uttze =0 (7)

Let us show that u is identically equal to zero. Then, introduce the following energy integral;

‘
1 [ N S, LU A L NP B 7 o
Bit)=- [ {2 R A S
®) 2/{322(u)+128x4(u)+368x6(u) cQ(u)+623p3232( )}dw ®
0

and show that E(t) is independent of ¢. Differentiating E(t) with respect to ¢, it is easy to see following equality;

¢
dE(t) 7/ 0* @ 50 i 1 10620 92

dat Ox? (uue) + 12€ Oz (uue) + 36 0z (uue) c? (uewee) + 23 pox gz (weet) pdo ©)

0

Integrating by parts and using boundary conditions indicated by Eq.(6), Eq.(9) becomes

L

dE(t ~ IS 1 162
% = / {uu + g Usaaa + g Uaaaaee — Ut += 23, “Uttaw }mdm (10)
0
Due to Eq.(7), following equality is observed
dE(t)
dt
Regarding the conditions defined by Eq.(5), one obtains;

=0, thatis E(t) = constant.

dxr =0.

t=0

RN N L N S PPN PN
W-a/{w(u”ﬁ@(“”%%W*é(“”:ﬁ;w( )}
0

Hence, it becomes obviously that u(z,t) is zero, identically and u = v1 — v2 = 0 = 1 = vo. Namely, the system
under consideration has a unique solution. O
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By considering Lemma 1, it is concluded that for saving the uniqueness of the solution v(x,t), corresponding
control function C(t, ) has to be unique. In this case, it is said that the system under consideration has a unique
solution v(x, t) and a unique control function C(¢, ). Then, system introduced Eqgs.(1)-(4) is referred as observable.
Hilbert Uniqueness method indicates that observable is equivalent to controllable. As a conclusion, Egs.(1)-(4) is
controllable [25, 26].

2 Optimal Control Problem

The main goal of the optimal control problem is to determine optimal control function C°(t, z) € €,4 minimizing
the performance index functional at a given terminal time ¢;. The performance index functional of the system, is
consisted of a sum of modified energy of the beam and control effort used up in control duration, introduced as
follows;

£
Jo(f(t, ) = /[Ql(zw(t.f’w)) + Ga(z, (b5, ))]de

. (ay
+//go(t,z,u(t,z),(f(t,z))dtdw.
00
Admissible control function C(t,z) subject to the Eqs.(1)-(2) and the following constraints
0 ty ¢
/hz(x, vi(ty, z)dx + / G_o(t,z,v(t,z),C(t, z))dtde = c_o, (12a)
0 0 0
0 tr ¢
/hl(w, v(ty,z)de + /gfl(t,ml/(t, z),C(t,z))dxdt = c_1, (12b)
0 00
[T
//Qi(t,z,u(t, x),C(t,x))dedt < c¢;;, 1<i<m, (12¢)
00
tp ¢
/gi(t,z, v(t,z),C(t,x))dedt = c;, m<i<M (12d)
00
in which, for ¢ = =2, —1,1,..., M, h1, h2,Go,G; are continuous functions of their all parameters. Also, h1,Go,G:
for i = —2,-1,1,..., M are the functions having continuous derivation respect to v. Also, ha, G2 are functions

having continuous derivation respect to v;. Suppose that C°(t, ) is optimal control function with corresponding
to optimal displacement v°. By assuming (t1,21), ..., (tp,zp) are P arbitrary points in the open region Q and
Cj(t,x), j =1,..,P are P arbitrary subfunctions of admissible control function C € €4q. Also, let us assume
that 21 < @2 < ... < ap. Let ¢ > 0 be for z; + Ps < z; if v; < 25, ap+ Ps < { and t; +¢ < ty for each
0 <i < P. Let e1,...,ep be real parameters satisfying 0 < &; < ¢?. Let X1 = x1 and X; = x; + VEL+ BT
be for 1 < j < P. Hence, the intervals X; < x < X; + /& and the rectangles R; : [t;,t; 4+ /2] x [X;, X;j + /&)
do not have any intersection for 1 < j < P, respectively. ¢ denotes the vector (e1,...,ep) € R, R” is a space in

the manner of P— dimensional Euclidean, and € = |¢| = 1 + ... + ep. Control C.(t,x) € Q is defined by

P
Co(tx) it (tz)¢ U Ry,
j=1
C(t,z) if (t,x)€R;, j=1,...P

Co(t,x) = (13)

3 Adjoint System and Optimality Conditions

Necessary requirement for optimality is obtained by means of maximum principle. Assuming by some convexity

conditions on the constraints, maximum principle seems sufficient requirement for optimality. In order to con-
structing the maximum principle, an adjoint variable v(¢, z) € Q*, in which Q" is the dual to  having same



Kenan Yildirim | 141

norm and inner product like in ©, along the adjoint operator is defined. The v(t, ) satisfies the following adjoint

equation;

v 2ot 1t % v 2p o
922 T 12007 T 3605 & (W‘?;dﬁaﬁ) ZA (62,7, (1)), (14)

where A\; <0 and Eq.(14) is subject to the following homogeneous boundary conditions

v o' v '

v(t,0) =0, Ee 2(t 0) =0, p 4(t 0)=0, wv(t¥) =0, Ee 2(t 0) =0, p —(t,¢) =0, (15a)
or

v v v v v v

CL0)=0, SLE0 =0, SLH0)=0, S (h0=0, =0, S HH=0,  (13h)
and the terminal conditions
102 1 Ohy G

23, vf”(t x) — L v(t,x) = A1 —— 5 (z,v(t,z)) + Xo—— o (z,v(t,x)) at t=ts (16a)
ot z) = )\ggg (@, e(t, ) — A Qgh (@, me(t,z)) at t=t. (16b)

Existence and uniqueness of the solution corresponding to Egs.(14)-(16) can be shown similarly to Egs.(1)-(4).

Lemma 2. Letv and Av(t,z) = v(t,x) —v°(t,x) be two functions which are defined in L*(R2). Also, let us assume
that v and Av(t,z) satisfy Egs.(14)-(16) and Egs.(1)-(4), respectively. Then,

t

fe . /
82Ay CotAr A 1 (0PAr Pp 9Av
i T3 a0 @\ o 3 po00r)
00

0x? 12 Ozt 36 0xb ot? 3 p 0t?0x?

_A [@J,ﬁﬂJrﬁai”_l Po_Cp o N dzar
Vo2 T 12000 3600 2\ a2 3 p ooz ) "

¢ /
p 1 Fp 1 1 1
/{ (ts, ) 3 Aytu(tf, )7vt(tf,z)§%§Aum(tf,z)f cszut(tf,z)U(tf,z)ﬁ»gvt(tf,z)Au(tf,z)}dz (17)
0
Proof. After applying the integration by parts to Eq.(17), it is easy to see the conclusion of lemma 2. O

Definition 1. v is the solution of the system Eqs.(14)-(16) for the arbitrary constants A—2, \—1, Ao, ..., Anr. Let
v° and v be the response functions corresponding to optimal control functions C° € €44, and for a fized C € €yq,

u be the any one of the following functions:
u(t, ) = Gi(t,z,v,C(t,2)),
u(t,z) = Gi(t,z,v°,C°(t,2)),
u(t,z) =vC°, C° € Caq,
u(t,x) =vC, C € Ceq is fixed
A point (t,Z) is named regular point for C € €qq if it meets the following equality for any sufficiently small ¢ > 0

F+yEa+yE
u(t, z)dzdt = eu(t, z) + o(e).
t z
By considering [23], it is reveals that all points of [0,t5] x [0,£] are reqular for each C € €qq.
Let J and Z indicate the vector valued functional (J-2,J-1,Jo, ..., Ju) and the set

Z={J(C):C e Coy} C RMT:,
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Definition 2. If a surface exists in the following form

P
=JC%)+ Z djej +o(e)

in Z for sufficiently small €5 and di,...,dp is any finite collection of vectors from D, then set D is called as a

derived set of the set Z at J(C°) [24].

Lemma 3. Assume that the points (t;, ;) are regular points in  for i = 1,2, ..., P. Let us introduce the J(C)

for any C € €aq as follows;
‘
0 = [{elgrte.sts,2) + 6ottt )
0

+A2ho(z, ve(ty, ) + A1hi(z, v(ty, z))) }dac

+7/Z f: [)\igi(t,z, U,C))]dtdac

00 i=—2

IfP=1, for C & €aq, there exist constants A—z, \_1, Ao, ..., Aar (not all zero) such that

NS0 A0 0<i<m), tim TEIZIE)
e—0 €

where C°’s and C.’s are functions introduced in Eq.(13).

)<O

Proof. Define the functionals J_2, J-1, Ji, ..., Jm on the class of admissible controls by

£ tf £

/hzzl/ttf7 dz+//G (t,z,v,C)dzdt,

0

tf €

J-1(C) :/h1($,yt(t/'7$))d$+/’/Gfl(tﬂt,y,c)dzdt,
0

tf

‘
//Gntm v,C)dzdt, i=1,..,M.
0

0
For employing Lagrange multipliers, we need to construct a derived set D for the set Z at J(C°) [24]. Now let us

define the functions v; for  j = —2,—1,1,..., M which are supplying the following conditions:

ot? 3 p Ot?0x?

Ww+ﬁyw+ﬁyw:1,yw 2y ' 0G;
ox? 12 0z* 36 028 c?

A= o (t,x,v°,C°(L,

x))

where \; <0, 0<t<ty, 0<z</{andEq.(18) is subject to the following boundary conditions

2y v, 0%v;
v;(t,0) =0, z;uﬁ):o, ax;@ﬁ):o, v;(t,0) =0, e 5 (t,4) =0,
or
va 031)j -~ 651)j Ov; -~ 331)j _
o (t,0) =0, ﬁ(t,O) =0,, W(t 0) =0, %(t,l) =0, w(tl) =0,
and the terminal conditions
1) 8

10
’Uj(tfvw):O: ’U‘(tf,I)—sza’Uj(tf,l‘):O for

3 p otox??
Oha 102 9°
ali ) = A2 @nlina), 535

—_ -2 _ - (t ),lg
23 p dtozz AN T @ g

d*v;
(1,0 =0
R
ﬁ(t,é) =0,
i=1,., M
2(ty,z) =0,

(18)

(19a)

—2<j<M
(19b)

(20a)

(20b)
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16, 2 10 Oh,
—1(tr, ) =0, EEWT T (tfaz)**za“fl(tfw) A e (z,v(ts,x)) (20c)
0Gs
wnlty, ) = ~3 52 (0,1, ), (200)
160 0 19 G
gg%ataxzvo(tf»ﬂ?) 7 grt0(tr:2) = Aoz (2, v(ty, 7).
For each point (t,2) € (0,t) x (0,€),i = —2,—1,0,..., M, d'(t,z,C) is defined as follows

d'(t,,C) = vi(t,x)(C— C°) + Gi(t, z,v°(t,2),C) — Gi(t, z,1°(t,x),C°). (21)
Now we shall show that the set
D ={d|d = (d*(t,2,C),...,d" (t,z,C)), (t,z) a regular point of C°,C € Coa}

is derived set for Z at J(C°). Let di,da,...,dp be an arbitrary finite collection of vectors from D. We must show
that there exist points J- € Z depending continuously on the vector parameter ¢ = (e1,...,ep) for all sufficiently

small positives values of ¢ such that
P
€)+> djzs +ole)
j=1

Since d; € D, j=1,..,P, thereexist (t1,21),..., (tp,zp) regularity points of C° and subfunctions C1,...,Cp €
Cqq such that
dj = (diz(t]vz]vc])v ...,dM(t],z],C,-)),j =1,..,P

We shall show that 7. can be defined by J. = J(C.) where C. is the admissible control defined in Eq.(13). Then,
fori=1,..,M

ty

Ji(C) — I /

tf

[Gi(t,z,ve(t, @), Ce(t,2)) — Gilt,x,v°(t, ), C°(t, x))]dtdx

St Ot~
o—_ =

— O\&

1Gi(t,z,ve(t, @), Ce(t, @) — Gi(t, 2, v° (t, 1), Ce (t, x)) ] dtdx

(Gi(t,z, 0 (t,2),Co(t, @) — Gi(t, x,v°(t,2),C° (¢, x))|dtdz
(22)
) P

9G;
:// o (t,z,v°,C°(t, z))AV(ztdtdz+Zvl iy, 25,0 (t,25),Cf)
00 j=1 23)

P
=Gilts, wj, v° (L, 25), C (8, 25)) +ZO
i=1
For obtaining Eq.(23), we employ that C° is regular in Q. After employing following equality in Eq.(17)

Mu; =

%gi (t,z,0°(t,2),C°), i=1,...M, k=1,.,N
v

it is observed that

ty tr

/[/Al/tasimvzdtda: - /e/vi(t,a:)(cg(t,x)—C°(t,a:))

»
= > ejuilty, x;)(C; — C5(t5,5) + ole).



144 | Optimality Conditions of o Hyperbolic Beam Equation based on Mindlin’s Gradient Elasticity...

By means of Eq.(21) and Eq.(23), we can write
P .
Ji(C)=Ti(C)+ D djej +o(e), i=1,...M, (24)
where d; denotes the ith component of d;. For i = 0, we have

£
(€)= €)= [ (52 " 5,2 Avlty ) + G2 (.07 5, 2) A )

0
P

+Zs][g()(t]’w]ﬁVE(tJva)wc]) - g()(t]‘,l‘]#yi(t]vz])vcj)]

j=1
¢
]

0

‘ tf e
in which Jo = [[Gi(z, v(ts,®)) + Go(a,ve(ty, x))ldx + [ [ Go(t,z,v,C)dtdz. Considering Eq.(17) and Eq.(18), it
00

t

I
(Muo)Av(t, z)dtdx + o(e). (25)
0

0
is observed that

ty ¢ trot
Av(t, z)Muodtdr = vo(t, ) (Ce(t,z) — f°(t,z))dtdz
[l /]
¢
/[ (z,v°(ts, ))Az/(tf,z)+g—’gz(z,yt(tf,z))Ayg(tf,z) . (26)
0

If Eq.(26) is substituted into Eq.(25), Eq.(24) is obtained for ¢ = 0. For i = —2, —1, Eq.(24) can be obtained by
using Eqs.(17)-(18). By definition 7, following equality is obtained

J(Ce) — j(co) = Zdjfj +o(e)

If J- is defined as J(C.), it follows that D is a derived set for Z at J(C°). So, there exist lagrange multipliers
[24] that A—2, A1, Ao, ..., Aagr and A; <0 for 0 < i < m and some \; # 0, such that

M )
> Nd <0 (27)
i=—2

for any vector d = (d’z,d’l,do, ...,dM) in D. For attaining conclusion of Lemma 3, take into account P = 1

and consider
M

NEDIPI

i=—2

By Eq.(24), we have following equality

Jc.) — =¢ Z Nid' + o(e
i=—2
for any d = (d2,d~",d’, ...,d™) in D. Then, we obtain the proof of Lemma 3 as follows:

lim =222 = N A <0,

e—0t €
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Theorem 1. [Mazimum Principle] For the optimal control functions C°(t,z) € €qq, the corresponding optimal
state and adjoint variables are let v°(t,x) = v(t,x,C°) satisfying Eqs.(1)-(4) and v°(t,x) = v(t,z,C°(t,z)) satis-
fying Eq.(14), boundary conditions Eq.(15) and terminal conditions Eq.(16), respectively. The mazimum principle
states that if

H[t, z,v°,C°(t,2)] = max H[t,z,v,C(t,z)] (28)
Celoq

where the Hamiltonian is given by

H[t,z,v,C(t,z)] = v(t,z)C + Z AiGi(t,z,v(t,z),C) (29)

i=—2
then the performance index Eq.(11) is minimized, i.e.,
Jo[C°(t,x)] < DolC(t,z)]  for any C € Cqa. (30)
Proof. By Lemma 3 and Lagrange multipliers 0 < i < m, A; # 0 and A_2, A_1, Ao, ..., A independent of (¢, z)

with A\; < 0 such that

Z Aivi(t, 2)(C — C°(t,2)) + Gi(t, z,v(t,2),C) — Gi(t,z,v°(t,2),C°(t,2))] <0 (31)

i=—2
for any function C € €,4. Note that the term in Eq.(31)

M

D7 Ailvilt,2)C + ity 3, v(t,3),0)] (32)

i=—2

obtains its maximum value at C = C°(t,z) € Cqq. Take into account the first term in Eq.(32),

M
Z Aivi(t, x)C.

i=——2
M
If we define v = Y Ajwi(t, ), we obtain
i=—2

M

v(t,x)C + Z XiGi(t,z,v(t,x),C).

i=—2
Hence, Theorem 1 is proofed. O

Theorem 2. Tuke into account the system Eqgs.(1)-(2) and Eqs.(11)-(12). Let the functions G; in the following
form
Gilt,z,v,C) = G'(t,z,v) + H'(t,,C), i=—-2,-1,0,... M

and v satisfying Eqs.(14)-(16) be the nonzero solution of

M ;
B 0G" (t,z,v°(t, x))

i=—2

Assume presence of admissible control function C° with the o, \i, i = —2,—1,1, ..., M, that satisfy the mazimum

principle Eq.(28). Let followings are assumed:
a) Gi,h1,Gs,...,Gm are convex respect to v and Ga, ha are convex respect to vy;
b) Mo <0, X <0 fori=—1,...,m;.
¢) the constraints Eq.(12) are satisfied by C°;
d) If the strict inequality holds in Eq.(12), the corresponding Lagrange multiplier A; = 0;

e) —\iG',—A_1h1 are conver functions of v and —X_2ha is convex functions of vy for m < i < M.
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In presence of above requirements, maximum principle introduced by Eq.(28) is sufficient requirement for C° to be
optimal. Requirement (d) is indicated in [24]. In case hi,ha,Gi,m <1 < M are linear function, requirement (e)

is proved.
Proof. 1f Eq.(12) is satisfied by C,v , then by condition (d),

ty

§oe £
/)\ {Gz (t,z,v) — G'(t,z,v° ]dmdt+// [ (t,z,C) — H'(t,x,C°)|dtdz = 0
0 00

t

0
for i=-2,—1,..., M Then, following inequality can be written;
—Xo[J0(C) — Jo(C%)] >
¢

*/AO[QZ(%W(UJ))*92(%"5(%'796))+gl(9€a"(tf7$)) Gz, v (tg,x))]dz

0

N ]j/[lM;‘l{Gl(t% v(t,z)) — G'(t,2,0°(t, z))

—[H'(t,z,C(t,z)) — Hl(t,x,CD(t,w))]}dzdt

- /g‘/\_l [hl(z, v(ty,x)) — ]L1(1‘7l/0<tf,1')):| dx

7/>\,2 |:h2(il‘,Vg(tf,(If)) - hz(x,uf(tf,x))]dx.

0
Using convexity assumption (e),

—Xo[To(C) — To(C®)] >

Ao[f’gl (z,1°(ts, ) Av(ty, z)) + g—gf(m,uf(tf,ac)AVg(tf,x))]dm

0.
Y i
*//,Z Ai% (t,2,0° (t,2)) Au(t, 2)dtda
00 =2
Y
+0/0/1272/\Z[H1(t,a:,(3°(t,w)) — H'(t,z,C(t,z))|dtdx

4
,/A %h (a0 (t5,2)) Aty dxf/)\ 5 (0,07 (7, 0) At 2)do

0

l
~ [ 20| Gt s At ) + G o g, 0wt ) d
v oy
0
ty ty

¢ ¢
//MvAvtxdrdt //
00 00

¢
/[ (@, v°(ts, @) Av(ts, @) + Ao 23h (@, v (ty, ))Allr,(t_f,l’)]dx

Z Hi(t,z, f°(t,z)) — H'(t, z, f(t,z))]dtda

G=—
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And finally employing the Lemma 2 and Egs.(19)-(20), we obtain

=0[J0(C) = Jo(C%)] >

troe
//{v(t,x)[CO(t,w) —C(t, )]
+ Z N[H(t,2,C°(t, z)) —H1(t,x,cu,x))]}dxdz (33)

i=—2

Take into consideration that above inequality given by Eq.(33) is nonnegative because of requirement (b). Hence,

following inequality is obtained
Jo(C(t, ) = Jo(C°(t,2)) > 0 (34)
O

Hence, the proof of Theorem 2 is completed and it is concluded that for a global minimum of the performance

index functional Eq.(11), the maximum principle is also a sufficient condition.

4 Numerical Example and Discussion

Let us consider a homogeneous beam system including central host layer and two patches, whom edges are parallel
to edge of the beam, perfectly bounded on the both side of the beam. At the beginning of the control duration,
the beam is undeformed and at rest. The beam is exposed to external excitation force, which alerts the vibrations
in the beam. By following obtained theoretical results in previous sections, the goal of this example is to find the
minimum level of voltage to be applied to the piezoelectric patch actuators for suppressing undesirable vibrations

in the beam optimally.

Hoal Layer

Piezoelectric patches
Figure 1: Cross section of the beam

The mathematical model of the beam system, described by Fig.(1), is given as follows;

Pv 2o 15y v p o
FERRTE R T i (55*3;mmg)*m@“‘@” (35)

where C(t,z) = C(t)[H" (x—x1)—H" (x—x2)] in which C(t) is the optimal control voltage function, H is heavy-side
function and z; and 2 are the locations of piezoelectric patch actuators. The Eq.(35) is subjected to following

homogeneous boundary conditions;

82 84 82 64
v(t,0) =0, 72 —(t,0) =0, p 4(t 0)=0, v(t,t)=0, p 2(t ) =0, g 4(15 1) =0, (36)
or 5 3 5
v v 0°v ov v 0’v
B —(t,0) =0, B 3(t 0) =0, g 5(t 0) = O,%(t,é) =0, B 3(t l) =0, g 5(t =0 (37)
and initial conditions;
W0.2) = w(e), 2 (0.2) = (a). (39)

ot
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Also, the performance index functional, to be minimized at predetermined terminal time, of the system is defined

as follows;
‘ ty
J(C) = / a2 (5, 2) + Aar2(ts, 2))dz + Ao / CR()dt (39)
0 0

in which the first integral at the left hand-side is the modified kinetic energy of the beam system which includes
the weighted quadratical functional of the displacement and velocity of a point on the beam. Second integral is
the weighted quadratical functional of the voltage energy to be applied to the piezoelectric patch actuator on the
beam system. By following the theoretical results in the previous section, the aim of this section is to optimally
determine the C'(t), which satisfies the Egs.(35)-(38) and minimizes the Eq.(39) in the control duration. In order
to obtain the optimality for the beam system defined by Eqs.(35)-(38), let us define the adjoint system as follows;

Fo, Co Lde_ 1P Pp o w)
0x2 ' 120z% 36026 2\ 912 3 p 012022 )
Eq.(40) is subject to the following homogeneous boundary conditions;
v o' 0*v v
0) = 22 = 22 = -0 = - 2 = 41
B0 =0, S0 =0, SL0)=0, Wt =0, SU(EH=0, FitO=0 (L)
or
v v v v v v
- = ~ =0, — = —(t,0)=0, — = ) = 41
S0 =0, S(t0)=0, SL(t0)=0, (=0, S(tH=0, SI(tH=0,  (41b)
and following terminal conditions;
1 ZZ /7/
072[3 ;vtm(t,z) —v(t, )] =2\v(t,z) at t=ty (42a)
v(t,x) = =2 v (t, ) at t=ty. (42b)

In the light of obtained theoretical results from previously sections, necessary and sufficient optimality conditions

in the form of maximum principle is obtained as follows;

If H[t,z1,20;0°,C°] = max H[t, 21,2250, 0] (43)
Celyuy

in which the Hamiltonian is defined by the equation

H[t, 1, 2050, C] = [03(t, B2) — v, (t, 21]C () — AsC2 (1) (44)
then,
Jc° = Crgérald JC], C € Cqq. (45)

Hence, optimal control voltage function is obtained as follows;

Ve (t, T2) — v (t, 1)

C(t) = e

. (46)
The solution of the system defined by Eqs.(35)-(46) is achieved by means of MATLAB. Before discussing the
numerical results, note that A3 is on the control function given by Eq.(46). The value of A3 on the control
function increases, the value of control force defined by C(t) decreases. By adjusting the optimal value of As,
optimal control voltage C(t) is determined. In the numerical computations, Ay = A2 = 1, and A3 is evaluated as
1072 and 10° for controlled and uncontrolled situations, respectively. Also, initial conditions are taken into account
as vo(z) = v/2sin(nz) and vi(z) = v2sin(rz). Also, the external excitation function f(t,z) = e *(1 — ). The
predetermined terminal time is fixed as t; = 5 and length of the beam is £ = 1. The location of the patch on the
beam is considered as 1 = 0.4 and z2 = 0.6. The values of the displacements and velocity in the performance index
functional defined by Eq.(39), is calculated at the x = 0.5, which is the middle point of the beam. The Young’s
modulus Eis 2 x 107 and the line density of the beam pis 6 x 10*. Controlled and uncontrolled displacements of
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Figure 2: Controlled and uncontrolled displacements
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the beam, subjected to external excitation, are plotted in Fig.2. By observing the Fig.(2), it is concluded that the
vibrations in the beam is effectively suppressed as a conclusion of the optimal vibration control. Same observation
is also valid for the controlled and uncontrolled velocities of the vibrations on the beam, which are plotted in
Fig.(3).

Let us define the dynamic response functional of the beam as J(v) by considering Ay = A2 = 1 and A3 =0
in Eq.(39). Also, define the accumulated control voltage functional as [7(C') by evaluating the A1 = X2 = 0 and
A3 =1 Eq.(39). By taking into account the Tablel, it is concluded that the value of A3 decreases on the optimal

Table 1: The values of 7 (v) and J(C) for different values of A3.

U3 J(w) JW)
103 3e-5 5.2 e-10
10° 9 e-8 2 e-6
1073 1.5 e-13 6 e-6

control function, dynamic response of the beam is decreases due to increment on the value of the optimal control
force applied to piezoelectric patch actuator on beam. These observation reveal that introduced necessary and
sufficient conditions in the form of maximum principle are ideal for optimality.

5 Conclusion

In this paper, optimality conditions of a hyperbolic beam equation based on Mindlin’s gradient elasticity theory
is studied. The system under consideration is subjected to external excitation function and nonhomogeneous
boundary conditions. Also, the system has some equalities/inequalities constraints on control function and state
variable. For obtaining optimality conditions of the system, existence and uniqueness of the solution to beam
equation is proved by using energy-integral method and controllability of the system is discussed. Necessary and
sufficient optimality conditions are derived in the form of a maximum principle. A numerical example is presented
and results given by table and graphics indicate that derived conditions for a beam model based on Mindlin’s

gradient elasticity theory are necessary and sufficient for optimality.
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