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Abstract

The main aim of this paper is to investigate Lie derivatives of almost contact
structure and almost paracontact structure with respectto X and "X on
semi-tangent bundle t(B).

In addition, this results which obtained shall be studied for some special
vector fields in of almost contact structure and almost paracontact structure.

1. Introduction

Let B, and M, denote two differentiable manifolds of dimensions
m and n respectively, let (M n,ﬁl,Bm) be a differentiable bundle,
and let 7, be the submersion 7,:M,—B,. We may consider
(x)=(x"x"),i=l..,m;a,b,...=1,...n—m ;a,B,..=n—m+1,...n as
local coordinates in a neighborhood 7z,”'(U). Let B, be the base manifold
and 7:T (B,)— B, be the natural projection, and let T(B,) be the

tangent bundle over B,. In this case, let T (B,) represent in for the tangent
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space ata p—point (p=x“,x")eM, ,p= 71'1(];)) on the base manifold
I XY= dx”(X) are components of X in tangent space T,(B,) with

respect to the natural base {8 }=
(x*,x%,x ) X% =x“ =y“, a ,B —n+1,...,n+m , 1s by definition, the
semi-tangent bundle #(B,) over the M, manifold and the natural projection
7, 4(B,)—> M, ,dim#(B,))=n+m. Specifically, assuming n = m, the
semi-tangent bundle [14] #(B,) becomes a tangent bundle 7'(B,,).Given
a tangent bundle 7T (B,)— B, and a natural projection 7,:M, = B, , the
pullback bundle (for example see [4], [5], [7], [8], [9], [10], [17], [19],
[20]) is given by 7, :¢(B,,) > M, where

t(Bm)={((X“,x“), a . ﬂl(x“’xa):;z'(x“,x&)}.

. . : 1 o\ -1
The induced coordinates (xl e X XN X ) with regard to 7 )

will be given by
x“ =x"(x",x"), a,b,..=1,...n—m
(1)

x* =x"'(xﬁ), a,f,...=n—m+l,...,n,

If (x")=(x",x*") is another coordinate chart on M, , the Jacobian

no

matrices of (1) is given by [14]:

o
: ox' ox”  ox’
AI. = — |= 5
()= 2] > =
0
ox’
where i, j,....=1,...,n. If (1) is local coordinate system on M, , then we

. . a" o' _a' .
have the induced fibre coordinates (x*,x* ,x“) on the semi-tangent bundle

(change of coordinates):

x =x"(x",x"), ab,..=1,...n—m,
x =x“'(xﬁ), a,pf,..=n—m+1,..,n, (2)

i ox“
o’

X £ aﬂ =n+l,...,n+m,
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The Jacobian matrices for (2) are as follows [14]:

ox* ox’

0
ox’ ox”
_ . o
A=(4)=| o afcﬁ 0 | (3)
0 . O°x* ox”
Y oxPoxt  ox’

where 7,J,....=1,...,n+m. Then, we obtain

AL 40

(4)=] 0 4 0| (4)
0 4;.y" A

which is the Jacobian matrix of inverse (2).

This paper investigates lifts of several geometric objects (complete lifts,
vertical lifts, etc.) that were previously studied in tangent bundles and their

uses in semi-tangent bundles.

Much study has been done on the theory of tangent bundles [21], which
is important in physics, differential geometry, and engineering. The semi-
tangent bundle taken into consideration in this work specifies a pull-back
bundle as opposed to the tangent bundle. In [1], [2], [3], [7], [12], [13]
and [16], the almost paracontact structure and almost contact structure in
tangent bundles have been studied along with some of their characteristics.
The geometric properties of the semi-tangent bundle have been studied
by several authors, such as [14], [19], [20], and others. It is known that
projectable linear connections in semi-tangent bundles have been explored,

along with some of their characteristics, in [9], [19] and [20].
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2. Preliminaries

If f isa function on B,, we write '~ _f  for the function on #(B,,)
obtained by forming the composition of 7z :#(B,)—> B, and "f = f o,

sothat “f ="fom = femem =form.
Consequently,
"X = () 5)

is provided by the * s — vertical lift of the function f € J(B,) to #(B,)
Jt should be observed that along every fiber of 7 :¢(B,) — B

m

, the value
w ¢ stays constant. If f = f(x“,x%) is a function in M, , on the other hand,

we write “f* for the function in #(B,) defined by
“f=ud) =210, =0, f (©)
and name the completelift “ f ofthe function £ [14]. ™ f=“f-V S
determines the “** #~ — horizontal lift of the function f* to #(B,,) where
V.f=Nf. Let Xe 3y(B,) be (X =X%0,). By using (3), we have the
usual law " X '= A(*Y X)) of coordinate transformation of a vector field

on #(B, ) when

X0 |, (7)
X!Z

is put in. The (1,0) —tensor field ™ X s called the vertical lift of X to

semi-tangent bundle [20]. Let @€ J)(B,), i.c. ®=@,dx". On putting
Ww:(O,a)a,O), (8)

from (3), we easily see that " @ = A" @". The vertical lift of @ to
t(B,,) is the name of the (0,1)-tensor field ™ e [20]. The complete lift
“we 3] (t(B,)) of we3)(B,) with the components @, in B, has the

tollowing components:

“a):(O, Vo, o, a)a) 9)

e a?
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relative to the induced coordinates in the semi-tangent bundle [20].
Let @ be a covector field on B, with an affine connection V . Then the
components of the @ — horizontal lift of @ have the form

HHw:ccw_Vya)

in #(B,), where V,@=»N®. The horizontal lift e 3° t(B,)) of @

has the following components:

a e’

i (O oo )
relative to the induced coordinates in #(B, ) . Now, consider that there is

given a (p,q)—tensor field S whose local expression is
0 0

& @xa‘ o

in base manifold B, with V — affine connection and a VS — tensor field

defined by

Rdx" ®..®dx"

V8=V, S5 0 9.0 ®at®. ®d"

a a; axap

relative to the induced coordinates (x*,x%,x”) in z7'(U) in the semi-

tangent bundle. Additionally, we define a V ,§ - tensor field in 7~'(U) by

.., 0 0
VS =(X7S5 )axal ®.0_—
and a S —tensor field in 7 () by

Rdx’ ®..® dx"™

vs=(»s5 %) o0 @it e. 0"
) ox™ ox””
relative to the induced coordinates (x“,x“,x ), U being an arbitrary

coordinate neighborhood in B,, .

Next, we obtain V,.S = W(S ) for any XeJ(B,) and Se€ 3%(B,) or
S eSi(Bm), where S, €3 (B ) or 3 (B,). The "8 —horizontal lift

s -1

of (p,q)—tensor field S in base manifold B, to #(B,) has the following

equation:
g = “§-V.§.
Assuming P, Q€t(B,), we obtain

Vv, (P®0)="P®(Vv,0)+(V,P)® "0 and " (P®Q)=""P® "0+ "P®"Q.
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Assume X € J,(M,) is a projectable (1,0) — tensor field with projection
X=X"(x")0,,ie. X =X"(x*,x%)0, + X*(x*)0, . Now, take into account
Xe Sg (M), in that case complete lift “X has components of the form
[14]:

~a

X
CCX . Xa <10>
ygagXa

relative to the coordinates (x,x“,x“) on the semi-tangent bundle #(B,)
. For an arbitrary affinor field F € 3,(B,,) , if (3) is taken into consideration,

we may demonstrate that (yF)'= A(yF) , where yF isa (1,0 )-tensor field
defined by [9]:

0
yF:0 (11)
yé‘Fﬂt

&

relative to the coordinates (x“,x“,x&). For each projectable vector
field X e 3y(M,) [20], we well-know that the "X — horizontal lift of
X to (B,) (see [9]) by HH)?: CC;(—}/(VX). In the above situation, a
differentiable manifold B, has a projectable symmetric linear connection

denoted by V . We recall that 7/(V)N( )— vector field has components [9]:

0
}/(VX’): 0
ycnga

relative to the coordinates (x*,x%,x*) on #B,). V,X° being the
covariant derivative of X°, i.e.,
(V,X)=0,X"+X'T°,.

Consequently, the ™ X —horizontal lift of X to #(B,) contains the

following components [9]:
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~a

X
HH ~
X:|xe (12)
a yh
I, X

relative to the coordinates (x”,x“,x;) on #(B,) where

I, =yTr,. (13)
Vertical lifts are given by the following relations:
"(P®QO)="P®"Q,"(P+R)="P+"R (14)

to an algebraic isomorphism (unique) of the 3(B,, ) —tensor algebra into
the J(#(B,))— tensor algebra with respect to constant coefficients. Where
P,Q and R being arbitrary elements of #(B,). For an arbitrary affinor
field F e 3)(B,) , if (3) is taken into consideration, we may demonstrate that

WF = Al47 (v Fly, where " F is a (1,1 )-tensor field defined by [20]:

0 0 0
"F:lo 0 0 (15)
0 Ff 0

relative to the coordinates (x*,x%,x%). The (1,1)—tensor field (15) is
called the vertical lift of affinor field F' to #(B,,) [20]. Complete lifts are

given by the following relations:
C(’(P+R): L'CP+ CCR, CC(P@Q): ccP® VVQ+ va® CCQ') (16)

to an algebraic isomorphism (unique) of the J(B, ) - tensor algebra into
the 3(#(B,)) - tensor algebra with respect to constant coefficients. Where P
, © and R being arbitrary elements of #(B,) . For an arbitrary projectable
affinor field Fe3/(M,) [20] with projection F = Fy (x“ )aa ®dx’ ie. F

has components

7. ﬁ’Z(x“,x“) I?aﬁ(x“,xa)
oo Fix)
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relative to the coordinates (x“,x”). If (3) is taken into consideration,
~1I' ! ~I' P
1 4J .
we may demonstrate that “F = 4,4, (“F), where “F isa (1,1 )-tensor

tield defined by [20]:

~a

Fy ﬁ; 0
F:l0 Ff 0
0 y0,Fy Fy

cc

) (17)

relative to the coordinates (xa,x“,xg) . The (l,l)—tensor field (17) is
called the complete lift of affinor field /' to semi-tangent bundle #(B,)

[20]. We will now give below some important equations that we will use.

Lemmal. Let X,Y and F be projectable vector and (1, 1) — tensor fields
on M, with projections X,Y and F on base manifold B

m>

fe3)(B,), €3] (B,) and I =id, ,then [17],[18] yerine [19], [20]:
()"0 X =0, (i) “Xf="(x7), (i) o X)="(o(X))
, () “FUX="(FX),

X =)o (W)= X ) o
IYX =X, i) =1,

respectively. If

(i%) [X ﬂ =" [x.¥], @) <o("X)=" (w(X)), @) "F"X =0
, (i) “FYX =" (FX)

(wiii) “ X f = (XT), (xiv) a)()?) —(wX), ) (FX)="F"X
s i) T (X)=""X,

@vii)  "IVX =0,  (wviid) [)7 ﬂ = “[xr], (xix)
Y(fo)="f"w, @x)"X"[=0,

(x8) [X WY] =0.

3. Main Results

Let an m—dimensional differentiable manifold B, (m=2k+1, k>0)
be endowed with a projectable (l,l)—tensor field pe 31(M,) [20] with
projection ¢ = @ (x“ )50, ®dx” ie., a projectable (1,0)—tensor field
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Ee 34, (M ) with projection & = £ (x“ )5(1 ie. 5: E“(x“,x“)aa +&° (xa)@a
[20], a 1-form 77 , [ be an idendity and let them satisfy

~2

o =-1+n®%,  p(&)=0, 7no9p=0, p(&)=1. (18)
Then (&,5,77) define almost contact structure on B, (see, for example

[2], [6], [11], [12], [16], [19], [23]). Taking account of (18) we obtain

cc ~ 2 cc
( (0) - [+ ® “E+ @ e, (19)

cc~

TpE=0, "0 "p=0,"ne"p=0,

e =0, "n("¢)=0, Wn(wg)zl’ “n(€)=1, “a("E)=0, [20]
using (18) and (19) we define a (1,1) tensor field J on t(B,) by
J="p-"e®@"n+“E®@“p (20)

Then it is easy to show that T "X=-"X and J “X=-"X , which

give that J is an almost contact structure on t(B,) . We get from (20)

cc

JTX =" (pX)+ " (n(X)) "¢,
JUX="(pX) =" (n(X) g+ " (n(X)) "
for any )N(ES})(M,,)

Theorem 1. In accordance with (20), we have the following for the L, —

operator, Lie derivation with respect to Je 3, (t(Bm)) and n(Y)=0:

@) (L.,J)"Y=0, @) (L.,J) V=" ((Lep)¥)+ " ((Lyn)¥)"E,

(i) (L. )Y =" ((Leo)Y )+ " ((Len)Y) &,

ir) (L. T) V=" ((Leo)Y)-"((Lan)¥) "6+ (L)Y )&,

where X,Y,& € 3 (M, ) are projectable (1,0) - tensorfields, € I} (M)
is a 1-form and @ € (M, ) is a projectable (1,1)~ tensor field.

Proof'1. For J="p-"E®"n+“E®“p and U(Y) =0, we obtain

(i) (waj) va — L,,VX (L'c("p’ _ wg ® vvn + Crg® ccn) va _ ( CE;)* WQE ® VV77 + ccg® CCU)LWX va
0
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=L, "(pY)=L. ("0 " (V) "E+ L., " (n(1)E

\_ﬂof—z : \_ﬂof__/
() (1,,7) T=L.,("p- 60"+ “E®n) T-("p-"c0 g+ “Fog)L. T

S LT e L) e, e

| S —— —_—— | S )
(Foy “0) T+ {10, ) 0 OO, “E L, )
Y((Lxe)Y) oM™ (LyY)

+ vv}]W(ny) vvg_ v (U(ny)) ECE

| —— N _ —

0 " (Lyn(V)="((Lym)Y)

- (LWX “gB) Y+ “"(}(LWX ?) =YL, Y="(Lyn(Y)) E+ " ((Lem)Y) " E

=L@+ 0" (LY)+ “ ()L, “E+"E(L., “ (nD)))
—_ v )

" (Lyn(¥))

cc g w

=TT (LX) = (Lan(¥) TE+ T ((Lem)Y) T E = (L) + " ((Lan)Y) T E

i) (1. 3)V =L (“p-e® n+“Eo n) 7V ~(“p-e® n+“Eo n)L. ¥

" (Lyo¥) ’ L0 (R P (R U7 0)) I (22 )
"((zxo) ) (oLx)
+vv77 VV(LXY) Wg— VV(U(ny)) ccE
%/_/
" (Len(¥)=" ((Lym)Y)
= (L)) (L) ), TE) "E L, )
e " (Len(1)

Ca

=L ) =" (Lan(V) S+ T ((Lem)Y) &

(e 0] T (L) = () ()

() (L. 3) V=L, ("o-"¢@ n+ “Eo ) T-("p-"c@ n+ “Eo L. T
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:L“X ch’;“?—L“}wa(n(Y))—{— L“}ccgcc (U(Y)) _cc&Lw} cc?
“(ZX\W) ’ ('('(IZ(Y))“(LL,C;Y “E)+“5“ Lees “(n(1) “(oL)

“(zxo))“(oLx7)

+ vv77 cc (LXY) Vvé: _ cc (U(LXY)) (‘cg
" (n(Lx7) “(Lyn(¥)-“((Lxn)Y)

cC— —

= () ) ) (1, Ee E L (r00)
%’_/ %r—/
’ “(Lyn(7))

cc o — cc

= (oL )+ (n(Le¥) e = (Len (V) &+ " ((2m)7) "

cc cc

= ((LX¢)Y)+ W(”(LXY)) W‘erCC((LX”)Y) 4
Y
" (Ln(¥))="((Lym)Y)

cc cc~

= (L)) ="¢" (Len (V)= " ((Lam)Y) "6+ (L) Y) " &

c

= (L)1) =" (Lan)r) "5+ (L)1) "2
Thus, we get the following corollary:

Corollary 1. We obtain different results if we set Y =& | 1.e., 77(5) =1 and
Ee 3, (M) has the conditions of (18):

@) (L., T)"€="(L,&)s (D) (L., T)"E="((Lep)E)+ " ((Lem)€)"E,

(4ii) (Lﬂ}j)”vg: T((Lep)E)+ (LyE)+ W((LXn)é)wf,

(i) (1.,7) E="((1e0))=" (1) (Lem)é) e+ (Lin)e) &

Definition 1. Let X and J be respectively vector field and tensor field of
type (1,1) on M, . A vector field X is called infinitesimal automorphisim
with respect to almost contact structure J if there is L,J =0, where
(LyJ)Y) =L, (JY)-JL,Y =[X,JY]- f[X,Y] for any Y eI (M,) and L,
denotes the Lie derivative a long X [22].

Using Theorem 1 and Definition 1, we have:
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Theorem 2. Let X,Y and 1 be respectively projectable vector fields with
projections X, Y on base manifold M, and a 1-form providing the condition
n(Y)=0 on B, . Then, "X and “X are infinitesimal automorphisim with
respect to almost contact structure J in semi-tangent bundle #(B,) defined

by (20) if and only if Z,p=0 and L,n=0, where peJ}(M,).
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