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Abstract

In popular differential geometry, the tensor structures on smooth manifolds
are remarkable geometric objects. In reality, every tensor structure is a
polynomial structure. A tensor field f of type (1,1) on a differentiable
manifold is called a polynomial structure if it satisfies the algebraic equation
" +af" " +..+a, f+a,l=0,where I is the identity tensor of type
(11) and a,,a,,...,a, are real numbers. The Lie differentiability conditions
of some polynomial structures (almost contact and almost paracontact
structures) in semi-tangent bundle t(M) are examined in this study.

1. Introduction

Let B, and M, denote two differentiable manifolds of dimensions
m and n respectively, let (M,,7,,B,) be a differentiable bundle,
and let 7z, be the submersion 7,:M,—B,. We may consider
(x)=(x"x"),i=1..,n;a,b,...=1,...n—m ;a,B,...=n—m+1,...n as
local coordinates in a neighborhood 7z,”'(U). Let B, be the base manifold
and  7:T (B,) > B, be the natural projection, and let T(B,) be the

tangent bundle over B, . In this case, let T (B,) represent in for the tangent
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space ata p—point (p=x“,x")eM, ,p= 71'1(];)) on the base manifold
I XY= dx”(X) are components of X in tangent space T,(B,) with

respect to the natural base {8 }=

(x*,x%,x ) X% =x“ =y“, a ,B —n+1,...,n+m , 1s by definition, the
semi-tangent bundle #(B,) over the M, manifold and the natural projection
7, 4(B,)—> M, ,dim#(B,))=n+m. Specifically, assuming n = m, the
semi-tangent bundle [14] #(B,) becomes a tangent bundle 7'(B,,).Given
a tangent bundle 7T (B,)— B, and a natural projection 7,:M, = B, , the
pullback bundle (for example see [4], [5], [7], [8], [9], [10], [17], [19],
[20] is given by 7, :¢(B,,) - M, where

t(Bm)={((X“,x“), a . ﬂl(x“’xa):;z'(x“,x&)}.

. . : 1 o\ -1
The induced coordinates (xl XXX ) with regard to 7 )

b

will be given by
x“ =x"(x",x"), a,b,..=1,...n—m
. , 1
x* =x (xﬁ), a,f,..=n—m+l,..,n )

If (x")=(x",x*") is another coordinate chart on M, , the Jacobian

no

matrices of (1) is given by [14]:

o o
., ox" oxt o’

A )= - | = bl
( J ) (ax/ J 0 axa'
where 4, j....=1\.,n. ox”

If (1) is local coordinate system on M, , then we have the induced
fibre coordinates (Xay,xa',xa') on the semi-tangent bundle (change of

coordinates):

x =x"(x",x"), ab,..=1,...n—m,
x =x“'(xﬁ), a,pf,..=n—m+1,.,n, (2)

i ox”
o’

X £ aﬂ =n+l,...,n+m,
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The Jacobian matrices for (2) are as follows [14]:

ox* ox’

0
ox’ ox”
_ . o
A=(4)=| o 6);'6 0 | (3)
0 . O°x" ox®
Y oxPoxt  ox’

where 7,J,....=1,...,n+m. Then, we obtain

AL 40

(4)=] 0 4 0| (4)
0 4;.y" A

which is the Jacobian matrix of inverse (2).

This work examines lifts of various geometric objects (complete etc. lifts
of tensor fields), which were previously examined in tangent bundles, as
well as their applications in semi-tangent bundles. The theory of tangent
bundles [21], which is popular in engineering, physics, and particularly
differential geometry, has been the subject of a great deal of research [15].
The semi-tangent bundle taken into account in this work differs from the
tangent bundle in that it specifies a pull-back bundle. The almost paracontact
structure and almost contact structure in tangent bundles, as well as some
of their properties, have been examined in [1], [2], [3], [7], [12], [13] and
[16]. Numerous authors have researched the geometric characteristics of the
semi-tangent bundle, including [14], [19], [20] and others. In [9], [19] and
[20], it is known that projectable linear connections in semi-tangent bundles

and some of their features have been studied.

The definition of Lie derivation and its most significant properties for
semi-tangent bundle are introduced in the second part. The analysis of Lie
derivates of geometric structures in relation to the complete and vertical lift

of (1,0)—tensor field X for semi-tangent bundle is described in the final
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part, which is the most crucial for the progress of the current inquiry. The
additional data on Lie derivatives of the created geometric structures will be
extensively used in future studies. Our aim is to examine Lie differentiability
conditions of almost paracontact structure and almost contact structure in

semi-tangent bundle tM.

2. Preliminaries

If f isafunction on B,, we write * f  for the function on #(B,,)
obtained by forming the composition of z:#(B,)—> B, and 'f = for,,
so that szvaHZZfoﬂ]o;[z:foﬂ"

Consequently,

O 5 = () )

is provided by the * £ — vertical lift of the function f € 30(B,) to #( B,)
Jt should be observed that along every fiber of 7 :#(B,) — B,,, the value

w ¢ stays constant. If f = f(x“,x%) is a function in M, , on the other hand,

we write “f for the function in #(B,) defined by

“pe( 3= Jo,y= 10, (6)
and name the completelift “ f* ofthefunction f~ [14]. Hf = f -V.f

determines the “** #~ — horizontal lift of the function f* to #(B,,) where
V.[=Nf. Let XeSé(Bm) be (X =X“0,). By using (3), we have the
usual law " X '= A4(* X) of coordinate transformation of a vector field

on ¢(B, ) when
VX0 |, (7)

is put in. The (1,0) —tensor field ™ X is called the vertical lift of X to

semi-tangent bundle [20]. Let @€ J)(B,), i.c. ®=w,dx". On putting

Wa):(O,a)a,O), (8)
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from (3), we easily see that " @ = A" @" . The vertical lift of @ to
t(B,,) is the name of the (0,1)-tensor field ™ @ [20]. The complete lift
“we 3] (t(B,)) of ®eJI)(B,) with the components @, in B, has the

following components:
a):(O,y‘g@ga)a,a)a) 9)

relative to the induced coordinates in the semi-tangent bundle [20].
Let @ be a covector field on B, with an affine connection V . Then the
components of the @ — horizontal lift of @ have the form

HHa)zcca)_Vya)

in #(B,), where V @=N®. The horizontal lift " e 3)(z(B,)) of @

has the following components:

" gy (Ol“ga) ) )

a~"egd
relative to the induced coordinates in #(B,) . Now, consider that there is

given a (p,q)—tensor field S whose local expression is

0 0

Fa 0)6 “ ox™r

Rd" ®..® dx"

in base manifold B, with V — affine connection and a V S — tensor field
defined by
? 9. 6; Rdx ®..®dx"

ox*

V,S=yV,S," s e

relative to the induced coordinates (x*,x”,x”) in z7'(U) in the semi-

tangent bundle. Additionally, we define a V ,§ - tensor field in 7~'(U) by

VS =(x7S57%) ‘ g.0-2 h®..®dx"
v ) ox ox“”
and a S —tensor field in (V) by
0 0
VS =(y ss-a ’®..®dx"
( hi-- ﬂ )8 axar»
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relative to the induced coordinates (x“,x“,x%), U being an arbitrary

coordinate neighborhood inB,, .

Next, we obtain V,§="(S,) for any X eJ(B,) and Se3’(B,) or
Se3(B,), where S, €3’ (B,) or 3 ,(B,). The ™S —horizontal lift
of (p,q)—tensor field S in base manifold B, to #(B,) has the following

equation:
Mg =g -V.§.
Assuming P, Q€t(B,), we obtain
V,(P®Q)="P®(V,0)+(V,P)®"Q and " (P®Q)=""P®"Q+"P®"Q.

Assume X € 3y(M,) is a projectable (1,0) — tensor field with projection
X=X"(x")0,,ie. X =X"(x",x")d, + X*(x*)d, . Now, take into account
Xe Slo (M), in that case complete lift “X has components of the form
[14]:

~a

ch: Xa <10>
ygagXa

relative to the coordinates (x*,x“,x“) on the semi-tangent bundle #(B,)
. For an arbitrary affinor field F € 3,(B,,) , if (3) is taken into consideration,

we may demonstrate that (yF)'= A(yF) , where yF isa (1,0 )-tensor field
defined by [9]:

0
yF:|0 (11)
ySFa

&

relative to the coordinates (x“,x”,x;). For each projectable vector
field X €3 (M,) [20], we well-know that the "X — horizontal lift of
—~ HH ~ cc~ ~
X to #(B,) (see [9]) by X = X-y(VX). In the above situation, a
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differentiable manifold B, has a projectable symmetric linear connection

denoted by V . We recall that }/(V)? )— vector field has components [9]:

0
7(VX):| 0
ySV&‘Xa

relative to the coordinates (x*,x“,x*) on #@B,). V,X° being the

covariant derivative of X ¢, i.c.,
AN & p £
(V,X*)=0,X"+X"T,,.

Consequently, the " X —horizontal lift of X to t(B,) contains the

following components [9]:

—~a
X
HH ~

X:| x° (12)
a B
X

relative to the coordinates (x* ,x“,xa) on #(B,) where

I, =yT7. (13)
Vertical lifts are given by the following relations:
T(P®Q)="P®"Q," (P+R)="P+"R (14)

to an algebraic isomorphism (unique) of the S(Bm ) —tensor algebra into
the S(t(Bm)) — tensor algebra with respect to constant coefficients. Where
P,Q and R being arbitrary elements of #(B,). For an arbitrary affinor
tield Fe 3)(B,), if (3) is taken into consideration, we may demonstrate that

WEL = Al 47 FL), where ™ F is a (1,1 )-tensor field defined by [20]:

0 0 0
"F:l0 0 0 (15)
0 Ff 0



22 | On Lic Diffeventiability Conditions of Some Polynomial Structures in Semi Tangent Bundle

relative to the coordinates (xa,x“,xg) . The (1,1)—tensor field (15) is
called the vertical lift of affinor field F to #(B,,) [20]. Complete lifts are

given by the following relations:
“(P+R)=“P+“R, “(P®Q)=“P®"Q0+"P®“Q, (16)

to an algebraic isomorphism (unique) of the J(B, ) —tensor algebra into
the 3(#(B,)) - tensor algebra with respect to constant coefficients. Where P
, O and R being arbitrary elements of #(B,) . For an arbitrary projectable
affinor field Fe3!'(M,) [20] with projection F = Fy (x“)aa ®dx’ ie. F

has components

7. F:(x“,xa) I?a/;(x“,x“)
oo Fi(x)

relative to the coordinates (x*,x”). If (3) is taken into consideration,
~I ~I ~
1 4J' c .
we may demonstrate that “Fy = 4,4, (“F), where “F isa (1,1 )-tensor

tield defined by [20]:

Fy, Fy 0
F:lo E 0], (17)
0 o Ff

relative to the coordinates (x“,xa,x;) . The (1,1)—tensor field (17) is
called the complete lift of affinor field /' to semi-tangent bundle #(B, )

[20]. We will now give below some important equations that we will use.

Lemmal. Let X,Y and F be projectable vector and (1, 1) —tensor fields
on M, with projections X ,Y and F on base manifold B, , respectively. If

fe3(8,), €3} (B,) and I=id, , then [17], [18] yerine [19], [20]:
(H)"O"X =0, i) “X"f="(x), Gii) "o X)="((X))
, () “FYX="(FX),
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@ x<r="(), ) (K)=S K X2 (W), i
"IYX =X, i) =1,

i) "X, T |="[XY], @)0("X)=" (w(X)), @)"F "X =0
, (wii) “FYX =" (FX)

cc~cc

(wiii) “ X f = “ (X, (wiv) w()?) —“(wX), @) (FX)="F"X
s i) V(X)) ="

@vii) "I X =0, (xviii) [)7 ﬂ =X o) (f0)="f e
, ()" X" f=0,

(i) [ "X, ™Y ] =0.

3. Main Results

Let an m—dimensional differentiable manifold B, (m=2k+1, k>0)
be endowed with a projectable (1,1) —tensor field pe 3(M,) [20] with
projection @ = ¢@p (x“ )aa ®dx” ie., a projectable (1,0) —tensor field
& e 3,(M,) withprojection & = & (x),, i.e. E=& (x,x)0, + £ (x*)8,
[20], a 1-form 77 , [ be an idendity and let them satisfy

g =-1+n®F,  p(E)=0, n°p=0, p(&)=1. (18)

Then (;0,5,77) define almost contact structure on B, (see, for example

[6], [11], [12], [16], [19], [23]). Taking account of (18) we obtain

c~ 2 cc =~
( (p) I+ @ E+ e ® e, (19)

cc~

T9"E=0,"n0"9=0, "0 " p=0,

“no =0, "n("¢)=0, "n(“E)=1, “n("€)=1, “n("E)=0,120]
Using (18) and (19) we define a (1,1) tensor field J on t(B,) by
J="p-rs@m+ e (20)
Then it is easy to show that T X =-"X and T “X=-"X , which

give that J is an almost contact structure on #(B,) . We get from (20)
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T7X =" (pX)+ " (n(X))“E,

~ cc cc ———

JTX = (pX)=" (n(X)) "¢+ " (n(x)) "2

for any )?eSé(Mn)

Let an m—dimensional differentiable manifold B, (m=2k+1, k>0)
be endowed with a projectable (1,1) —tensor field ge 3(M,) [20]
with  projection @ = @ (x“ )aa ®dx” ie., a projectable (1,0)—
tensor field E&e 3y(M,) with projection & =& (xa )aa ie.
Ezga(x“,xa)aa +&° (xa)ﬁa [20], a l-form 77, ] be an idendity and let

them satisty

2 ~ - ~
p =1-1®E, ¢(£)=0, nep=0, n(&)=1. (21)
Then ((No,g,iy) define almost paracontact structure on B, (see, for

example [2], [3], [6], [13], [21]). We continue taking complete and vertical
lifts from (21):

cc ~\? cc
( 90) =I-"n® ¢-"n®", (22)

“onE=0. 5 E=0."n"5=0.
“po“p=0. "n("€)=0, wﬂ(“g)zl’wn(wsg)zl’ ""n(mg)z 0. [20].
Using (21) and (22), we define a (1,1) tensor field J on #(B,) by
J="p-"c@"-"50 (23)
Then it is easy to show that T X ="X and T “X="X , which give

that J is an almost product structure on #(B,) . We get from (23)

¢~

TR o) =" (X)) 8 TR (oK)= (n(20)) =" (n(2))E
for any Xe 3, (Mn ) , (see, for example [6]).

Theorem 1. Inaccordance with (23), we have the following for the L, —

operator Lie derivation with respect to Je 3 (t(Bm )) and 7(Y)=0:

@) (L,7)"7 =0, ) (L.,7) =" (L))" (Len)?) E,
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i) (L. T)"Y =" ((Leo)Y)= " ((Lym)Y)"E,

@) (L)Y =" (L) V) =" ((Len)¥) "6 =" (L) ¥) “E,

where  X,Y,Ee 3,(M,) are projectable (1, 0) —tensor  fields,
ne3 (M,) is a 1-form and pe J1(M,) is a projectable (l,l)—tensor
field.

Proof 1. For J = “o-"E®@"n— “E®“p and 17(Y)=0, we obtain

(i)(LMXj) WY — L\-,X (“‘&_ VV§ ® WU _ CC%@ 61‘77) WY—(M&— Wé ® vvﬂ _ CCE@ CCT])LWX WY

0

“L, "(o¥)-L., W:[Wn W(Y>J—LWX K [w] =0

-
0 0 0

(“:) (L‘,‘Xj) cc? :L,W.X (cc(;_ Wé: ® w’] _ frg® gcn) cc?_(cc;)_ Wg ® an _ ccg® EEU)L,‘,-X a‘?

_ LWX L‘C&CC? —LWX w§ [U(Y)J— LWX L‘(‘E LC(U(Y)) _ q’; (L Y)
| — —_ _
(wa c (})u»;"’(‘( &(LWX uy) 0 LL‘(’](Y))L‘L/\, e E+“ E(LWX LT(’](Y)))
YiLxe)Y) Y(LxY)

+7n " (LY) "+ W(n(LXY)) “E
0 " (Len(V)-" (Len)7)

= (L)) + 9" (L) =" (nN) L., “E="E(L., “ (n(D)))

(o)
=" (L) (Lan (V)= (L)) S
=" (L)) =" (L) Y) “E,
(§ii) (L. )"V =L (“p-"¢@ - "E0 )Y -(“p-"s@ - “E® "y )L. Y
:LL.(.}CC;DWY—LM(W ””(Y))ch L. "(n(V)“&-"pL."Y

(L) e+ T (n(LeY)) "

_ L“ ) CC&WY_ L“ ) Wét W]] w 7) |- L(( - ccg w n y _ CC(}L“ - wy
e [ 0<>] By T,

-t -t -
w (way) W(ry(Y))(L“ . L.(.E)Jru E(Lu . W(”(y))) ,,u(q,L\ Y)
((Lxo)r )+ (oLxY)
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+ WT] v (LXY) W§ n w (U(LXY)) ccg
0 " (Len(M)-"((Lyn)Y)

=" (L)) " (oL,7) =" ()20, “E) = “F Lo, " ()
“(Lyd) " (Lyn(1)

cc

oL )+ (Lan(1)“E- (L)) E

v

(L)) v [@j “CE)-"((Lan)Y) B

=" ((LX(/’)Y)_ W((LX77)Y) vcg >
(i) (L J) T =L, (“p-"e0n-"E0%) T-("p-"c0 - "Fo ). T
+"n“(LY) e+ “(n(L,Y)) “E

| S —
W(”(LXY)) “'(LX17(Y))—“‘((LX77)Y)

cc cc

= (L)) (L) (n) (., "E)-"EL, ()

—_—

’ “(Lyen(1))

cc cc cc [ekod

- ((/’LXY)"'W(”(LXY))Wf*'CC(LX’7(Y)) ¢~ ((LX”)Y) ¢

cc

= ((Le@)Y)+ "(n(LyY)) "E="((Lyn)Y)"E
—
(L) (L)

cC — cc~

= ((Le)Y)+ 8" (L (V)= " ((Lem)Y) "6 =" ((Lem)Y) &

cc

((Lx(p)Y) - ((an) Y) e ((LX”)Y) Cc‘% R
where ULXYZLXU(Y)—(LXU)Y and @Y e 3,(M, ). Thus, we get the
tollowing corollary:

Corollary 1. We obtain different results if we set ¥ =¢& 1.e., 77(5) =1 and
Ee Jy(M,) has the conditions of (21):
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@) (L., J)" e‘=—”(L g)s (i) (L., J)"E="((Le0)&)- " (L)) “E,
i) (L. J) =" ((Lep)&)= " (Le&)="((Lin)&)"E,
(iV) (L"")?j) “g: . m_ W(Lxé)_ W((LX’7)§) K : ((Lxﬂ)g) Mg'

Definition 1. Let X and J be respectively vector field and tensor field of
type (1,1) on M, . A vector field X is called infinitesimal automorphisim
with respect to almost contact structure J if there is L,J =0, where
(Ly)Y)=L,(JY)-JL,Y =[X,JY]- f[X.,Y] for any Y €T (M,) and L,
denotes the Lie derivative a long X [22].

Using Theorem 1 and Definition 1, we have:

Theorem 2. Let X,Y and 1 be respectively projectable vector fields with
projections X', ¥ on base manifold M, anda |-form providing the condition
n(Y)=0 on B,.Then, "X and “X are infinitesimal automorphisim with
respect to almost paracontact structure J in semi-tangent bundle #(B,)

defined by (23) if and only if Z,p=0 and L,y=0, where peJ}(M, ).
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