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Abstract

In this study, optimality conditions of a beam model based on Mindling @ eldsticity theory is stud-
ied. The beam system depends on the external excitation function, non-homoX

rol fulctPn and state variable. Before

boundary conditions and

some mixed integral constraints including ineqality/equality on_the

obtaining the optimality conditions of the system, energy integra oyed for proving the uniqueness
of the solution of the beam system. Controllability properti 'S is also discussed. Adjoint system
corresponding to beam system is derived with suitable ter; s for achieving the maximum principle.
The beauty of the present paper is that the necessary optimality conditions of a hyperbolic beam
equation based on Mindlin’s gradient elasticity theo erived in this paper in the form of a mazimum

principle. In order to show the confirmation o al theoretical results, a real mechanical problem is

illustrated and results are presented in the togffle and gr.

quality by modeling solid and structures are deniable. These continuum

ernoulli or Timoshenko models were introduced in 1750s for explaining the

beginning. But observations made by advanced electron and optical microscopes show that classical continuum
theories are not able to explain the characteristic behaviors and elasticity properties of micro or nano-scaled
solid and structures due to lack of an internal length scale parameters, characteristic of the underlying nano
or micro structured materials, from the constitutive equations. In order to overcome this difficulties, several
studies and theories are introduced in the papers [1]-[11]. In [8], Mindlin introduced and developed gradient
elasticity theory which is comprehension of linear elasticity theory which contains higher-order terms to taking
into account for structural effects in micro-size or couple stress effects in materials. Mindlin improved his theory by
including new terms in the expressions of potential and kinetic energy and introducing intrinsic micro-structural
parameter without however providing explicit expressions that correlate micro-struc-ture with macro-structure
[13]. According to Mindlin’s this theory, the energy in the strain is subject to the elastic strain and gradients of the
elastic strain. Due to these gradients, constitutive equations includes additional coefficients with the dimension of
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a length which are called gradient coefficients. For sake, see, [1]-[13]. Since then, many researchers studying strain
gradient elastic theories, reproduced either from lattice models or homogenization approaches, have presented
in the literature. Although gracious, none of them derives as a whole the equation of motion as well as the
on-classical or classical boundary conditions seeming in Mindlin theory, in terms of the taken into account lattice
or continuum unit cell. Moreover, no continuum or lattice models that affirm the second gradient elastic theory of
Mindlin presented in the literature. In [13], authors introduce a model equation of motion, appearing in Mindlin
theory, confirming the Mindlin second gradient elastic theory. On the other hand, in order to determine the
necessary and sufficient optimality conditions for these kind vibrating systems, Maximum principle is introduced
by L. S. Pontryagin 1960s as a necessary condition for optimal control problems representing in way of ordinary
differential equations[14]. In [15], Egorov also shows that maximum principle is also necessary requirement for
some class optimal control problems modeled by partial differential equations. In [16, 17], Barnes and Lee proved
that maximum principle is sufficient requirement for control problems under some convexity assumptions on the
constraints functions. Russell and Komkov studied for obtaining the necessary and sufficient conditions of similar
vibrating systems including quadratic cost functionals[18, 19].In [20], Active control of an improved Boussinesq
system is achieved via maximum principle. In [21], Necessary and sufficient conditions for a vibrating Euler-
Bernoulli beam system, including control functions more than one, is achieved in t1#® fgrm of maximum principle.

In [22], necessary and sufficient conditions of a distributed parameter system is deriv he original contribution

graphics, it is that introduced conditions in the form of
maximum principle are necessary @ng suffici imality. Consider the following beam system defined in
(13];

2

1 /0% p, o'y
. e — t.,- t‘,A 1
<0t2 3paz28x2>+f("‘)+c<'l) )
acement at (¢,x) € Q@ = {(t,z) : t € [0,¢f],z € [0,{]},  is space variable, ¢ is
£

the length of the , imPvariable, ¢ is the final time of control duration, ¢* = e which p is mass density

trol force functi
is the set of admissible control functions and defined by €.q = {C(t,z)|C(t,2) € L*(Q), [C(t,z)| <m < o0}, m

is a constant. Eq. (1) is subject to the following initial conditions

D(t) is a function presenting the distribution of the control force, C(t,z) € €44 in which €,q

v

v(0,z) = vo(x), Fn

(0,2) = (@), 2)

Auo(z)
Ox

and L*(Q) presents the Hilbert space of real-valued square-integrable functions defined in the domain Q with

in which wo(z) € H'(0,6), H'(0,£) = {uo(z) € L*(0,0) : € L*(0,0)}, w(z)e L*(0,0),

following inner product and norm given in the sense of Lebesque;

162=< 6,6> < orp>a= /wdﬂ.
Q
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Eq.(1) is subject to following non-homogeneous boundary conditions

0*v o'y 0*v o'

v(t,0)=a(), Z5t0=60), 2E0)=60), vtO=G01), Z5E0=060), 500 =CG6),

o =am. Tao=6n. Len=an. Lan=an. Ten=60. L0 =0

Let us make the following assumptions on the system;

o'v 9y
(AL) 5> 525+ damarn
(A2) G(1),&(t) € L*(Q), i=1,...6.

Then, the system addressed by Eqs.(1)-(4) has a solution[27].

gmtn,,

EL(Q) Q isclosure of Q, i=0,1,2 j=0,1,...,6, m,n=0,1,2,

Lemma 1. The system called by Egs.(1) -(4) has a unique solution.

Proof. Let us that v1 and v, are two solutions to the system under the same conditions. Then the difference

uw = vy — vy satisfies the following homogeneous initial conditions [ ]

w(x,t) =0, w(z,t)=0 at t=0 (5)

and boundary conditions

0*u o*u 0'u
t,0) =0, t,0) =0, ——(¢,0)=0, t,0) =0, 6:
w0y =0, Tta0y=0, T4a0=0 un=0. ()
ou %u O®u u
t,0) =0, t,0) =0, - =0, -=(t0)=0, Gb
Soy=0, SEno=0, o SEe0=0, ()
and equation of motion becomes as follows;
2 2
ux,ﬁrfzu,“ﬁr 2%p11u.,—0 (7)
Let us show that u is identically equal to ze oduce the following energy integral
o 1 1020 9%
- D+ 5L fde ®)
and show that F(t) is inde fferentiating F(t) with respect to t, it is easy to see following equality;
dE(t) 5 O e 1 162 9
n 4 %(mu) 36 a6 (wuy) — = (upuer) + =iy ; Er) (wpuge) pdz (9)
Integrating by s 15ing boundary conditions indicated by Eq.(6), Eq.(9) becomes
2 )4
1 17
izum,+§6uuuuf St ff+(/'3pufm}uf,dm< (10)

Due to Eq.(7), following equality is observed
dE(t)
dt

Regarding the conditions defined by Eq.(5), one obtains;

=0, thatis FE(t) = constant.

¢
1 P a9 L M, 1, upﬁz
E0) = = ‘ - — - = z=0.
(0) 2/{(%2@ )+ 12&[4(11 >+368w“(u ) cz(uf)wL 73, (m)} t:Udr 0
0

Hence, it becomes obviously that u(z,t) is zero, identically and u = v; — vo = 0 = v1 = vo. Namely, the system
under consideration has a unique solution. O
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By considering Lemma 1, it is concluded that for saving the uniqueness of the solution v(x,t), corresponding
control function C(t, ) has to be unique. In this case, it is said that the system under consideration has a unique
solution v(z,t) and a unique control function C(t, x). Then, system introduced Egs.(1)-(4) is referred as observable.
Hilbert Uniqueness method indicates that observable is equivalent to controllable. As a conclusion, Eqgs.(1)-(4) is
controllable [25, 26].

2 Optimal Control Problem

The main goal of the optimal control problem is to determine optimal control function C°(t, z) € €,4 minimizing
the performance index functional at a given terminal time t;. The performance index functional of the system, is
consisted of a sum of modified energy of the beam and control effort used up in control duration, introduced as

follows;

4
Jolf(t,2)) = / (G (@, v(t5,3)) + Gal, (2, 7))z
L o (1)

+//go(t,:L‘,I/(t,w),C(t,x))dtd:L:

00
Admissible control function C(t, ) subject to the Eqgs.(1)-(2) and the follovir w nts

14 ty

/hz(w,ul(t/,w)dw+//gq(t.w,y(’,“

0

C(INQItYP= c—o. (12a)

byt

./[‘hl(:v,u(tf.:v)d;v-kI/I/gf ) ! t,x))dedt = c_q, (12b)

0 0

1<i<m, (12¢)

sa, vt x), C(tx))dedt = ¢;;, m<i<M (12d)

W), Gi are continuous functions of their all parameters. Also, h1,Go, G;
for i = —=2,—-1,1,..., M ¢ QLT s having continuous derivation respect to v. Also, ha, G2 are functions
y to v¢. Suppose that C°(t,z) is optimal control function with corresponding

to optimal displaceme . B assuming (t1,21),..., (tp,zp) are P arbitrary points in the open region € and

Ci(t,x), j= arbitrary subfunctions of admissible control function C € €,4. Also, let us assume
that 1 < a2 . Let ¢ > 0 be for z; + P¢ < z; if 2y < x;, ap+ Ps < £ and t; +¢ < t5 for each
0<i<P. Let 8 % be real parameters satisfying 0 <e; < ¢2. Let X1 = 21 and Xj=zj+E1+...+E1

be for 1 < j < P. Hence, the intervals X; <z < X; + /€ and the rectangles R; : [t;, t; 4+ /E5] x [X;, X; + /&]]
do not have any intersection for 1 < j < P, respectively. & denotes the vector (e1,...,ep) € RP, R is a space in
the manner of P— dimensional Euclidean, and € = |¢| = 1 + ... + ep. Control C:(t,x) € Q is defined by

Co(t,x) if (t,z)¢ @lRy,

C(t,z) if (t,z)eR;, j=1,..,P

Cot,z) = 13)

3 Adjoint System and Optimality Conditions

Necessary requirement for optimality is obtained by means of maximum principle. Assuming by some convexity
conditions on the constraints, maximum principle seems sufficient requirement for optimality. In order to con-
structing the maximum principle, an adjoint variable v(¢, z) € Q, in which Q*is the dual to 2 having same
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norm and inner product like in ©, along the adjoint operator is defined. The v(t, ) satisfies the following adjoint
equation;

v 20w 0% 1(0% ¢ p/ o*v 0 )
a?*ﬁa?*%m*?(ﬁ*?;mw) ZA (ta,v",C(t2)), (14)

where \; < 0 and Eq.(14) is subject to the following homogeneous boundary conditions

v o' 0% o' -
v(t,0) =0, w(t,o) =0, @(t. 0)=0, o(t¥) =0, o2 (t,0)=0 a—(z‘ ) =0, (15a)
or
v v v ov v v
p (t,0) =0, g 5(t 0) =0, ﬁ(t‘o) =0, %(f.[) =0, w(t,i) Py (t,0) =0, (15b)

and the terminal conditions

107 1 ohy , . G,
23, L,,,(t x) — Cf_ZL,,(t,J,) = A,l—ay (@, v(t,z)) +/\()—(_)I/ ,
0G: Oh
v(t,z) = —Xo (()gz (@, ve(t,z)) — A2 ;Ilj (x, ve(t, @

Lemma 2. Letv and Av(t,z) = v(t,x)—v°(t,x) be two functions which ardM

that v and Av(t,z) satisfy Eqs.(14)-(16) and Egs.(1)-(4), respectively. Jhen,

02

9 3 p Or20a?

¢ty 1 [P 2p o'
136000 & <0t° BEW) ()fz()p)]}d‘”d['

1 (aQAV 2 oAy >]

Definition 1. v is the solution of th®
v° and v be the response fung
u be the any one of the fol
u(t,z) = Gi(t,z,v,C(t, x)),
u(t,x) = Gi(t,z,v°,C°(t, x)),
u(t,z) =vC°, C° € €y,
u(t,z) =vC, C € Coq 1s fized
A point (t,Z) is named regular point for C € €qq if it meets the following equality for any sufficiently small ¢ > 0

t+y/Ez+\E

/ /u,(t,.r,)dmrlt:su(f,.i)wLo(r:).

By considering [23], it is reveals that all points of [0,t5] X [0,£] are reqular for each C € €qq.
Let J and Z indicate the vector valued functional (J-2, J-1, Jo, ..., Ja) and the set

Z={J(C):CeCu}t Cc RMT,
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Definition 2. If a surface exists in the following form

.
=J(C)+ Y djej +ole)
j=1

in Z for sufficiently small €5 and di, ...,dp is any finite collection of vectors from D, then set D is called as a
deriwed set of the set Z at J(C°) [24].

Lemma 3. Assume that the points (t;,x;) are regular points in Q for i = 1,2,...,P. Let us introduce the J(C)
for any C € €aq as follows;

L

7€) = /'{Au[gmxﬁuufﬂv» + Gl (e, )

0

+[A2ho(m, ve(ty, ) + A1ha(z, v(ty, r))]}d?

tf Ly
i T, UV, Laxr .
+0/O/I;[A,g,(t., ,1,C))]dtd

IfP=1, for C € €4, there exist constants A_a, A\_1, Ao, ..., \ar (not all z % val;

M <0, AM<0 (0<i<m),

where C°’s and C.’s are functions introduced in Eq.(13).

‘
dm+//G1fr1/Crlrdf
00

/G(t,mu,C)d.rdﬁ. 1=1,..,M.

For employing Lagrang i /e need to construct a derived set D for the set Z at 7(C°) [24]. Now let us
define the functions 4} 2,—1,1,..., M which are supplying the following conditions:

46 924, 2 9o
X Lo L(Pu L0 0y B ) e

36 drb T\ o2 3 p 01202 )

where \; <0, 0 <z < (¢ and Eq.(18) is subject to the following boundary conditions

a2 .
u(t,0) =0, 2% 0)=0, & “(t 0)=0, wv(t,0) =0 Py (.0 =0, & Y (t,0) = (192)
Ox? Ozt
or
0v; 0%v; 0%v; Ov; %, Ov; .
- (4,0) =0, =0, =0, = (t,€) =0, =0, -2<j<M
L0 =0, SE00) =0, T =0, FLO=0 FIO=0, TLH=0, 2<j<M
(19Db)
and the terminal conditions
1620 9 19 , )
v;(ty,z) =0, 23 ) owor vi(ty, ) — e (ty,xz)=0 for i=1,.., M. (20a)
7 LY A R S VN 900%  N€ 0
voo(ty,x) = =Ao—(z,(ts, ), ——=—==>v_o(tf,z)— = —=—v_a(ty,z) =0, )
2f 2014 v T3 p Otox? 2 2ot 2\
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- 1020 0 10 Ohy .
v_i(ts,z) =0, 23 p 0ion? Sv-1(ts, m) — 8[1,1(7‘1« T)=A1—— W Lz, v(ty,x)) (20c)
0G2
voltr, ) = —Xo }9 (@, vty 2)), (20d)
o 10 oG

162, R 1, N
EEFW vo(ty, ) 2 ot v (@, v(ts,)).
x (0,

For each point (¢,z) € (0,ty) 0),i=—2,-1,0,..., M, d'(t,z,C) is defined as follows

vo(ts, ) = Ao
d'(t,z,C) = vi(t,x)(C — C°) + Gi(t,x,V°(t, x),C) — Gi(t, x,°(t,x),C°). (21)
Now we shall show that the set
D ={d|d = (d*(t,z,C),...,d" (t,z,C)), (t,z) a regular point of C°,C € Coa}

is derived set for Z at J(C°). Let di,da, ...,dp be an arbitrary finite collection of vectors from D. We must show

that there exist points J- € Z depending continuously on the vector parameter € = (g1, ...,ep) for all sufficiently
small positives values of £ such that )

)+ Zd i+ o(e).
Since d; € D, j=1,..,P, thereexist (t1,21),..., (tp@T?p) regularity poin @ subfunctions Ci, ...,Cp €
Cqq such that

dj = (d2(tj,25,C)), ...,(J'“(ﬁ,,.’x:,.C, 4 1,..

We shall show that 7. can be defined by [J. = J(C-) where C: is
fori=1,..,.M

e control defined in Eq.(13). Then,

Ji(Ce) — 7(t,x,v°(t,x),C°(t,z))|dtdx

= Gi(t,x,v°(t,2),Ce(t, ))]dtdx

+ v, 1 (t,7),Ce(t, 7)) — Gi(t,z,v° (t,2),C° (t, )] dtdx
(22)
(t,2,v°,C°(t,2)) Av(z, t)dtdx +Zv/ ti,zj,v° (tj,2;),C))
o (23)
P
7g,(tb,,x,,Vo(t_,,;L‘_,).Cf(t,,1:,))]+Zo(s,).

For obtaining Eq.(23), we employ that C° is regular in Q. After employing following equality in Eq.(17)

0G;

Mu; = % (t,z,v°(t,z),C%), i=1,...M, k=1,.,N
it is observed that
¢ty ety
//AI/(KJ?)WIZ?zdfdJ? = //zzz(tﬁa?)(Cg(t,,r,) —C°(t,x))
00 00
p
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By means of Eq.(21) and Eq.(23), we can write
P
Fi(C)=TC)+ Y digs +o(e), i=1,..,M, (24)
j=1
where d; denotes the ith component of d;. For i = 0, we have

14

() 0G: o
Jo(Ce / g] “(ty,z))Av(ts, ) + {—gz(;t,u, (t,2))Ave(ty, x)]da
ov 2
P
ZS (L, 25, ve (b, 24),C5) = Golty, 5, ve (b5, ), C5)]
ety
+/ /(J\/llxu)Al/(t.;r)dtdm +o(e). (25)
00
¢ ti o [ ]
in which Jo = f[gl(mu(tf‘m)) + Go(z, v (ty, x))|dx + f f Go(t,z,v,C)dtdz. Considd Eq.(17) and Eq.(18), it
0 00
is observed that
tr e ty ¢
//Aul z)Muodtde = // Vo

0 0

7/{%% (2, v°(tr,2)) Av(ts, z) + é’)y

0

If J. is defined as J(C.), it follow
[24] that A_2, A1, Ao, ..., A ar

M
Y nd' <0 (27)
i=—2
for any vector c ,.,,d“) in D. For attaining conclusion of Lemma 3, take into account P = 1
and consider
M
J= N\
i=—2
By Eq.(24), we have following equality
M
JC)=TC) =Y Nid' +o(e)
i=—2

for any d = (d=2,d~',d°,...,d™) in D. Then, we obtain the proof of Lemma 3 as follows:

U M
fim M =Y and <o

em0+
e—=0 i—_o
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Theorem 1. [Mazimum Principle] For the optimal control functions C°(t,z) € Cqq, the corresponding optimal
state and adjoint variables are let v°(t,x) = v(t,x,C°) satisfying Eqs.(1)-(4) and v°(t,x) = v(t,z,C°(t,z)) satis-
fying Eq.(14), boundary conditions Eq.(15) and terminal conditions Eq.(16), respectively. The mazimum principle
states that if

H[t,z,v°,C°(t,2)] = max H[t,z,v,C(t,z)] (28)

Celyq
where the Hamiltonian is given by

M

Ht,z,v,C(t,z)] = v(t,x)C + Z XiGi(t,z,v(t,z),C) (29)
then the performance index Eq.(11) is minimized, i.e.,
JC°(t,2)] < JolC(t,x)] for any C € Caa. (30)

Proof. By Lemma 3 and Lagrange multipliers 0 < i < m, A\; # 0 and A_2, A\_1, /\‘ ..; An independent of (¢, z)
with A; <0 such that

Z Ai[vi(t, 2)(C = C°(t,2)) + Gi(t, z,v(t,x),C) — Gi(t, x, v°(t 4@ NZo (31)

for any function C € €,4. Note that the term in Eq.(31)

[ ]
M

z Ailvi(t, z)C + Gi(t, z, (32)

i=—2
obtains its maximum value at C = C°(t,z) € Caq. Takgginto he first term in Eq.(32),

M
If we define v = Y \wvi(t,x), we@b)
i=—2
M
Pr)C + Z XiGi(t,x,v(t,x),C).
i=—2

Hence, Theorem 1 j O

Theorem 2. TN

form

fnt the system Egs.(1)-(2) and Eqs.(11)-(12). Let the functions G; in the following

Gi(t,z,v,C) =G (t,z,v) + H'(t,,C), i=-2,-1,0,....M

and v satisfying Eqs.(14)-(16) be the nonzero solution of

Mo o o,
Mo — Z )\1()(; (t,x,v (tL))

) ov
i=—2
Assume presence of admissible control function C° with the Mo, \i, i = —2,—1,1,..., M, that satisfy the mazimum
principle Eq.(28). Let followings are assumed:
a) Gi,h1,Gs,...,Gm are convez respect to v and Ga, ha are conver respect to vy;

b) Mo <0, X <0 fori=—1,...,m;
¢) the constraints Eq.(12) are satisfied by C°;
d) If the strict inequality holds in Eq.(12), the corresponding Lagrange multiplier \; = 0;

e) —N\G',—A_1h1 are convex functions of v and —A_2hs is convex functions of vy for m < i < M.
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nce of above requirements, mazimum principle introduced by Eq.(28) is sufficient requirement for C° to be

optimal. Requirement (d) is indicated in [24]. In case hi, ha, Gi,m < i < M are linear function, requirement (e)

is proved.

Proof. 1f Eq.(12) is satisfied by C,v , then by condition (d),

tr ¢
//)\z {Gl(tm,u) G'(t,z,v° :|(1Tdf+ // [ (t,z,C) — H'(t,x,C°)|dtdz =0
00

for i=-2,-1,..., M Then, following inequality can be written;

=20[J0(C) = To(C®)] >

¢
//\U (z,ve(tp,2)) — Golz, vy (tp,2)) + Gi(z, vty x)) — Gi(z,v° (tg, x))|dx
0

ty

¢
Z)\{ (tyz,v(t,x)) — G (t,2,v° (L, x)) x
—[H'(t,x,C(t,z)) — H'(t,z,C°(t, x)) }Q

/'A [mu v(ty,2) — u(,

0

¢
/)\ [hz1mffr
0

Using convexity assumption (e),

—Xo[Jo(C) — To(C%)] >

) Av(ty,x)) + g—iz(r vi (ty, ,T,)Ay,,(ff,;r))] dx

/ G
& 1
//\U[z)u o
0

M )(wz
Z ¢ (t,2,v°(t, ) Av(t, z)dtds

Z N[H (t,2,C°(t, x)) — H' (t,2,C(t, z))]dtdz

¢
/ r)hl (z,v°(ts,2)Av(ts, z)dx — //\ 2(())]“(1 v (ts,z))Ave(ty, z)dz
0

0

,
== [ oo G a0 At a) + G2 vk ) A, 2) 0]
t

0

ty ¢ f{ e
_ / /( Muv)Av(t, z)dzdt + / / Z NlH (t,z, f°(t,2)) — H' (t, z, f(t,z))]dtdz

4

/. [)\ 1 ())hl( x,V°(ty, @) Av(ty, ) + Ao 2())}7 (z,v] (ty, 1))A1/,(t_f.1:)]d;t

0
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And finally employing the Lemma 2 and Egs.(19)-(20), we obtain

—XolJo(C) — Jo(C7)] >
I,{ ¢

/{v(l,,a')[CO(l,,z) —C(t, )]

00

+ Z Ni[H'(t,2,C°(t,z)) — Hl(t,rAC(tAm))]}da:dt (33)

i=—2

Take into consideration that above inequality given by Eq.(33) is nonnegative because of requirement (b). Hence,

following inequality is obtained
Jo(C(t,z)) — To(C°(t,z)) >0 (34)
O

Hence, the proof of Theorem 2 is completed and it is concluded that for a global minimum of the performance

index functional Eq.(11), the maximum principle is also a sufficient condition. ®

4 Numerical Example and Discussion

in the beam optimally.

Piezoelectric patches

Figure 1: Cross section of the beam

The matheghaticy €1 of the beam system, described by Fig.(1), is given as follows;

36 926 ¢

Cotv 0% 1 (v p/ o*v

= t == — = (t, ) + C(t,x 35
922 12020 oz~ 3 poeagr ) T/ HCET) (35)
where C(t,z) = C(t)[H" (x—21)— H" (x—x2)] in which C(t) is the optimal control voltage function, H is heavy-side
function and z; and x2 are the locations of piezoelectric patch actuators. The Eq.(35) is subjected to following
homogeneous boundary conditions;

v 0ty ) 0*v 0ty ) -
v(t,0) =0, ()7(“)) =0, m(t 0)=0, wv(t£) =0, 72 (t,0) =0, ()7(1[) =0, (36)
or . R N 5
ov 0°v 0°v ov 0°v v
—(t,0)=0, ——=(t,0)=0, ——=(t,0)=0,—(t,0)=0, ——(t,0)=0, t,l)=0 37
Y0 =0, 2E00=0, TL60)=0,200,0=0, TEeH=0 FL00 (31)
and initial conditions;
ov
v(0,2) =wvo(x), —(0,2)=wvi(z). (38)

ot
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Also, the performance index functional, to be minimized at predetermined terminal time, of the system is defined

as follows;

¢ tf
//\11/ (tf,z) +)\21/, (tf,x ]dr+)\3/C (t)dt (39)
0 0

in which the first integral at the left hand-side is the modified kinetic energy of the beam system which includes
the weighted quadratical functional of the displacement and velocity of a point on the beam. Second integral is
the weighted quadratical functional of the voltage energy to be applied to the piezoelectric patch actuator on the
beam system. By following the theoretical results in the previous section, the aim of this section is to optimally
determine the C(t), which satisfies the Eqs.(35)-(38) and minimizes the Eq.(39) in the control duration. In order
to obtain the optimality for the beam system defined by Eqs.(35)-(38), let us define the adjoint system as follows;

v 2ot 9% i R (40)
0x? ' 120z% 36 026 ot2 3 p Ot20x?
Eq.(40) is subject to the following homogeneous boundary conditions;
0% o'
v(t,0) =0, E 5(t,0) =0, % - (6,0)=0, o(t,f) =0, (41a)

or
v 9 v v
0 =0, SL0)=0, SL(0)=0,

and following terminal conditions;

1.2

[3 Viza(t, ) — vi(t, 2)] 5

2
v(t,x) = =2 2

In the light of obtained theoretical results from pr€v

in the form of maximum principle is obtainegfas ®llov

If z{[l,m,a'z (" g}égf{]%[t,atl,u;ﬂ,C] (43)
in which the Hamiltonian is defined b¥@ke equation
L C) = [va(t, 22) — va(t, 21]C(t) — X3C(t) (44)
then,
JIC°] = min J[C], C €€ (45)

CeC,y
Hence, optima¥g@@ntrolfoltage function is obtained as follows;

Vg (t, x2) — Vo (t, 1)

o = 2

(46)
The solution of the system defined by Eqgs.(35)-(46) is achieved by means of MATLAB. Before discussing the
numerical results, note that A3 is on the control function given by Eq.(46). The value of A3 on the control
function increases, the value of control force defined by C(t) decreases. By adjusting the optimal value of \s,
optimal control voltage C'(t) is determined. In the numerical computations, A\; = A2 = 1, and A3 is evaluated as
10~ and 10° for controlled and uncontrolled situations, respectively. Also, initial conditions are taken into account
as vo(z) = V/2sin(rz) and vi(z) = V2sin(rz). Also, the external excitation function f(t,2) = e~'(1 — z). The
predetermined terminal time is fixed as £y = 5 and length of the beam is £ = 1. The location of the patch on the
beam is considered as 1 = 0.4 and 2 = 0.6. The values of the displacements and velocity in the performance index
functional defined by Eq.(39), is calculated at the z = 0.5, which is the middle point of the beam. The Young’s
modulus Fis 2 x 107 and the line density of the beam pis 6 x 10%. Controlled and uncontrolled displacements of
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the beam, subjected to external excitation, are plotted in Fig.2. By observing the Fig.(2), it is concluded that the
vibrations in the beam is effectively suppressed as a conclusion of the optimal vibration control. Same observation
is also valid for the controlled and uncontrolled velocities of the vibrations on the beam, which are plotted in
Fig.(3).

Let us define the dynamic response functional of the beam as J(v) by considering Ay = A2 = 1 and A3 = 0
in Eq.(39). Also, define the accumulated control voltage functional as [7(C') by evaluating the A1 = X2 = 0 and
A3 =1 Eq.(39). By taking into account the Tablel, it is concluded that the value of A3 decreases on the optimal

Table 1: The values of 7 (v) and J(C) for different values of 3.

U3 J(w) JWV)
103 3e-5 5.2 e-10
10° 9 e-8 2 e-6
1073 1.5 e-13 6 e-6

control function, dynamic response of the beam is decreases due to increment on the

e of the optimal control

force applied to piezoelectric patch actuator on beam. These observation reve, ced necessary and

sufficient conditions in the form of maximum principle are ideal for optimalj

5 Conclusion

variable. For obtaining optimality conditions of
equation is proved by using energy-integral me
sufficient optimality conditions are derived i
and results given by table and graphics ind

gradient elasticity theory are nece® and su
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