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Abstract 

In this chapter, using the generating function for obtaining the Szász type 

operators, we define an extension that includes Genocchi type polynomials. 

We investigate convergence properties such as modulus of continuity, 

Korovkin-Bohman theorem, Lipschitz class by using some of important 

definitions, equalitiy and inequality.  

Introduction 

The Genocchi polynomials are one of the important special polynomial 

families. Genocchi polynomials are named after its creator, Angelo Genocchi 

(1817-1899). The generating function of Genocchi  polynomials is defined 

to be is defined to be  

( 2𝑡𝑡
𝑒𝑒𝑡𝑡+1) 𝑒𝑒

𝑥𝑥𝑡𝑡 = ∑ 𝐺𝐺𝑛𝑛(𝑥𝑥)
𝑡𝑡𝑛𝑛
𝑛𝑛!

∞
𝑛𝑛=0 , |𝑡𝑡| < 𝜋𝜋.  

If we put 𝑥𝑥 = 0, The Genocchi numbers’s generating function is described 

as follows: 

( 2𝑡𝑡
𝑒𝑒𝑡𝑡+1) = ∑ 𝐺𝐺𝑛𝑛(0)

𝑡𝑡𝑛𝑛
𝑛𝑛!

∞
𝑛𝑛=0 .  

Bölüm 2

A Generalization of Szász Type Operators 
Involving Generating Function of  Negative 
Order Genocchi Polynomials 

Erkan Agyuz1 

1 Gaziantep University, Naci Topçuoğlu Vacational School, Gaziantep/Turkey, ORCID: 0000-
0003-1110-7578, eagyuz86@gmail.com

https://doi.org/10.58830/ozgur.pub81.c469



16 | A Generalization of Szász Type Operators Involving Generating Function of  Negative Order...

The generating functions have a lot of bridges between mathematics and 

other applied sciences such as Combinatorics, Computer Aided Geometric 

Design (CAGD) and Machine learning. The generating functions are 

designed to help us effectively convert problems involving sequences into 

problems involving functions. Many researchers have studied with Genocchi 

polynomials and numbers by means of their Generating functions. Dere and 

Simsek derived properties of the Genocchi polynomials and constructed 

relations between Genocchi polynomials of higher order and other special 

polynomials and numbers of higher order such as Euler polynomials and 

Stirling numbers [1]. Kilar and Simsek studied some relations and formulas 

including the Genocchi polynomials of negative order and the other special 

polynomials and numbers [2]. Kim obtained some relations and formulas 

for 𝑞𝑞- analogue of Genocchi polynomials and The modified poly-Genocchi 

polynomials and numbers obtained from the modified degenerate poly-

exponential function were studied by Kim et al., who also came up with 

conclusions and identities regarding those polynomials and numbers as well 

as some other unique numbers and polynomials [3]. Srivastava et al. 

proposed a new form Euler type polynomials by aid of their generating 

function and presented 𝑛𝑛 analogue abstraction of the closely-related 

Genocchi type polynomials [4]. A. F. Horadam defined negative order 

Genocchi polynomials by means of their generating functions as follows: 

(1+𝑒𝑒
𝑡𝑡

2𝑡𝑡 )
𝑘𝑘
𝑒𝑒𝑡𝑡𝑡𝑡 = ∑ 𝐺𝐺𝑛𝑛−𝑘𝑘(𝑥𝑥)

𝑡𝑡𝑛𝑛
𝑛𝑛! ,

∞
𝑛𝑛=−𝑘𝑘                  (1) 

where 𝑘𝑘 ∈ ℕ [5]. 

Nowadays, the generating functions of special polynomial sequences are one 

of the important tools to construct positive linear operators. Brenke form 

polynomials were used by Varma et al. to introduce novel Szász form 
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(1+𝑒𝑒
𝑡𝑡

2𝑡𝑡 )
𝑘𝑘
𝑒𝑒𝑡𝑡𝑡𝑡 = ∑ 𝐺𝐺𝑛𝑛−𝑘𝑘(𝑥𝑥)

𝑡𝑡𝑛𝑛
𝑛𝑛! ,

∞
𝑛𝑛=−𝑘𝑘                  (1) 

where 𝑘𝑘 ∈ ℕ [5]. 

Nowadays, the generating functions of special polynomial sequences are one 

of the important tools to construct positive linear operators. Brenke form 

polynomials were used by Varma et al. to introduce novel Szász form 

operators and study the convergence characteristics of these operators [6]. 

Using Brenke form polynomials, Taşdelen et al. created a Kantorovich 

variant of Szász form operators and found convergence characteristics like a 

Voronovskaya-type finding [7]. Chlodowsky modified Szász form operators 

were provided by Mursaleen et al. along with Boas-Buck type polynomials 

and derived convergence features like the continuity modulus [8]. Prakash 

et al. suggested a new type sequence of operators that includes Apostol-

Genocchi polynomials Via the use of their generating functions [9]. 

Menekşe Yılmaz presented a new Szász type operator by using Apostol-

Genocchi polynomials of order 𝛼𝛼 and studied approximation properties of 

these operators [10]. Gezer and Menekşe Yilmaz studied convergence 

properties of a generalizations of Kantorovich form operators which 

including Charlier polynomialsand gave Voronovskaya type theorem by 

using an asymptotic formula [11]. See the following references for more 

information [12-17]. 

By the motivation above studies and the Eq. (1), we define our operator at 

the following definition: 

Definition 1: Let 𝐺𝐺𝑛𝑛−1(𝑥𝑥) be -1 order Genocchi polynomials. The operator 

is defined to be  

𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) =
2

𝑒𝑒+1 𝑒𝑒
−𝑛𝑛𝑛𝑛 ∑ 𝐺𝐺𝑘𝑘−1(𝑛𝑛)

𝑘𝑘!
∞
𝑘𝑘=0 𝑓𝑓 (𝑘𝑘𝑛𝑛).     (2) 

Main Results 

In this section, we investigate the convergence properties of 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥). To 

show the uniformly convergence of 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥), we give the moment functions 

of operator at the following lemma: 
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Lemma 1: To all 𝑥𝑥 ∈ [0, ∞), Eq. (2) provides at the aforementioned 

equalities: 

𝒢𝒢𝑛𝑛
∗(1, 𝑥𝑥) = 1         (3) 

𝒢𝒢𝑛𝑛
∗(𝑠𝑠, 𝑥𝑥) = 𝑥𝑥 + 2𝑒𝑒+1

𝑛𝑛(𝑒𝑒+1)       (4) 

𝒢𝒢𝑛𝑛
∗(𝑠𝑠2, 𝑥𝑥) = 𝑥𝑥2 + 5𝑒𝑒+3

𝑛𝑛(𝑒𝑒+1) 𝑥𝑥 + 5𝑒𝑒+1
𝑛𝑛2(𝑒𝑒+1)     (5) 

 

Proof: By using derivatives the generating functions of the −1 order 
Genocchi polynomials, we have: 

∑ 𝐺𝐺𝑘𝑘
−1(𝑥𝑥) 𝑡𝑡𝑘𝑘

𝑘𝑘! = (1+𝑒𝑒𝑡𝑡

2𝑡𝑡 )
1

𝑒𝑒𝑡𝑡𝑡𝑡∞
𝑘𝑘=0 ,  

∑ 𝐺𝐺𝑘𝑘
−1(𝑥𝑥)𝑘𝑘 𝑡𝑡𝑘𝑘−1

𝑘𝑘! = 1
2 𝑒𝑒𝑡𝑡𝑡𝑡(𝑥𝑥𝑥𝑥 + 𝑒𝑒𝑡𝑡(𝑥𝑥𝑥𝑥 + 𝑥𝑥 + 1) + 1)∞

𝑘𝑘=1 ,  

and  

∑ 𝐺𝐺𝑘𝑘
−1(𝑥𝑥)𝑘𝑘(𝑘𝑘 − 1) 𝑡𝑡𝑘𝑘−2

𝑘𝑘! = 1
2 𝑒𝑒𝑡𝑡𝑡𝑡(𝑥𝑥(𝑥𝑥𝑥𝑥 + 2) + 𝑒𝑒𝑡𝑡(𝑥𝑥 + 1)(𝑥𝑥𝑥𝑥 + 𝑥𝑥 + 2))∞

𝑘𝑘=1   

𝑥𝑥 = 1 and 𝑥𝑥 is replacing by 𝑛𝑛𝑥𝑥 throughout the proof. Using the definition 

of 𝒢𝒢𝑛𝑛
∗(𝑓𝑓, 𝑥𝑥), it's simple to see 

𝒢𝒢𝑛𝑛
∗(1, 𝑥𝑥) = 2

𝑒𝑒+1 𝑒𝑒−𝑛𝑛𝑡𝑡 ∑ 𝐺𝐺𝑘𝑘
−1(𝑛𝑛𝑡𝑡)

𝑘𝑘!
∞
𝑘𝑘=0 = 2

𝑒𝑒+1 𝑒𝑒−𝑛𝑛𝑡𝑡 𝑒𝑒+1
2 𝑒𝑒𝑛𝑛𝑡𝑡 = 1.  

Let 𝑓𝑓 = 𝑠𝑠. 

𝒢𝒢𝑛𝑛
∗(𝑠𝑠, 𝑥𝑥) =  2

𝑒𝑒+1 𝑒𝑒−𝑛𝑛𝑡𝑡 ∑ 𝐺𝐺𝑘𝑘
−1(𝑛𝑛𝑡𝑡)

𝑘𝑘!
∞
𝑘𝑘=0 (𝑘𝑘

𝑛𝑛) = 2
𝑒𝑒+1 𝑒𝑒−𝑛𝑛𝑡𝑡 1

2𝑛𝑛 𝑒𝑒𝑛𝑛𝑡𝑡(𝑛𝑛𝑥𝑥 + 𝑒𝑒(𝑛𝑛𝑥𝑥 + 2) + 1)  

                = 1
(𝑒𝑒+1)𝑛𝑛 [𝑛𝑛𝑥𝑥(𝑒𝑒 + 1) + 2𝑒𝑒 + 1]  

                = 𝑥𝑥 + 2𝑒𝑒+1
𝑛𝑛(𝑒𝑒+1)  

Let 𝑓𝑓 = 𝑠𝑠2. 
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𝑘𝑘!
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𝑘𝑘=0 (𝑘𝑘

𝑛𝑛) = 2
𝑒𝑒+1 𝑒𝑒−𝑛𝑛𝑡𝑡 1

2𝑛𝑛 𝑒𝑒𝑛𝑛𝑡𝑡(𝑛𝑛𝑥𝑥 + 𝑒𝑒(𝑛𝑛𝑥𝑥 + 2) + 1)  

                = 1
(𝑒𝑒+1)𝑛𝑛 [𝑛𝑛𝑥𝑥(𝑒𝑒 + 1) + 2𝑒𝑒 + 1]  

                = 𝑥𝑥 + 2𝑒𝑒+1
𝑛𝑛(𝑒𝑒+1)  

Let 𝑓𝑓 = 𝑠𝑠2. 

𝒢𝒢𝑛𝑛
∗(𝑠𝑠2, 𝑥𝑥) = 2𝑒𝑒−𝑛𝑛𝑛𝑛

𝑒𝑒 + 1 [1
2 𝑒𝑒𝑛𝑛𝑛𝑛(𝑛𝑛𝑥𝑥 + 𝑒𝑒(𝑛𝑛𝑥𝑥 + 2) + 1) + 1

2 𝑒𝑒𝑛𝑛𝑛𝑛(𝑛𝑛𝑥𝑥(𝑛𝑛𝑥𝑥 + 2) + 𝑒𝑒(𝑛𝑛𝑥𝑥

+ 1)(𝑛𝑛𝑥𝑥 + 3)] 

         = 2𝑒𝑒−𝑛𝑛𝑛𝑛

𝑒𝑒 + 1
𝑒𝑒𝑛𝑛𝑛𝑛

2𝑛𝑛2 [(𝑛𝑛𝑥𝑥 + 𝑒𝑒(𝑛𝑛𝑥𝑥 + 2) + 1) + (𝑛𝑛𝑥𝑥(𝑛𝑛𝑥𝑥 + 2)

+ 𝑒𝑒(𝑛𝑛𝑥𝑥 + 1)(𝑛𝑛𝑥𝑥 + 3)))] 

                  = 1
(𝑒𝑒 + 1)𝑛𝑛2 [𝑛𝑛𝑥𝑥(𝑒𝑒 + 1) + (2𝑒𝑒 + 1) + (𝑛𝑛𝑥𝑥)2(𝑒𝑒 + 1) + 6𝑛𝑛𝑥𝑥 + 3𝑒𝑒] 

                  = 𝑥𝑥2 + 5𝑒𝑒 + 3
𝑛𝑛(𝑒𝑒 + 1) 𝑥𝑥 + 5𝑒𝑒 + 1

𝑛𝑛2(𝑒𝑒 + 1). 

Now, using the moment functions at lemma 1 and Korovkin's theorem in 

[18], we demonstrate the uniform convergence of 𝒢𝒢𝑛𝑛
∗(𝑓𝑓, 𝑥𝑥) as follows: 

Theorem 2: We assume that 𝑓𝑓 ∈ [0, ∞] = 𝐶𝐶[0, ∞] ∩ 𝐸𝐸. Then  

lim
𝑛𝑛→∞

‖𝒢𝒢𝑛𝑛
∗𝑓𝑓 − 𝑓𝑓‖ = 0, 

where 𝐶𝐶[0, ∞] is continuously functions space, 𝐸𝐸 = {𝑓𝑓: 𝑥𝑥 ∈

[0, ∞), lim
𝑛𝑛→−∞

𝑓𝑓(𝑛𝑛)
1+𝑛𝑛2  𝑒𝑒𝑥𝑥𝑒𝑒𝑠𝑠𝑒𝑒} and 𝑓𝑓(𝑠𝑠) = 𝑠𝑠𝑖𝑖 for 𝑒𝑒 = 0,1,2. 

 

Proof: Take into consideration the well-known Lemma 1 and the 

Korovkin's first theorem. Then, we obtain 

lim
𝑛𝑛→∞

𝒢𝒢𝑛𝑛
∗(𝑠𝑠𝑖𝑖, 𝑥𝑥) = 𝑥𝑥𝑖𝑖, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑒𝑒 = 0,1,2. 

The operator 𝒢𝒢𝑛𝑛
∗(𝑓𝑓, 𝑥𝑥) satisfies converge consistently in every compact subset 

of [0, ∞]. The property (vii) of theorem 4.1.4 is used to accomplish the 

desired result in [18]. 
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By using linearity propert of 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥), we give the 2𝑛𝑛𝑛𝑛 order central moment 

at the following equation: 

𝒢𝒢𝑛𝑛∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥) = 𝒢𝒢𝑛𝑛∗(𝑠𝑠2, 𝑥𝑥) − 2𝑥𝑥𝒢𝒢𝑛𝑛∗(𝑠𝑠, 𝑥𝑥) + 𝑥𝑥2𝒢𝒢𝑛𝑛∗(1, 𝑥𝑥)   (6) 

Putting Eq. (3) –(5) along the right side of Eq. (6), we have 

𝒢𝒢𝑛𝑛∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥) = 𝑥𝑥2 + 𝑥𝑥
𝑛𝑛
5𝑒𝑒+3
𝑒𝑒+1 + 5𝑒𝑒+1

𝑛𝑛2(𝑒𝑒+1) − 2𝑥𝑥2 − 𝑥𝑥(4𝑒𝑒+2)
𝑛𝑛(𝑒𝑒+1) +𝑥𝑥2  (7) 

After arranging Eq. (7), we get at the following lemma: 

Lemma 3: To all 𝑥𝑥 ∈ [0,∞), Eq. (2) provides the aforementioned equalities: 

𝒢𝒢𝑛𝑛∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥) = 𝑥𝑥
𝑛𝑛 +

5𝑒𝑒+1
𝑛𝑛2(𝑒𝑒+1).      (8) 

Now, we give estimate the order of 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) by using modulus of continuity. 

The modulus of continuity is defined to be 

𝜔𝜔(𝑓𝑓, 𝛿𝛿) = 𝑠𝑠𝑠𝑠𝑠𝑠|𝑓𝑓(𝑥𝑥) − 𝑓𝑓(𝑦𝑦)|,      (9) 

where 𝑓𝑓 ∈ [0,∞] and 𝛿𝛿 > 0. One of the important properties of modulus of 

continuity is  

|𝑓𝑓(𝑥𝑥) − 𝑓𝑓(𝑦𝑦)| ≤ 𝜔𝜔(𝑓𝑓, 𝛿𝛿) (|𝑥𝑥−𝑦𝑦|𝛿𝛿 + 1).              (10) 

Theorem 4: We assume that 𝑓𝑓 ∈ [0,∞] = 𝐶𝐶[0,∞] ∩ 𝐸𝐸. The operator 

𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) provides at the following inequality: 

|𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) − 𝑓𝑓(𝑥𝑥)| ≤ 2𝜔𝜔(𝑓𝑓, √𝛿𝛿𝑛𝑛) , 

where 𝛿𝛿𝑛𝑛 = √𝒢𝒢𝑛𝑛∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥). 

Proof: Using the notion of the continuity modulus and Eq. (10), we have  
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𝛿𝛿 + 1)     (11) 
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By using linearity propert of 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥), we give the 2𝑛𝑛𝑛𝑛 order central moment 

at the following equation: 

𝒢𝒢𝑛𝑛∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥) = 𝒢𝒢𝑛𝑛∗(𝑠𝑠2, 𝑥𝑥) − 2𝑥𝑥𝒢𝒢𝑛𝑛∗(𝑠𝑠, 𝑥𝑥) + 𝑥𝑥2𝒢𝒢𝑛𝑛∗(1, 𝑥𝑥)   (6) 

Putting Eq. (3) –(5) along the right side of Eq. (6), we have 

𝒢𝒢𝑛𝑛∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥) = 𝑥𝑥2 + 𝑥𝑥
𝑛𝑛
5𝑒𝑒+3
𝑒𝑒+1 + 5𝑒𝑒+1

𝑛𝑛2(𝑒𝑒+1) − 2𝑥𝑥2 − 𝑥𝑥(4𝑒𝑒+2)
𝑛𝑛(𝑒𝑒+1) +𝑥𝑥2  (7) 

After arranging Eq. (7), we get at the following lemma: 

Lemma 3: To all 𝑥𝑥 ∈ [0,∞), Eq. (2) provides the aforementioned equalities: 

𝒢𝒢𝑛𝑛∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥) = 𝑥𝑥
𝑛𝑛 +

5𝑒𝑒+1
𝑛𝑛2(𝑒𝑒+1).      (8) 

Now, we give estimate the order of 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) by using modulus of continuity. 

The modulus of continuity is defined to be 

𝜔𝜔(𝑓𝑓, 𝛿𝛿) = 𝑠𝑠𝑠𝑠𝑠𝑠|𝑓𝑓(𝑥𝑥) − 𝑓𝑓(𝑦𝑦)|,      (9) 
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𝛿𝛿 + 1)     (11) 

If we apply the Cauchy-Schwartz inequality to right hand side of Eq. (11), 

we reach 

|𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) − 𝑓𝑓(𝑥𝑥)| ≤ 𝜔𝜔(𝑓𝑓, 𝛿𝛿) (1 + 1
𝛿𝛿 √𝒢𝒢𝑛𝑛

∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥)). 

By picking 𝛿𝛿 ≔ 𝛿𝛿𝑛𝑛 = √𝒢𝒢𝑛𝑛∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥), the proof is completed. 

To examine estimation of the convergence rate of 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥), we construct the 

theorem containing the Lipschitz class of order 𝛼𝛼 which is another method. 

The definition of Lipschitz class of order 𝛼𝛼 is given as  

𝐿𝐿𝐿𝐿𝐿𝐿𝑀𝑀(𝛼𝛼) ≔ {𝑓𝑓𝑓𝑓𝐶𝐶𝐵𝐵[0,∞): |𝑓𝑓(𝑡𝑡) − 𝑓𝑓(𝑥𝑥)| ≤ 𝑀𝑀|𝑡𝑡 − 𝑥𝑥|𝛼𝛼; 𝑡𝑡, 𝑥𝑥𝑓𝑓[0,∞)},          (12) 

where 𝑓𝑓 ∈ 𝐶𝐶𝐵𝐵[0,∞) and 𝛼𝛼 ∈ (0,1],𝑀𝑀 > 0. 

Theorem 5: For 𝑓𝑓 ∈ 𝐿𝐿𝐿𝐿𝐿𝐿𝑀𝑀(𝛼𝛼) and 𝑥𝑥𝑓𝑓[0,∞), we give the following inequality 

for 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) 

|𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) − 𝑓𝑓(𝑥𝑥)| ≤ 𝑀𝑀𝜗𝜗𝑛𝑛𝛼𝛼(𝑥𝑥).              (13) 

Proof: Because the 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) is monotonic, we give 

|𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) − 𝑓𝑓(𝑥𝑥)| ≤ 𝑀𝑀𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥)(|𝑠𝑠 − 𝑥𝑥|𝛼𝛼; 𝑥𝑥).             (14) 

By applying the Hölder inequality to Eq.(14), we obtain at the following 

inequality: 

|𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) − 𝑓𝑓(𝑥𝑥)| ≤ 𝑀𝑀(𝒢𝒢𝑛𝑛∗((𝑠𝑠 − 𝑥𝑥)2, 𝑥𝑥))
𝛼𝛼
2.             (15) 

Therefore, the desired result is obtained. 

Conclusion 

In this chapter, we defined a generalizations of Szász form operators 

involving (−1) order Genocchi polynomials by means of their generating 
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functions. However, we investigated uniformly convergence property of 

𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥) by using moment functions and Korovkin’s theorem. By obtaining 

second order central moment functions for 𝒢𝒢𝑛𝑛∗(𝑓𝑓, 𝑥𝑥), we presented an 

estimate to rate of convergence using the continuity modulus. And also, we 

gave some theorems to estimate the convergence rate of our operator such 

as Lipschitz class order 𝛼𝛼.  

Because special polynomials and their generating functions have many 

applied areas, future works can be a bridge between approximation theory 

and special polynomials such as Bernoulli polynomials, Euler polynomials, 

Genocchi polynomials and Fubini type polynomials. By using 𝑞𝑞- 

generalizations of generating functions of special polynomials, the new type 

generalizations of positive linear operators can be defined and investigated 

their convergence properties. However, Many different generalizations of 

linear positive operators can construct by using generating functions method 

such as Kantrovich Szász form operators. And also, the Voronovskaya and 

Voronovskaya-Grüss theorems for new operators can be studied. 
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