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Abstract 

In this paper, we establish some conditions on parameter 𝛽𝛽 to guarantee the 
existence of non-global solutions for the semilinear parabolic problems 
involving generalized sources with local and nonlocal type reaction terms and 
derive the upper bounds for the blow-up time and a criterion for blow-up. 
Moreover, we obtain the bounded of solutions under the suitable condition 
on parameter 𝛽𝛽.  

1 Introduction  

There are many articles that are concerned with nonlinear evolutionary 
processes and examine the behavior of the solution to initial or initial-
boundary value problems that model the process. Because of the 
nonlinearity, some problems that emerge in ohmic heating, chemical 
reactions, gaseous ignition, and chemotaxis in biological systems exhibit 
explosive growth of the solution. Studies regard with these problems are 
generally related to the existence or nonexistence of global solutions and the 
blow-up of the solution in finite time. In some papers, various conditions 
and criteria for nonlinearity that imply blow-up occurs were presented and 
bounds on the blow-up time, structure of the blow-up, and the asymptotic 
behavior of the solution were determined (see [5, 10, 15] and references 
therein). According to Bandle and Brunner, the physical meaning of an 
explosion is generally thought of as a very large increase in temperature that 
leads to the combustion of a chemical reaction. In [23], there is a large 
bibliography examining the explosive behavior of solutions to problems in 
mechanics (see also [22]). In [12], the author considered various properties 
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of the solutions of a large class of mixed initial-boundary value problems for 
the parabolic equation. This paper has been an important resource for 
researchers studying regard with blow-up in reaction-diffusion equations. 
After expressing the mathematical theory of the blow-up by Kaplan and 
giving a general approach, it was actively studied by researchers. 

Various methods are used to investigate blow-up phenomena (see [5, 14]). 
These methods are generally used to obtain the upper bounds of the blow-
up time. If blow-up occurs, little paper were studied to obtain lower and 
upper bounds on blow-up time. It is important to obtain lower and upper 
bounds for the process being modeled because of its explosive nature. In 
[18], a first order differential inequality technique was used to obtain a lower 
bound on the blow-up in finite time of a semilinear parabolic problem under 
homogeneous Dirichlet condition by authors (see [17] for homogeneous 
Neumann boundary condition). In [19] and [20], the authors extended 
these results to more general nonlinear parabolic problems. In these papers, 
the authors studied the blow-up time of solutions the equations such that 
𝑢𝑢𝑡𝑡 = div(𝜌𝜌|∇𝑢𝑢|2)grad𝑢𝑢 + 𝑓𝑓(𝑢𝑢) and obtained lower bounds by using a 
differential inequality technique for blow-up time under suitable conditions. 

In our this paper, we deal with the following parabolic problem involving 
generalized source 𝑝𝑝(∙):  

{
𝑢𝑢𝑡𝑡 = ∆𝑢𝑢 + 𝑓𝑓(𝑥𝑥, 𝑢𝑢),   𝑥𝑥 ∈ Ω,   𝑡𝑡 > 0,

      𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥), 𝑥𝑥 ∈ Ω,                   
     𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 0,     𝑥𝑥 ∈ 𝜕𝜕Ω, 𝑡𝑡 > 0,         

                          (1) 

where Ω ∈ ℝ𝑁𝑁 is a bounded domain with a smooth boundary 𝜕𝜕Ω and the 
source term as following  

𝑓𝑓(𝑥𝑥, 𝑢𝑢) = 𝛽𝛽𝑢𝑢𝑝𝑝(𝑥𝑥) or 𝑓𝑓(𝑢𝑢) = 𝛽𝛽 ∫ 𝑢𝑢𝑞𝑞(𝑦𝑦)

Ω

(𝑦𝑦, 𝑡𝑡)𝑑𝑑𝑦𝑦, 

and 𝛽𝛽 > 0 is a parameter. Let 𝑝𝑝, 𝑞𝑞: Ω → (1, +∞) generalized sources 
functions satisfy 

1 < 𝑝𝑝− ≤ 𝑝𝑝(𝑥𝑥) ≤ 𝑝𝑝+ < +∞  a. e. 𝑥𝑥 ∈ Ω,                                  (2)  

and 

1 < 𝑞𝑞− ≤ 𝑞𝑞(𝑥𝑥) ≤ 𝑞𝑞+ < +∞  a. e. 𝑥𝑥 ∈ Ω.                                (3)    
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We denote 𝐿𝐿ℎ(Ω) usual Lebesgue spaces with the norm ‖⋅‖𝐿𝐿ℎ(Ω): = ‖⋅‖ℎ (1 ≤
ℎ ≤ ∞). 

Problem (1) is an expanded version of the problems in the above-mentioned 
studies. These type problems describes the density of some biological species 
or the diffusion of concentration of some Newtonian fuids through porous 
medium in many biological species theories and physical phenomena (see 
[6, 9]). Under certain conditions on certain ranges of exponents and the 
initial data, the existence, uniqueness, blow-up and other qualitative 
properties of solutions for parabolic equations with constant and variable 
nonlinearity were studied by many authors (see [1, 2, 3, 4, 7, 8, 11, 13, 16, 
19] and references therein).  

In [21], the author studied upper bound for the blow-up in finite time with 
initial data which is sufficiently large for positive solutions of parabolic and 
hyperbolic problems with local and nonlocal type reaction terms involving 
a variable exponent for following problem: 

                                

               {
𝑢𝑢𝑡𝑡 = ∆𝑢𝑢 + 𝑓𝑓(𝑢𝑢),   (𝑥𝑥, 𝑡𝑡) ∈ Ω × [0, 𝑇𝑇),
𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥), 𝑥𝑥 ∈ Ω,                         
𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 0,     (𝑥𝑥, 𝑡𝑡) ∈ 𝜕𝜕Ω × [0, 𝑇𝑇),      

                                   (4)                     

where the source term is of the form 

𝑓𝑓(𝑥𝑥, 𝑢𝑢) = 𝑎𝑎(𝑥𝑥)𝑢𝑢𝑝𝑝(𝑥𝑥) or 𝑓𝑓(𝑢𝑢) = 𝑎𝑎(𝑥𝑥) ∫ 𝑢𝑢𝑞𝑞(𝑦𝑦)

Ω

(𝑦𝑦, 𝑡𝑡)𝑑𝑑𝑦𝑦, 

and functions 𝑝𝑝, 𝑞𝑞: Ω → (1, ∞) and the continuous function 𝑎𝑎: Ω → ℝ ∶ 

                                 1 < 𝑝𝑝− ≤ 𝑝𝑝(𝑥𝑥) ≤ 𝑝𝑝+ < +∞,                                           (5) 

                                 1 < 𝑞𝑞− ≤ 𝑞𝑞(𝑥𝑥) ≤ 𝑞𝑞+ < +∞,                                           (6) 

0 < 𝑐𝑐𝑎𝑎 ≤ 𝑎𝑎(𝑥𝑥) ≤ 𝐶𝐶𝑎𝑎 < +∞ .                                            (7)  

The author stated the following Theorem and proved the existence of initial 
data such that the corresponding solutions blow-up at a finite time. 

Theorem 1 (Theorem 1.1 in [21]). Assume that Ω ∈ ℝ𝑁𝑁 is a bounded smooth 
domain and  𝑢𝑢 > 0 is a solution of equation (4), with 𝑝𝑝, 𝑞𝑞 and 𝑎𝑎 satisfying 
conditions (5)-(7). Then, for a sufficiently large initial datum 𝑢𝑢0(𝑥𝑥), there exists 
a finite time 𝑇𝑇𝑓𝑓 >  0 such that 
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sup
0≤𝑡𝑡≤𝑇𝑇𝑓𝑓

‖𝑢𝑢(∙, 𝑡𝑡)‖∞ = +∞. 

The paper is organized as follows. In Section 2, we remember some 
necessary definitions, introduce some notations and give important lemmas 
which will be used to prove our main theorems. In Section 3, we obtain the 
upper bounds for the blow-up time and a criterion for blow-up under some 
sufficient condition on parameter 𝛽𝛽. Moreover, we obtain the global 
solution under the suitable condition on parameter 𝛽𝛽. 

2 Preliminaries  

Now, we shall introduce some notation, basic definitions and important 
lemmas which will be needed in the course of this paper.  

We define the function 

                    𝜂𝜂(𝑡𝑡) = ∫ 𝑢𝑢𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

.                                                  (8) 

Let 𝜆𝜆1 > 0 be the first eigenvalue and 𝜑𝜑1(𝑑𝑑) > 0 be the corresponding 
(smallest) eigenfunction of the Laplacian in Ω with zero Dirichlet boundary 
conditions (membrane problem): 

            {∆𝜑𝜑 + 𝜆𝜆𝜑𝜑 = 0, 𝑑𝑑 ∈ Ω, 𝜑𝜑|𝜕𝜕Ω = 0,                          (9) 

and 

∫ 𝜑𝜑1𝑑𝑑𝑑𝑑 = 1.
Ω

 

Definition 2. We say that the solution 𝑢𝑢(𝑑𝑑, 𝑡𝑡) blows up in a finite time if there 
exists an instant 𝑇𝑇𝑓𝑓 < +∞ such that 

‖𝑢𝑢(∙, 𝑡𝑡)‖∞ → ∞ 𝑎𝑎𝑎𝑎 𝑡𝑡 → 𝑇𝑇𝑓𝑓. 

We can easily see that the finite time blow-up happens if there exists a 𝑇𝑇𝑓𝑓 <
+∞ such that 𝜂𝜂(𝑇𝑇𝑓𝑓) = +∞. Indeed: 

𝜂𝜂(𝑡𝑡) = ∫ 𝑢𝑢𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

≤ ‖𝑢𝑢(∙, 𝑡𝑡)‖∞ ∫ 𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

= ‖𝑢𝑢(∙, 𝑡𝑡)‖∞ → ∞ as 𝑡𝑡 → 𝑇𝑇𝑓𝑓. 
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Thanks to this observation, blow-up of the solution 𝑢𝑢(𝑥𝑥, 𝑡𝑡) can be 
characterized in terms of the function 𝜂𝜂(𝑡𝑡). 

We will investigate the upper bound for blow-up time of blow-up solution 
to problem (1) (see [12]) by using eigenvalue method of Kaplan. This 
method leads to an ordinary differential inequality of first order which blow-
up in finite time. 

Lemma 3. Assume that 𝛹𝛹(𝑡𝑡) is a solution of 

𝛹𝛹′(𝑡𝑡) ≥ 𝑐𝑐𝛹𝛹𝑘𝑘(𝑡𝑡), 𝛹𝛹(0) > 0, 

 where 𝑘𝑘 > 1, and 𝑐𝑐 > 0. Then, 𝛹𝛹(𝑡𝑡) cannot be globally defined, and  

𝛹𝛹(𝑡𝑡) ≥ (𝛹𝛹1−𝑘𝑘(0) − 𝑘𝑘 − 1
𝑐𝑐 𝑡𝑡)

− 1
𝑘𝑘−1

. 

By using Lemma 3, an upper bound can be obtained for the blow-up time. 

3 Main Results and Proofs 

In this paper we deal with the blow-up for positive solutions of parabolic 
problem involving generalized sources with local and nonlocal type reaction 
terms. Based on a modified differential inequality technique, we prove the 
upper bounds for the blow-up time and a criterion for blow-up under some 
sufficient condition on parameter 𝛽𝛽. Moreover, we obtain the global 
solution under the suitable condition on parameter 𝛽𝛽.  

Our main results are the following theorems: 

Theorem 4. Assume that Ω is a bounded smooth domain in ℝ𝑁𝑁and 𝑢𝑢 > 0 is a 
solution of the problem (1), and function 𝑝𝑝 satisfying condition (2) and  

𝑓𝑓(𝑥𝑥, 𝑢𝑢) = 𝛽𝛽𝑢𝑢𝑝𝑝(𝑥𝑥) 

with  𝛽𝛽 > 0. If 

𝛽𝛽 > 𝜆𝜆1𝜂𝜂(0)
(𝜂𝜂𝑝𝑝−(0) − 1)+

, 

where 𝜆𝜆1 > 0 is the first eigenvalue of the problem (9), then the problem (1) has 
no global solutions in finite time 𝑇𝑇𝑓𝑓 > 0. We have 
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∫ 𝑑𝑑𝑑𝑑
𝛽𝛽𝑑𝑑𝑝𝑝− − 𝜆𝜆1𝑑𝑑 − 𝛽𝛽

+∞

𝜂𝜂(0)
≥ 𝑇𝑇𝑓𝑓, 

where 

𝜂𝜂(0) = ∫ 𝑢𝑢0𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

. 

Theorem 5. Assume that Ω is a bounded smooth domain in ℝ𝑁𝑁and  𝑢𝑢 > 0 is a 
solution of the problem (1), and function 𝑞𝑞 satisfying condition (3) and  

𝑓𝑓(𝑢𝑢) = 𝛽𝛽 ∫ 𝑢𝑢𝑞𝑞(𝑦𝑦)

Ω

(𝑦𝑦, 𝑡𝑡)𝑑𝑑𝑦𝑦 

with  𝛽𝛽 > 0. If 

𝛽𝛽 > 𝜆𝜆1𝜂𝜂(0)‖𝜑𝜑1‖∞
(𝜂𝜂𝑞𝑞−(0) − 1)+

, 

where 𝜆𝜆1 > 0 is the first eigenvalue, and 𝜑𝜑1 > 0 in 𝛺𝛺 is the first eigenfunction of 
the problem (9), then the problem (1) has no global solutions in finite time 𝑇𝑇𝑓𝑓

0 >
0. We have 

∫
‖𝜑𝜑1‖∞𝑑𝑑𝑑𝑑

𝛽𝛽𝑑𝑑𝑞𝑞− − 𝜆𝜆1‖𝜑𝜑1‖∞𝑑𝑑 − 𝛽𝛽

+∞

𝜂𝜂(0)
≥ 𝑇𝑇𝑓𝑓

0. 

We consider the problem (1) but now ask that 𝑝𝑝 satisfying condition 0 <
𝑝𝑝− ≤ 𝑝𝑝+ ≤ 1. In this case, we show that the solution remains bounded for 
all time when a restriction is imposed on the constant  𝛽𝛽. 

Theorem 6. Assume that Ω is a bounded smooth domain in ℝ𝑁𝑁and 𝑢𝑢 > 0 is a 
solution of the problem (1). We define the function 

                  𝜂𝜂(𝑡𝑡) = ∫ 𝑢𝑢2

Ω

𝑑𝑑𝑑𝑑,                                                      (10) 

with  ‖𝑢𝑢0‖2
2 = ∫ 𝑢𝑢0

2
Ω 𝑑𝑑𝑑𝑑. Let  

𝑓𝑓(𝑑𝑑, 𝑢𝑢) = 𝛽𝛽𝑢𝑢𝑝𝑝(𝑥𝑥) 



Ebubekir Akkoyunlu / Rabil Ayazoglu | 33

∫ 𝑑𝑑𝑑𝑑
𝛽𝛽𝑑𝑑𝑝𝑝− − 𝜆𝜆1𝑑𝑑 − 𝛽𝛽

+∞

𝜂𝜂(0)
≥ 𝑇𝑇𝑓𝑓, 

where 

𝜂𝜂(0) = ∫ 𝑢𝑢0𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

. 

Theorem 5. Assume that Ω is a bounded smooth domain in ℝ𝑁𝑁and  𝑢𝑢 > 0 is a 
solution of the problem (1), and function 𝑞𝑞 satisfying condition (3) and  

𝑓𝑓(𝑢𝑢) = 𝛽𝛽 ∫ 𝑢𝑢𝑞𝑞(𝑦𝑦)

Ω

(𝑦𝑦, 𝑡𝑡)𝑑𝑑𝑦𝑦 

with  𝛽𝛽 > 0. If 

𝛽𝛽 > 𝜆𝜆1𝜂𝜂(0)‖𝜑𝜑1‖∞
(𝜂𝜂𝑞𝑞−(0) − 1)+

, 

where 𝜆𝜆1 > 0 is the first eigenvalue, and 𝜑𝜑1 > 0 in 𝛺𝛺 is the first eigenfunction of 
the problem (9), then the problem (1) has no global solutions in finite time 𝑇𝑇𝑓𝑓

0 >
0. We have 

∫
‖𝜑𝜑1‖∞𝑑𝑑𝑑𝑑

𝛽𝛽𝑑𝑑𝑞𝑞− − 𝜆𝜆1‖𝜑𝜑1‖∞𝑑𝑑 − 𝛽𝛽

+∞

𝜂𝜂(0)
≥ 𝑇𝑇𝑓𝑓

0. 

We consider the problem (1) but now ask that 𝑝𝑝 satisfying condition 0 <
𝑝𝑝− ≤ 𝑝𝑝+ ≤ 1. In this case, we show that the solution remains bounded for 
all time when a restriction is imposed on the constant  𝛽𝛽. 

Theorem 6. Assume that Ω is a bounded smooth domain in ℝ𝑁𝑁and 𝑢𝑢 > 0 is a 
solution of the problem (1). We define the function 

                  𝜂𝜂(𝑡𝑡) = ∫ 𝑢𝑢2

Ω

𝑑𝑑𝑑𝑑,                                                      (10) 

with  ‖𝑢𝑢0‖2
2 = ∫ 𝑢𝑢0

2
Ω 𝑑𝑑𝑑𝑑. Let  

𝑓𝑓(𝑑𝑑, 𝑢𝑢) = 𝛽𝛽𝑢𝑢𝑝𝑝(𝑥𝑥) 

with 𝛽𝛽 > 0. If  0 < 𝑝𝑝− ≤ 𝑝𝑝(𝑥𝑥) ≤ 𝑝𝑝+ ≤ 1  and 𝛽𝛽 satisfies the following 
condition 

0 < 𝛽𝛽 ≤
(2𝜆𝜆1‖𝑢𝑢0‖2

2 − 1 − 𝑝𝑝−

2 (|Ω|
2

1−𝑝𝑝− + |Ω|
2

1−𝑝𝑝+))
+

(𝑝𝑝+ + 𝑝𝑝− + 2)‖𝑢𝑢0‖2
2 , 

where 𝜆𝜆1 > 0 is the first eigenvalue of the problem (9), then solution 𝑢𝑢 of the 
problem (1) is bounded. 

Proof of Theorem 4. Taking the scalar product in 𝐿𝐿2(Ω) with 𝜑𝜑1 of both 
parts of the equation (1) and integrating the resulting expression in 𝑡𝑡, we 
obtain the equality  

      ∫ 𝑢𝑢𝜑𝜑1𝑑𝑑𝑥𝑥
Ω

− 𝑏𝑏0 = −𝜆𝜆1 ∫ 𝜂𝜂(𝜉𝜉)𝑑𝑑𝜉𝜉
𝑡𝑡

0

+ 𝛽𝛽 ∫ ∫ 𝑢𝑢𝑝𝑝(𝑥𝑥)𝜑𝜑1𝑑𝑑𝑥𝑥𝑑𝑑𝜉𝜉,
Ω

𝑡𝑡

0

            (11)

where 

𝑏𝑏0 = (𝑢𝑢0, 𝜑𝜑1) > 0. 

Next since 𝜑𝜑1(𝑥𝑥) > 0 and 1 < 𝑝𝑝− ≤ 𝑝𝑝(𝑥𝑥) ≤ 𝑝𝑝+, ∀𝑥𝑥 ∈ Ω, we derive that 

 

∫ 𝑢𝑢𝑝𝑝(𝑥𝑥)𝜑𝜑1𝑑𝑑𝑥𝑥
Ω

≥ ∫ 𝑢𝑢𝑝𝑝−𝜑𝜑1𝑑𝑑𝑥𝑥
Ω∩{𝑥𝑥:𝑢𝑢>1}

 

                                                     = ∫ 𝑢𝑢𝑝𝑝−𝜑𝜑1𝑑𝑑𝑥𝑥
Ω

− ∫ 𝑢𝑢𝑝𝑝−𝜑𝜑1𝑑𝑑𝑥𝑥
Ω∩{𝑥𝑥:𝑢𝑢≤1}

 

                                    ≥ ∫ 𝑢𝑢𝑝𝑝−𝜑𝜑1𝑑𝑑𝑥𝑥
Ω

− ∫ 𝜑𝜑1𝑑𝑑𝑥𝑥
Ω

 

                                                    = ∫ 𝑢𝑢𝑝𝑝−𝜑𝜑1𝑑𝑑𝑥𝑥
Ω

− 1.                                  (12) 

By (11) and (12), we get 

             𝜂𝜂(𝑡𝑡) − 𝑏𝑏0 ≥ 𝛽𝛽 ∫ ∫(𝑢𝑢𝑝𝑝−𝜑𝜑1 − 1)𝑑𝑑𝑥𝑥𝑑𝑑𝜉𝜉
Ω

𝑡𝑡

0

− 𝜆𝜆1 ∫ 𝜂𝜂(𝜉𝜉)𝑑𝑑𝜉𝜉
𝑡𝑡

0

.          (13) 
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Furthermore, taking into account the fact that 𝑝𝑝− > 1 by using Hölder’s 
inequality, in (8), we obtain 

𝜂𝜂(𝑡𝑡) = ∫ 𝑢𝑢𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

= ∫ 𝑢𝑢𝜑𝜑1

1
𝑝𝑝−𝜑𝜑1

1− 1
𝑝𝑝−𝑑𝑑𝑑𝑑

Ω

≤ (∫ 𝑢𝑢𝑝𝑝−𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

)

1
𝑝𝑝−

(∫ 𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

)

𝑝𝑝−−1
𝑝𝑝−

 

                 = (∫ 𝑢𝑢𝑝𝑝−𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

)

1
𝑝𝑝−

,                    (14) 

and the fact that ∫ 𝜑𝜑1𝑑𝑑𝑑𝑑Ω = 1. By (11), (13) and (14), we can write 

  𝜂𝜂(𝑡𝑡) − 𝑏𝑏0 ≥ 𝛽𝛽 ∫(𝜂𝜂𝑝𝑝−(𝜉𝜉) − 1)𝑑𝑑𝜉𝜉
𝑡𝑡

0

− 𝜆𝜆1 ∫ 𝜂𝜂(𝜉𝜉)𝑑𝑑𝜉𝜉
𝑡𝑡

0

.                   (15)

From (15), we obtain 

                        𝜂𝜂′(𝑡𝑡) ≥ 𝛽𝛽(𝜂𝜂𝑝𝑝−(𝑡𝑡) − 1) − 𝜆𝜆1𝜂𝜂(𝑡𝑡), 𝑡𝑡 > 0                            (16) 

with            

                   𝛽𝛽 > 𝜆𝜆1𝜂𝜂(0)
(𝜂𝜂𝑝𝑝−(0) − 1)+

.                                                 (17)

From (16), we get 

𝜂𝜂′(𝑡𝑡) ≥ 𝑓𝑓(𝜂𝜂(𝑡𝑡)), 𝑡𝑡 > 0,                                             (18)  

where 𝑓𝑓(𝑠𝑠) = 𝛽𝛽𝑠𝑠𝑝𝑝− − 𝑠𝑠 − 𝛽𝛽, and now the result follows from Lemma 3 with 
(17). Namely, the function 𝜂𝜂𝑝𝑝− is monotone increasing for all 𝑡𝑡 ≥ 0 because 
of 𝜂𝜂′(𝑡𝑡) > 0, then the solution of the problem (1) blows up in finite time. 
Therefore the solution of the boundary value problem is unbounded. 
Moreover, dividing the both parts of (18) by 𝑓𝑓(𝑠𝑠) and integrating, we get 

                            𝐼𝐼(𝜂𝜂) = ∫ 𝑑𝑑𝑠𝑠
𝑓𝑓(𝑠𝑠)

𝜂𝜂(𝑡𝑡)

𝜂𝜂(0)
≥ 𝑡𝑡.                                        (19) 

Because of the 𝐼𝐼(𝑠𝑠) is convergent at 𝑠𝑠 = +∞ with 𝑝𝑝− > 1, the inequality  
(19) is possible only if there exists 𝑇𝑇𝑓𝑓 such that lim

𝑡𝑡→𝑇𝑇𝑓𝑓
̅̅ ̅̅ ̅̅ 𝜂𝜂(𝑡𝑡) → ∞. Therefore 𝑢𝑢 

cannot exist globally. Thus the Theorem 4 is proved.  

Proof of Theorem 5. Let consider the function 𝑓𝑓 as 
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Furthermore, taking into account the fact that 𝑝𝑝− > 1 by using Hölder’s 
inequality, in (8), we obtain 

𝜂𝜂(𝑡𝑡) = ∫ 𝑢𝑢𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

= ∫ 𝑢𝑢𝜑𝜑1

1
𝑝𝑝−𝜑𝜑1

1− 1
𝑝𝑝−𝑑𝑑𝑑𝑑

Ω

≤ (∫ 𝑢𝑢𝑝𝑝−𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

)

1
𝑝𝑝−

(∫ 𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

)

𝑝𝑝−−1
𝑝𝑝−

 

                 = (∫ 𝑢𝑢𝑝𝑝−𝜑𝜑1𝑑𝑑𝑑𝑑
Ω

)

1
𝑝𝑝−

,                    (14) 

and the fact that ∫ 𝜑𝜑1𝑑𝑑𝑑𝑑Ω = 1. By (11), (13) and (14), we can write 

  𝜂𝜂(𝑡𝑡) − 𝑏𝑏0 ≥ 𝛽𝛽 ∫(𝜂𝜂𝑝𝑝−(𝜉𝜉) − 1)𝑑𝑑𝜉𝜉
𝑡𝑡

0

− 𝜆𝜆1 ∫ 𝜂𝜂(𝜉𝜉)𝑑𝑑𝜉𝜉
𝑡𝑡

0

.                   (15)

From (15), we obtain 

                        𝜂𝜂′(𝑡𝑡) ≥ 𝛽𝛽(𝜂𝜂𝑝𝑝−(𝑡𝑡) − 1) − 𝜆𝜆1𝜂𝜂(𝑡𝑡), 𝑡𝑡 > 0                            (16) 

with            

                   𝛽𝛽 > 𝜆𝜆1𝜂𝜂(0)
(𝜂𝜂𝑝𝑝−(0) − 1)+

.                                                 (17)

From (16), we get 

𝜂𝜂′(𝑡𝑡) ≥ 𝑓𝑓(𝜂𝜂(𝑡𝑡)), 𝑡𝑡 > 0,                                             (18)  

where 𝑓𝑓(𝑠𝑠) = 𝛽𝛽𝑠𝑠𝑝𝑝− − 𝑠𝑠 − 𝛽𝛽, and now the result follows from Lemma 3 with 
(17). Namely, the function 𝜂𝜂𝑝𝑝− is monotone increasing for all 𝑡𝑡 ≥ 0 because 
of 𝜂𝜂′(𝑡𝑡) > 0, then the solution of the problem (1) blows up in finite time. 
Therefore the solution of the boundary value problem is unbounded. 
Moreover, dividing the both parts of (18) by 𝑓𝑓(𝑠𝑠) and integrating, we get 

                            𝐼𝐼(𝜂𝜂) = ∫ 𝑑𝑑𝑠𝑠
𝑓𝑓(𝑠𝑠)

𝜂𝜂(𝑡𝑡)

𝜂𝜂(0)
≥ 𝑡𝑡.                                        (19) 

Because of the 𝐼𝐼(𝑠𝑠) is convergent at 𝑠𝑠 = +∞ with 𝑝𝑝− > 1, the inequality  
(19) is possible only if there exists 𝑇𝑇𝑓𝑓 such that lim

𝑡𝑡→𝑇𝑇𝑓𝑓
̅̅ ̅̅ ̅̅ 𝜂𝜂(𝑡𝑡) → ∞. Therefore 𝑢𝑢 

cannot exist globally. Thus the Theorem 4 is proved.  

Proof of Theorem 5. Let consider the function 𝑓𝑓 as 

𝑓𝑓(𝑢𝑢) = 𝛽𝛽 ∫ 𝑢𝑢𝑞𝑞(𝑦𝑦)

Ω

(𝑦𝑦, 𝑡𝑡)𝑑𝑑𝑦𝑦 

with 𝛽𝛽 > 0. In much the same way, we obtain 

 𝜂𝜂(𝑡𝑡) − 𝑏𝑏0 = −𝜆𝜆1 ∫ 𝜂𝜂(𝜉𝜉)𝑑𝑑𝜉𝜉
𝑡𝑡

0

+ 𝛽𝛽 ∫ ∫ (∫ 𝑢𝑢𝑞𝑞(𝑦𝑦)

Ω

(𝑦𝑦, 𝜉𝜉)𝑑𝑑𝑦𝑦) 𝜑𝜑1(𝑥𝑥)𝑑𝑑𝑥𝑥𝑑𝑑𝜉𝜉,
Ω

𝑡𝑡

0

   (20)

where 

𝑏𝑏0 = (𝑢𝑢0, 𝜑𝜑1) > 0. 

Similarly relation (12), we have 

    ∫ 𝑢𝑢𝑞𝑞(𝑥𝑥)

Ω

𝜑𝜑1𝑑𝑑𝑥𝑥 ≥ ∫ 𝑢𝑢𝑞𝑞−𝜑𝜑1𝑑𝑑𝑥𝑥
Ω

− 1, ∀𝑦𝑦 ∈ Ω.                      (21)

By (20) and (21), we derive 

𝜂𝜂(𝑡𝑡) − 𝑏𝑏0 ≥ −𝜆𝜆1 ∫ 𝜂𝜂(𝜉𝜉)𝑑𝑑𝜉𝜉
𝑡𝑡

0

+ 𝛽𝛽 ∫ ∫ (𝑢𝑢𝑞𝑞−(𝑦𝑦, 𝜉𝜉) − 1)𝑑𝑑𝑦𝑦 ∫ 𝜑𝜑1(𝑥𝑥)
Ω

𝑑𝑑𝑥𝑥𝑑𝑑𝜉𝜉
Ω

𝑡𝑡

0

 

                  ≥ −𝜆𝜆1 ∫ 𝜂𝜂(𝜉𝜉)𝑑𝑑𝜉𝜉
𝑡𝑡

0

+ 𝛽𝛽
‖𝜑𝜑1‖∞

∫ ∫ (𝑢𝑢𝑞𝑞−(𝑦𝑦, 𝜉𝜉) − 1)𝜑𝜑1(𝑦𝑦)𝑑𝑑𝑦𝑦𝑑𝑑𝜉𝜉
Ω

𝑡𝑡

0

 

    ≥ −𝜆𝜆1 ∫ 𝜂𝜂(𝜉𝜉)𝑑𝑑𝜉𝜉
𝑡𝑡

0

+ 𝛽𝛽
‖𝜑𝜑1‖∞

∫(𝜂𝜂𝑞𝑞−(𝜉𝜉) − 1)𝑑𝑑𝜉𝜉
𝑡𝑡

0

,                          (22)

since 

        𝜂𝜂𝑞𝑞−(𝑡𝑡) ≤ ∫ 𝑢𝑢𝑞𝑞−

Ω

𝜑𝜑1𝑑𝑑𝑦𝑦.                                        (23) 

Then from (22) and (23), we have 

𝜂𝜂(𝑡𝑡) − 𝑏𝑏0 ≥ −𝜆𝜆1 ∫ 𝜂𝜂(𝜉𝜉)𝑑𝑑𝜉𝜉
𝑡𝑡

0

+ 𝛽𝛽
‖𝜑𝜑1‖∞

∫(𝜂𝜂𝑞𝑞−(𝜉𝜉) − 1)𝑑𝑑𝜉𝜉
𝑡𝑡

0

. 

Similarly (18), we have 

𝜂𝜂′(𝑡𝑡) ≥ 𝛽𝛽
‖𝜑𝜑1‖∞

𝜂𝜂𝑞𝑞−(𝑡𝑡) − 𝜆𝜆1𝜂𝜂(𝑡𝑡) − 𝛽𝛽
‖𝜑𝜑1‖∞

≡ 𝑔𝑔(𝜂𝜂(𝑡𝑡)), 𝑡𝑡 > 0.      (24)
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Since 𝑞𝑞− > 1 and 

                   𝛽𝛽 > 𝜆𝜆1𝜂𝜂(0)‖𝜑𝜑1‖∞
(𝜂𝜂𝑞𝑞−(0) − 1)+

,                                                 (25)

and by Lemma 3 with (25), the solution of the problem (1) blows up in 
finite time. Moreover, dividing the both parts of (24) by 𝑔𝑔(𝑠𝑠) and 
integrating, we see that 

     𝐽𝐽(𝜂𝜂) = ∫ 𝑑𝑑𝑠𝑠
𝑔𝑔(𝑠𝑠)

𝜂𝜂(𝑡𝑡)

𝜂𝜂(0)
≥ 𝑡𝑡.                                            (26)

Because of the 𝐽𝐽(𝑠𝑠) is convergent at 𝑠𝑠 = +∞ with 𝑞𝑞− > 1, the inequality (26) 
is possible only if there exists 𝑇𝑇𝑓𝑓

0 such that lim
𝑡𝑡→𝑇𝑇𝑓𝑓

0
̅̅ ̅̅ ̅̅ 𝜂𝜂(𝑡𝑡) → ∞. Therefore 𝑢𝑢 cannot 

exist globally. The proof of Theorem 5 is completed. 

Proof of Theorem 6. By using (10) and first equation of problem (1), we 
compute 

𝜇𝜇′(𝑡𝑡) = 2 ∫ 𝑢𝑢𝑢𝑢𝑡𝑡𝑑𝑑𝑑𝑑
Ω

                                                                                                     

 = 2 ∫ 𝑢𝑢(∆𝑢𝑢 + 𝛽𝛽𝑢𝑢𝑝𝑝(𝑥𝑥))𝑑𝑑𝑑𝑑
Ω

= −2 ∫|∇𝑢𝑢|2𝑑𝑑𝑑𝑑
Ω

+ 2𝛽𝛽 ∫ 𝑢𝑢𝑝𝑝(𝑥𝑥)+1𝑑𝑑𝑑𝑑
Ω

 

  ≤ −2 ∫ |∇𝑢𝑢|2𝑑𝑑𝑑𝑑
Ω

+ 2𝛽𝛽 (∫ 𝑢𝑢𝑝𝑝−+1𝑑𝑑𝑑𝑑
Ω

+ ∫ 𝑢𝑢𝑝𝑝++1𝑑𝑑𝑑𝑑
Ω

)                     

     ≤ −2‖∇𝑢𝑢‖2
2 + 2𝛽𝛽 (∫ 𝑢𝑢𝑝𝑝−+1𝑑𝑑𝑑𝑑

Ω

+ ∫ 𝑢𝑢𝑝𝑝++1𝑑𝑑𝑑𝑑
Ω

),                               (27)

since 

𝑢𝑢𝑝𝑝(𝑥𝑥)+1 ≤ 𝑢𝑢𝑝𝑝++1 + 𝑢𝑢𝑝𝑝−+1, ∀𝑑𝑑 ∈  Ω. 

By using Young’s inequality for the last integrals with 0 < 𝑝𝑝−, 𝑝𝑝+ < 1, we 
obtain 

                    ∫ 𝑢𝑢𝑝𝑝−+1𝑑𝑑𝑑𝑑
Ω

≤ 𝑝𝑝− + 1
2 ∫ 𝑢𝑢2𝑑𝑑𝑑𝑑

Ω

+ 1 − 𝑝𝑝−

2 |Ω|
2

1−𝑝𝑝−,                     (28)   
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Since 𝑞𝑞− > 1 and 

                   𝛽𝛽 > 𝜆𝜆1𝜂𝜂(0)‖𝜑𝜑1‖∞
(𝜂𝜂𝑞𝑞−(0) − 1)+

,                                                 (25)

and by Lemma 3 with (25), the solution of the problem (1) blows up in 
finite time. Moreover, dividing the both parts of (24) by 𝑔𝑔(𝑠𝑠) and 
integrating, we see that 

     𝐽𝐽(𝜂𝜂) = ∫ 𝑑𝑑𝑠𝑠
𝑔𝑔(𝑠𝑠)

𝜂𝜂(𝑡𝑡)

𝜂𝜂(0)
≥ 𝑡𝑡.                                            (26)

Because of the 𝐽𝐽(𝑠𝑠) is convergent at 𝑠𝑠 = +∞ with 𝑞𝑞− > 1, the inequality (26) 
is possible only if there exists 𝑇𝑇𝑓𝑓

0 such that lim
𝑡𝑡→𝑇𝑇𝑓𝑓

0
̅̅ ̅̅ ̅̅ 𝜂𝜂(𝑡𝑡) → ∞. Therefore 𝑢𝑢 cannot 

exist globally. The proof of Theorem 5 is completed. 

Proof of Theorem 6. By using (10) and first equation of problem (1), we 
compute 

𝜇𝜇′(𝑡𝑡) = 2 ∫ 𝑢𝑢𝑢𝑢𝑡𝑡𝑑𝑑𝑑𝑑
Ω

                                                                                                     

 = 2 ∫ 𝑢𝑢(∆𝑢𝑢 + 𝛽𝛽𝑢𝑢𝑝𝑝(𝑥𝑥))𝑑𝑑𝑑𝑑
Ω

= −2 ∫|∇𝑢𝑢|2𝑑𝑑𝑑𝑑
Ω

+ 2𝛽𝛽 ∫ 𝑢𝑢𝑝𝑝(𝑥𝑥)+1𝑑𝑑𝑑𝑑
Ω

 

  ≤ −2 ∫ |∇𝑢𝑢|2𝑑𝑑𝑑𝑑
Ω

+ 2𝛽𝛽 (∫ 𝑢𝑢𝑝𝑝−+1𝑑𝑑𝑑𝑑
Ω

+ ∫ 𝑢𝑢𝑝𝑝++1𝑑𝑑𝑑𝑑
Ω

)                     

     ≤ −2‖∇𝑢𝑢‖2
2 + 2𝛽𝛽 (∫ 𝑢𝑢𝑝𝑝−+1𝑑𝑑𝑑𝑑

Ω

+ ∫ 𝑢𝑢𝑝𝑝++1𝑑𝑑𝑑𝑑
Ω

),                               (27)

since 

𝑢𝑢𝑝𝑝(𝑥𝑥)+1 ≤ 𝑢𝑢𝑝𝑝++1 + 𝑢𝑢𝑝𝑝−+1, ∀𝑑𝑑 ∈  Ω. 

By using Young’s inequality for the last integrals with 0 < 𝑝𝑝−, 𝑝𝑝+ < 1, we 
obtain 

                    ∫ 𝑢𝑢𝑝𝑝−+1𝑑𝑑𝑑𝑑
Ω

≤ 𝑝𝑝− + 1
2 ∫ 𝑢𝑢2𝑑𝑑𝑑𝑑

Ω

+ 1 − 𝑝𝑝−

2 |Ω|
2

1−𝑝𝑝−,                     (28)   

  

and 

       ∫ 𝑢𝑢𝑝𝑝++1𝑑𝑑𝑑𝑑
Ω

≤ 𝑝𝑝+ + 1
2 ∫ 𝑢𝑢2𝑑𝑑𝑑𝑑

Ω

+ 1 − 𝑝𝑝+

2 |Ω|
2

1−𝑝𝑝+.                    (29)

Let 𝑢𝑢 be unbounded at some time 𝑇𝑇. From the Rayleigh principle 

𝜆𝜆1 ∫ 𝑣𝑣2𝑑𝑑𝑑𝑑
Ω

≤ ∫ |∇𝑣𝑣|2𝑑𝑑𝑑𝑑
Ω

, 

where 𝜆𝜆1 > 0 is the first eigenvalue of the problem (9). From (27), (28) and 
(29), we have 

𝜂𝜂′(𝑡𝑡) ≤ [(𝑝𝑝+ + 𝑝𝑝− + 2)𝛽𝛽 − 2𝜆𝜆1] ∫ 𝑢𝑢2𝑑𝑑𝑑𝑑
Ω

+ 1 − 𝑝𝑝−

2 |Ω|
2

1−𝑝𝑝−

+ 1 − 𝑝𝑝+

2 |Ω|
2

1−𝑝𝑝+. 

If we restrict  𝛽𝛽 > 0 such that 

𝛽𝛽 ≤
2𝜆𝜆1‖𝑢𝑢0‖2

2 − 1 − 𝑝𝑝−

2 (|Ω|
2

1−𝑝𝑝− + |Ω|
2

1−𝑝𝑝+)

(𝑝𝑝+ + 𝑝𝑝− + 2)‖𝑢𝑢0‖2
2  

       ≤
(2𝜆𝜆1‖𝑢𝑢0‖2

2 − 1 − 𝑝𝑝−

2 (|Ω|
2

1−𝑝𝑝− + |Ω|
2

1−𝑝𝑝+))
+

(𝑝𝑝+ + 𝑝𝑝− + 2)‖𝑢𝑢0‖2
2 ,          (30) 

we easily get 𝜇𝜇′(𝑡𝑡) ≤ 0. 

Moreover it must be noticed that the blow-up time is 𝑇𝑇 (supposes to exist), but        
𝜇𝜇′(𝑡𝑡) ≤ 0 holds for every time 𝑡𝑡, which implies that 𝑢𝑢 is bounded. This is a 
contradiction. We can obtain that there is no time 𝑇𝑇 such that 𝑢𝑢 is unbounded. 
Therefore 𝑢𝑢 is bounded for every time 𝑡𝑡. Thus, Theorem 6 is proved. 

Remark 7. When 𝑝𝑝(𝑑𝑑) ≡ 𝑝𝑝 = 1, ∀𝑑𝑑 ∈ Ω, 𝑖𝑖. 𝑒𝑒. 𝑝𝑝+ = 𝑝𝑝− = 𝑝𝑝 = 1 in the 
condition (30), we have 

𝛽𝛽 ≤ 𝜆𝜆1
2 . 

Therefore, we can obtain that there is no time 𝑇𝑇 such that the solution 𝑢𝑢 of the 
problem (1) is unbounded for any 𝑢𝑢0. 
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